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To my math teacher Mr. Milos Belusevié 


Preface 


Preface to the Second Edition 


It is inevitable that first edition of any type of textbook, and especially textbooks for mathematics, 
includes quite a few errors that slipped by all preproduction reviews. In this second edition, errors are 
thoroughly reviewed and corrected, with hopes that not many new ones are created. 

As the original volume doubled, this second edition is split into three separate books, Vol. I, II, 
Il. In order to reinforce natural development in the study, best effort is put to logically organize the 
presented examples and techniques so that subsequent problems reference the once already solved. 


fle-de-France, France Robert Sobot 
June 27, 2023 


Preface to the First Edition 


This tutorial book resulted from my lecture notes developed for undergraduate engineering courses in 
mathematics that I teach over the last several years at l’Ecole Nationale Supérieure de 1’ Electronique 
et de ses Applications (ENSEA), Cergy in Val d’Oise department, France. 

My main inspiration to write this tutorial type collection of solved problems came from my 
students who would often ask “How do I solve this? It is impossible to find the solution,’ while 
struggling to logically connect all the little steps and techniques that are required to combine together 
before reaching solution. In the traditional classical school systems mathematics used to be thought 
with the help of systematically organized volumes of problems that help us develop “the way of 
thinking.” In other words, to learn how to apply the abstract mathematical concepts to everyday 
engineering problems. Same as for music, it is also true for mathematics that in order to reach high 
level of competence one must put daily effort into studying of typical forms over long period of time. 

In this tutorial book I choose to give not only the complete solutions to the given problems, but 
also guided hints to techniques being used at the given moment. Therefore, problems presented in this 
book do not provide review of the rigorous mathematical theory, instead the theoretical background 
is assumed, while this set of classic problems provides a playground to play and to adopt some of the 
main problem-solving techniques. 


vii 


viii Preface 


The intended audience of this book are primarily undergraduate students in science and engineer- 
ing. At the same time, my hope is that students of mathematics at any level will find this book to be 
useful source of practical problems to practice. 


fle-de-France, France Robert Sobot 
November 30, 2020 
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Logarithm of x, base 10 

Natural logarithm of x, base e 
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Fourier transform of x(t) 

Fourier transform of x(t) 
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Inverse Fourier transform of X (@) 


Apply Fourier transform 


Apply Laplace transform 
Apply I’ Hopital rule 

Discrete Fourier transform 
Fast Fourier transform 
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Triangular distribution 

Square (rectangular) distribution 
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Partial derivative of u(x, y, z,...) relative to x 
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Decibel 
Decibel normalized to “1073”, i.e., “milli” 


Transfer function 

Limiting to a from its right side (x-axis) 
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Basic number operations and rules, Assuming a € R anda 4 0, 


a =1, (a#0) 


> (f(x) = 0) 
> (f(@) <0) 


det fx) 
—f(x) 


Problems 


1.1 Basic Number Operations 


Calculate expressions in P.1.1 to P.1.7. 


1h (a 


~ = -3 
4.4, 2-3) (5) 
(4)! 


1.6. —4~x 10*+2.5 x 10° 


Calculate expressions in P.1.8 to P.1.15. 


q®t! — g".g 

a*a™ =a™™ 

(at)" = a"™ = (a 

(ab)" =a" b” 
av" a” 

GY) =Feees 040 
i =a"a”"™=a"™, (a#0) 
a 


1.5. ((—2)7!+(-3)") + ((-3) '-(-6)') 


1.7. 0.57! +0.25-7 + 0.12577 + 0.0625~* 
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2 1 Numbers 


0 0 
1.8. 2 1.9. (5) 1.10. (-3) 
5 3 


1.14. (/3 42-1) 1.12. (cosx)°, («@ #47/2) 1.13. (e3)° 


0 0 0 2\ 0 
(4a. (24%) (22? 115. (247) _(4_2 
21% 79 21% 7 3 


Calculate expressions in P.1.16 to P.1.18. 


1:16, 2°" 5.49 1.17. 2° x4 118... 5°" 2 


1.2 Fractional Powers and Radicals 


Calculate expressions in P.1.19 to P.1.23. 


1.19. (16)? 1.20. (1). 1.21. (LY) 
25 27 7-6 
1 -3 1 -3 8 3 1 0.375 
1.22, (1 1 8 1.24, ( 
Gay ore (3) +(3) (55) 


1.25. 0.25-%5 1.26. 25-3 1.27. 0.0017? 


Calculate expressions in P.1.28 to P.1.38. 


1.28. x-5 1.29. x~y75 1.30. x8 y3 
1.31. a 1.32. 7 ae 1.33. (xiyay°* 
1.34, (x0 x) = (x) 1.35. x3 x3 x7! 1.36. x} yicis(xiyhow) 


1.4 Absolute Numbers and Expressions 


Calculate expressions in P.1.39 to P.1.42. 


2 
1.39. (/406) 1.40. on = w/ya VAT lx xe) xe 


1.42. Vq3x-4 Vql-« Vai 


1.3 Undefined Forms 


Calculate and/or discuss expressions in P.1.43 to P.1.51. 


1.43. 1° 1.44. 0° 1.45. 0-00 
1.46. 1.47. ~-—©o 1.48. ca 
[o.@) 
0 27(2°—8) ee 1 
1.49. — 1.50, 2 1.51. { (—2)° 5) ——_ 
0 1-27 -3-3 (« ) +3) 64-26 


1.4 Absolute Numbers and Expressions 
Calculate expressions in P.1.52 to P.1.58. 
1.52. |x -—3)/=7 1.53. |3—x|>4 1.54. ||x|—5|>4 


[x] |x| +x |x| + 2x 


3 


459, “axl ie=21 45g. (2724-21 ‘. r= fe 27 
Ix] +x |x|+1 2 2 


4 1 Numbers 
Answers 
1.1 Basic Number Operations 


1 1 
VA. (-2)7F = (1-297 = {(ab)" =a" b"} = (“PQ =D yay 


8 
ie 1 
1.2, [_ eat Nt ey 
(5) {2 a” 


—2)-3 — (—3)-2 3 —_1J5\3 — (1/22 3 
ig ==) (3) Ey =E~) «(3 


(4-1 3 —1/4 2 
_I/g—1 1 1 
Sa eF fs pet 
ify 8 8 9 $2 
17. 27. 17x3x® 51 
= x = = 


72° 2° QYx8x2 °°» 16 


1.5. Negative exponent identity: a~” = 1/a", thus 


((-2)* + 3)7)) + (C3) 1 - C-6)"4) = (-; 7 :) (-3 3) 7 G 
5 
& 


1.6. Numbers with the equal powers are easier to operate with 
—4x 10°+2.5 x 10° = —4 x 10° +25 x 10* = 21 x 10° = 2.1 x 10° 
1.7. Decimal numbers have their equivalent fractional forms. 


iat 1\~2 iV i. 
0571 4-025" 4.0.05"? +0065 =] [)- Sl — |] +] 
2 4 8 16 


=O AP GH 8 Oey I a 8S a = 2 16 4 512 65536 


= 66,066 (note the powers of two) 


1.8. By definition, assuming a base not equal zero nor infinity, zero powers equal one, as 2° = 1 


0 
1.9. See P.1.8, thus (5) =1 


1.2 Fractional Powers and Radicals 


1.11. (/3+27-1)=1 


1.12. Excluding the case 0°, ie.(x # +7/2), then (cos x)° = 1 


1.13. (*)° = {(a")” =") =e %,=] 
0 0 
1.14. (5+) -(5 -=) ie 
2 6 27 9 
0 0 
1.15. (5+) -(5 - 2) aad 
2 6 27 9 


1.16. Exceedingly large powers may only be simplified, for example reduced to the same base, as 


73000 x 32000 = aye x aye = g 1000 x g 1000 = 72,1000 


1.17. 320, 4-300 _ _ _ 


~ (43)100 ~ 64100 ~ (g2)100 ~ g200 ~ 


3200 3200 - 3200 _ 3200 ( 3 ) 200 
8 


000 
VTE: 5 ee = Cosa ae 


1.2 Fractional Powers and Radicals 


Fractional powers are equivalent cardinals, and they obey the same rules as “ordinary” powers. 


1.19. (=) _vil6_ 4 


1.20. 


1.21. 


=) = (2) = {(a)" =a pa? far =512 


wl ts 


1.23. 


( 
( 

4.22. (ta) = 10243 = (23 = 1") = 24 = 16 
( 


1.24. 


1.25. 


1.26. 


1.27. 


1.28. 


1.29. 


1.30. 


1.31. 


1.32. 


1.33. 


1.34. 


1.35. 


1.36. 


1 \0375 iv 1 (#3) 1 
(ae) = lee) = G) =a 
iy? 3 
os? = (2) =42.=/4=+42 
3 a3, Ax 1 1 
25-2 = (57 i _ 5 = ee 
(5°) 53 125 
ee i(-4 
0.001-} = (10-3)? = 10 Ai i) = 10-9) = 10! = 10 
] 1\5 1 1 
ayt=(5) =-—455 
¥) al 
1\>/1\8 i 1 1 
a een 3\— 20 NO 7 
xX 20 = 1x = = = 
pease) (3) (5) (x3)% (y)8 Vx Vy 
xay% = V/x Vy? 
Iw 
xtyt fx 7 _ v2 fy 
zau3 13 Jx V5 
Vz 
x2 7 111 1 
a ay Se 3 7 2 
ys xi yt gp Vx fy3 Yz7 
> 5 \—0.75 -3 a =e 
(sy (6s87 AD Gy 
JxVvy? 
(08 22t) = (2) = (enact) (rye (78 TY A aes 
x" xn-T) +(x = (x" x1) (x = mn = Xr Xe 
(a" = q'™ 
— x" att = fa" q” aaa eet =x 
=x !=-,(n#1) 
x3 x2 gale {a a™ _ men 5taol — _ 2 a 
t yb cbs (xf yh ot) = [om je 2 = | 
Xx Ze sl Z 12 = => = 
7 = a yg he 
— x28 ys-3 zi =x ys zi = Vy y? Vz 
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137. ((x!)') = (ot) = (et) 


11 35 1 
=X 23. 6S 
5 
a\ 73 -2 
1.38. (x) ) ‘= (@e7)') ? = {f= e_4 “| — GAD CUP ~CDAA a 
bd bb € 
iia 3 1 
=X 2 2S 8 = 
S45 


1.39. (0/ 4a%b) = V8 aR = V2-Baeab = {(a")" = (a")"} = V2Q0apab? = 2aV2ab? 


Doe 
1.40. af xn — al xa =xa xn = xa yon = oar 


1.41. Roots are easier to handle in the form of fractional powers, thus starting from most inner root 


«folate lea nlask ded =a fold Tama vec of 


51 1 5 1 7 1 
Rytaxltsti ny fh axia xtra yx 


1.42. Whether specific numbers or variables, identities apply as 


j 5 : wb ok. 
Sae-4 Jal-* Sg =o a a aa OE Hal =a, # 0) 


1.3 Undefined Forms 


1.43. Strictly speaking there is co term in the expression, thus one argument may be that therefore 
1° is not defined. However, equally valid argument is that this case is special because number one is 
the neutral element for multiplication, thus 1° = 1-1-1---= 1. The answer depends on the context. 
In the higher level mathematical theory, rigorous comparing of infinities is still in the research domain, 
thus not considered here. 


1.44. Any number to the power of zero is assumed equal one, that is to say including 0° = 1. 
However, depending on the context this expression may be declared undefined. 


1.45. Expression 0 - 0c is not defined. That is to say, this product may produce any arbitrary number 
as the result. For example, consider the following two cases: 


—— } (10: 100) = 100 


100 
(soma) (10-1000) = 100 ( - ) (3- 2000) = 6 
1000 > 2000 ~ 
(--+) (++) = 100 (---) G+) =6 
10 2 
—) (10-00) = 100 = 
ec ye , ‘ ia OO 


1 Numbers 


Which is to say that by starting with any product of two numbers, it is possible to show that 0- co 
product equal that same product. This is because any non-zero number divided by infinity equal zero, 


and any non-zero number multiplied by infinity equal infinity. 


1.46. The form of ‘oo®’ is assumed undefined. Through the properties of logarithmic function, this 


power form may be converted into 0/0 or 0- 00, thus normally declared undefined. 


1.47. Difference of two infinite terms ‘oo — 00’ is undetermined. Comparing multiple infinites is 


still in the research domain. 


1.48. Ratio of two infinite terms ‘oo/0oo’ is a classic undefined form. With simple algebra it can be 


converted into ‘0/0’ form. 


1.49. Ratio of two zero terms ‘0/0’ is a classic undefined form. With simple algebra it can be 


converted into ‘00/00’ form. (Recall that 1/0 = oo and 1/oo = 0). 


27(22-8) _—_.27(0) 


1.50. = = 
1—27-3-3) 1 —27/27 


0 
0 (undefined) 


1 1 1 1\1 
—3 -_ So 
1.51. (2 + =) 64236 = (-; + =) ra 0-co (undefined) 


1.4 Absolute Numbers and Expressions 


1.52. One abs function is equivalent to two functions, thus two equations 


| 3) =7 x-3>05x%>3 w i[x-3)=x-3 7. x-3=7 7. x, = 10 
a il aii 
x-3<05x <3 J. [x -3)=-@-3) 2». -@-3)=7 7. x2 = -4 
Therefore, there are two discrete solutions, x} = 10 if (x > 3), and x» = —4 if (x < 3), see 
Fig. 1.1. 
Fig. 1.1 E le P.1.52 Se a 
ig xample ay A 3 
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1.53. An inequality with abs function is split into two inequalities, thus two intervals as the 
solutions, 


3-x>05%<3 w. (3—x|=3-x ». 3-x>4 7. x<-l 
3-x<05x>3 . (23-x|=—-G-x) .. -G-x)>4 .. x>7 


3 —x|>4 


Therefore, there are two intervals x € [—oo, —1] and x € [7, +00], see Fig. 1.2. 


1.54. There are two abs functions: |x| and ||x| — 5], thus in total there are four possible cases in 


|x| —5| > 4 
systematically decomposed as follows: 
x>0 > |x|=x 
x-5>0 5S |x-S5/=x-5 ».. x-5>4 Sy ee 9 
|x —5| > 4» ——— 
x-5<0 > |(x-S5|=-(@-—-5) 1. -x+5>4 .. x<l 
x <0 > (|x|=-x 
—-x-5>0 S|-x-5|/=-x-5 ».. -x-5>4 J x< 9 
|—x —5| >4 4 ——— 2S 
—-x-5<0 5 |-x*-5|=-(Cx-5) ». x4+5>4 =|. x>-!l 


These four resulting inequalities must be satisfied at the same time, thus summarized as (see Fig. 1.3) 
x €[-—o0o,-9] and -—1<x<1 and x €[9,+c] 
This conclusion my be verified by plotting ||x| — 5| vs. “4.” The three regions where ||x| — 5| > 4 


is satisfied are clearly visible, see Fig. 1.4. 


1.55. Absolute function may be viewed as an efficient method to encode two equations 


Fig. 1.2. Example P.1.53 x<-l x>7 
Y Y 
—] 7 x 
Fig. 1.3 Example P.1.54 x>-l 
x<-9 x<il x>9 


uv 
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Fig. 1.4 Example P.1.54 In 5) 
4 
0} zs 
—9 11 9 
f(x) 
1 ) 
0 J 


0 
Fig. 1.5 Examples P.1.55, P.1.56 
Ix] x 

x20 => |x|=x 6 == -=1 40) 
|x| Xx X . 
—= = sign (x) 
is Ix} —x 

x<O c= |xJ=-x 2. —=—=-1 (#0) 

—= x x 


Indeed, this |x|/x = x/|x| = +1 ratio is known as sign (x) function. By convention sign (0) = 0, 
see Fig. 1.5 (left). 


1.56. Signs of abs function’s argument are 


Ix|-+x x+tx Bx 
x>0 > |x|=x 5 5 2 


= = ramp (x) 
Ix} +x -x+x 0 


0 =— as = = -==0 
x <0 => (x| x 5 5 5 


=X 


|x| + 
2 


This is one of possible definitions for the function known as the ramp (x) function, see Fig. 1.5 (right). 


1.4 Absolute Numbers and Expressions 11 


Fig. 1.6 Example P.1.57 


x 
—3 0 1 
1.57. Absolute functions are replaced with their equivalent forms as 
|x| + 2x x + 2x 
x>0 > |x| =x —— 4+ |x|+x= +x+x=3x 
|x| + 2x = 3 
= t+ ltx= 
|x| + 2x —x+2x x, 
x <0 > |x|=-x —— ee ee 


This result is an example of a general “piecewise linear” function, see Fig. 1.6. It is noted that there 
is a point where limits (and by extension, derivatives) are not defined (here, at x = 0). 


1.58. Given inequality 


|x — |2x]| |x —2| 
- >0 
Ix] +x = [xl +1 
systematically decomposed as follows: 
x>0 > |xl=x o. |x| +x=x+x=2x and, |2x| = 2x 
(x-—2x)>0 Sl-x|/>0 1. x>0 V 
(x — 2x) <0 =|-x|/<0O .. na. 
|x —|2x|| x1 1 
Ixj+x 2x 2 
— |2 — |2. 
x<0 > |x)/=-x ». [x] t+x=-x+x=0 ©. a col eile as J“. Tha. 
— |x| +x 0 = 


and, 


x>0 > |xJ=x .. |x| +l=x+1 
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(x-—2)>0 > |x-2|=x-2 XS? 


ix=2[ = 
@=2)<0 | e===—6=2) + «<2 


In summary, as x > 0, (otherwise, inequality is not defined due to infinity term) then 


(a) O< x <2 : note that within given interval (x + 1) > 0 


Ix —[2x|| |x —2I 
|x| +x |x| +1 
1 —te-9 
2) ay 
2 x+1 
+1) 426-9) 
>0 
2(x + 1) 
3(x — 1) 
os 1 
Ge 1) — 


(b) x > 2 : note that within given interval (x + 1) > 0 


Ix —[2x|| |x — 21 

|x| +x |x| +1 

1 x—2 

2 x41 

(x +1) — 2(¢ — 2) 

2@ +1) a 

5-—x 

e+) 72S? 


These sub-inequalities inequalities must be satisfied at the same time, see Fig. 1.7. 


|x —|2x|| |x —2| 
IxJ+x  lx[ +1 


>0 “. x €(,5) 


1.59. Given expression 


x—-2+|x—-2| - e-2—f2 =9)\" 
2 2 


Absolute function |x — 2| term is decomposed into two cases as 


1.4 Absolute Numbers and Expressions 13 


Fig. 1.7. Example P.1.58 


1 x-2>0 7. x >2 > |x —2| = (« —-2) 


x—2+|x-2)\? (x-2-[e-2)\)? (x-24+@-2Y)  (x-2-@-DY 
Gees Geaceee a Gua i (en ee 


: ES a 4 aS y ee 


2.x-2<0 «. x<2 S|x-2)=-@-2) 


x-2+|x-2)\? (x-2-|x-2)\?  (x-2-(@-2\) (x-24+0-2D/) 
ae ee 


_ ae Ee eniont 


2 2 


In summary, 


® 


Check for 
updates 
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Problems 


2.1 Polynomial Expansion 


Multiply polynomials in P.2.1 to P.2.6 


21. Gah eek) 2.2. (x —3)(x* +3x +9) 
2.3. (3x? — 5x + 6)(2x — 7) 2.4. (xt +234 2)(x? — 3x +4) 
2.5. (3y* + 2x — 6xy)(2x? + 4xy — 2y?) 2.6. (x — y)(y—z)(z—x) 


Given P(x) = x? +x +1 and O(x) = x? — 1 in P2.7 to P.2.9, calculate 
2.7. P(x) + O(x) 2.8. P(x) — O(x) 2.9. 2x P(x) —2Q0(x) 


Given P(x) = x3 + ax? + bx + c calculate parameters a, b, c so that P(x) is divisible by binomials 
given in P.2.10 to P.2.13: 


2.10. x, (x — 1), and (x — 2). 2.11. (x + 1), (« — 1), and (x — 2). 
2.12. (x + 1), (x — 2), and (x +3). 2.13. (x — 5), (4 + 2), and (x +4). 
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 15 
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Fig. 2.1 Pascal’s triangle ee 
GD Cates) Gee) 
G2 IGG) 
GS) Codie) aden) Cadaw) Gale) 
Cs) Cacti) Caer) Catan) Gack) 
je» din) ae) Gti) Gols) Contin) Coders) 
eG» dies) Cie) Gatlin) 2D) Catan) Cele) Cie) 
GD QMQGGWOG) 
(iin) 


2.2. Binomial Theorem (Pascal’s Triangle) 


Reminder: Formal expression for binomial expansion is 
(a +b)" = Ss Ww! a" * pk a Sy n ak p"—* 
k k 
k=0 k=0 

Due to their symmetry, the polynomial coefficients are arranged in the form of Pascal’s triangle 
(Fig. 2.1). 

Each row lists polynomial coefficients of the corresponding n-th binomial power. Note that 
each row coefficient is calculated as the sum of two neighboring coefficients, left and right in 
the row above. 


For example, binomial square form is 


(ax)? + 2abx + b* = (ax by’ 


By using Pascal’s triangle, develop binomial powers in P.2.14 to P.2.19. 

2.14. (a+b) 2.15. (xy —z) 2.16. (—a — bc)* 
2.17. (x +2)° 2.18. (2x + 1)* 2.19. (x — 1)° 
Factorize quadratic and bi-quadratic polynomials given in P.2.20 to P.2.25. 


2.20. x7—-2x+1 2.21. x7 —6x +9 2.22. x? —2/2x+2 


2.23. 4x? = 12% +9 2.24. x*— 2x? +] 9.95, x2t2 _gyntl sa | 


2.3. Long Division 
Divide polynomials in P.2.26 to P.2.29. 


2.26. (° = 94? — 99+ BR SIDS = 3) 227. (6x 4 100" +8) = Or 4D 


2.4 Factorization 


2.28. (4x° — 7x? — 11x +5) + (4x +5) 2.29. (x7 +x—5)+(« +3) 

2.4 ‘Factorization 

Factorize polynomials in P.2.30 to P.2.41. 

2.30. 5a+ 5x 2.31. 2a—2 2.32. 7a—14 2.33. 3a°+9 

2.34. 3a+6b+9 2.35. 6xtax+bx 2.36. 9a°—6a+12 2.37. a’ —a? 

2.38. 3a* — 6a 2.39. xa — x? 2.40. 3a°+2a*+a 2.41. 4x? —2x +xy 
Factorize polynomials in P.2.42 to P.2.53. 

2.42. x*y% =a3y4xty? 2.43. x°y> — x78 2.44. 6x*y? — 4xy? 

2.45. 5x° — 15x’y? 2.46. 6x>y —9x7y?4+3x7y? 2.47. x3 — x7 — 2x9 


2.48. a°b* + 2a‘b* — 4ab° 2.49. 3a°b* — 9a*b* + 12a°b* 2.50. a(m+n)+b(m +n) 


2.51. m(a—b)+n(a—b) — 2.52. 7q(p—q)+2p(q—p) 2.53. 3(x+y)+ (x+y)? 


Factorize the following polynomials by finding the common terms: P.2.54 to P.2.63. 


2.54. am—an+bm—bn 2.55. am—an—bm+bn 2.56. an—ab—mn+mb 


2.57. Sax +S5ay—x-—y 2.58. 2x7 +2xy—x—y 2.59. 4ym—4yn—m-+n 


2.60. ax? — bx? — bx +ax-—at+b 

2.62. 2x” —2xy+xz—- yz 

Factorize polynomials in P.2.64 to P.2.65. 
2.64. xyz +x7y? — 3xty> — 3x3y4 — xy —z 


Factorize polynomials in P.2.66 to P.2.70. 


2.61. 


2.63. 


6by — 15bx — 4ay + 10ax 


5ax”? — 10ax —bx +2b—x+2 


2.65. m?x* — mnx? + 2mx? — 2nx +n —mx 


2.66. a7" +a" 2.67. a** — 2a” b* 


2.68. 2x""" + 6x” 


18 
2.69. ae* + 3a2* + 5a* 2.70. yc 2nt2 _ Qxnt1 | 


Simplify expressions in P.2.71 to P.2.73 


xtt2 xont2 ae intl 


2.71. 2.72. 


2x x” x2 x3n 


2.5 Difference of Squares 


2 Polynomials 


Reminder: Difference of two squares identity is used in many practical sitautions 


ab =(a@—pb\(a+d) 


Factorize polynomials in P.2.74 to P.2.89. 


2.74. x? — 49 2.75. a’ — 36 2.76. 16x? —9 2.77. 9x? — 49 
2 4 2; 
2.78. 25—x 2.79. 81—x 280. 2— 281. % _4 
49 4 9 
2 2 2 ps 2 
2.82. 9x* Ay" 2.83. 49x _ oy? 2.84. x° — 0.36 2.85. x“ — 0.0009 
4 9 25 
2.86. 0.04x7—0.25 2.87. 2.88. x*y? —0.01 2.89. 


0.01x” — 0.04y? 


Factorize expressions in P.2.90 to P.2.101. 


2.90. (x —3)°-4 2.91. (a+5)°-9 


2.93. x? - (x+y)? 2.94. (x +2)? —4x? 


2.96. (x—y)?—16(x+ y)? 2.97. (x +2y)? — 9(x — 2y)? 


2.99. 36(x — 2)? — 25(x + 1)? (x+y—2) 


2.100. 
” —(w@-—y+z) 


Calculate products in P.2.102 to P.2.110 without using a calculator. 


0.25x”y* — 0.0001 


2.92. y>—(x—- y)’ 
2.95. 9x? — (x — 1)? 
2.98. 4(x — y)* — 25(x + y)* 


Gsry 2)" 


2.101. sa +2)? 
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2.102. 98 x 102 2.103. 99 x 101 2.104. 83 x 77 2.105. 79 x 81 
2.106. 18 x 22 2.107. 201 x 199 2.108. 1.05 x 0.95 


2.109. 1.01 x 0.99 2.110. 9.9 x 10.1 


2.6 Quadratic Polynomial—Viéte Formulas 


Reminder: The relations between the sum and product of polynomial roots, attributed to 
Francois Viéte, are rather practical, among other applications in mathematics, for rapid 
factorization of quadratic polynomials. Trinomial 


b 
Ge POR a ye Se eee 
a a 
may be factorized as 


x4 Dix tel =x? + xx + xx tx, = x(x +1) + x2(x +201) = (+ x1) (H+ 29) 


where, x1, x2 are factors of c! and x; + x. = b’ 


Factorize quadratic polynomials in P.2.111 to P.2.119. 


2.111. x7 —6x+5 2.112. x7—9x4 14 2.113. x7-—6x4+8 
2.114. 2x74+3x+1 2.115. 3x7-— 14x +8 2.116. —2x7+%+3 
PANT. =x? +4 5x4 2.118. —6x?+5x+4 2.119. 1274+ (/24+ /3)x+ V6 


Factorize bi-quadratic polynomials in P.2.120 to P.2.125. 


2.120. x*— 13x? + 36 2.121. x*— 10x? +9 2499.. 7°39, 41 


2.123. x° + 3x3 +2 2.124. x©—9x3+8 2.125. 2x24? {ix"™t!49 
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2.7 Completing the Square 


Reminder: Technique of completing the square helps convert a quadratic polynomial of the 
form 


ax?+bx+c totheform a(x—m)*+n 


where m and n are some suitable constants. 
That is to say, completing the square creates a square trinomial inside of a quadratic 
expression. 


Solve quadratic equations in P.2.126 to P.2.131. 
2.126. x° + 6x —7=0 2.127. 2x* — 10x -3 =0 2.128. —x? —6x+7=0 


2.129. x7+3x =0 2.130. 2x7 +6x+2=0 2.131. x7-x-6=0 


2.8 Factor Theorem 


Reminder: Given n-th-order polynomial 
P(X) = gx" + Onyx"! +++ + ax + ay = (K = Xn) — Xn—1) ++ — m1) 
where, X),Xn—1,---,X1, are zeros of P,,(x) (in total, there are n zeros). 


1. Factorization of polynomials takes advantage of fundamental theorems in algebra (very 
loosely interpreted as): 

(a) The total number of polynomial roots n (i.e., both real and complex) is equal to the 
polynomial degree n, where the complex roots come in pairs, 1.e., each complex root 
is accompanied by its complex conjugate pair. Consequently, in odd order polynomials, 
there must be at least one real root (i.e., the one that does not have its pair). 

(b) Polynomial roots may be found among the factors of the (a, ao) product. 

(c) If (x — x9) 1s one of P,, (x) factors, that is, xp is one of P,,(x) zeros, then P, (xo) = 0. 

2. The factor theorem states that (x — n) is binomial factor of a polynomial P(x) if and only 
if P(n) = 0, that is, n is one of the P(x) roots. Otherwise, if the value P(n) = r $ 0, it is 

said that R = r/(x — n) is the reminder of division P(x) + (x —n). 


Factorize: P.2.132 to P.2.143 
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2.132. x3-1 2.133. x — y? 2.134. x3 +1 2.135. x? +x+2 
2.136. x°+y° 2.137. x4+4 2.138. xt4+x741 2.1389. 4x41 
2.140. (x+y+z7?-—x3-yi-—23 2.141. 4x?-4x-4 

2.142. G2? 4+x4+ DQ? 427+ 1-1 2.143. («+ 1% +3)(x+5)(x +7) +15 


Calculate parameters a, b, c so that P(x) = Q(x) in P.2.144 to P.2.145, if 
2.144. P(x) =x? —2x7 +3, O(x) = («4+ I(ax* + bx +c) 
2.145. P(x) = 2x? —x?+x+4, Ox) = (x —2)(ax? + bx +c) 


Without doing the actual division, calculate the reminder of polynomial divisions in P.2.146 to 
P.2.149. 


2.146. (x4 — 2x3 +3x7-4e 4+1)+(e—-1) 2.147. GO? 4+ 1D+04) 

2.148. (x9 — 256x'9! 4.1) = (x7 — 4x) 2.149, (x79 — 2x7 — 1) = (x? — 3x +2) 
Given polynomials in P.2.150 to P.2.151, calculate parameter k so that P(x, k) is divisible by Q(x). 
2.150. P(x, k) =40° +kx4 + 8x74 5x7 43x42, O(x) =x +42. 


2.151. P(x, k) =x? -—3kx4+4(P4+)x-—( +5), Ox) =(x-1) 


2.9 Partial Fraction Decomposition 


Reminder: Partial fraction form of a rational function is very useful for calculating its integral. 
A general case of rational expression of two polynomials, for example, k-th order P,(x) and 
m-th order Q,, (x), where m > k, may be written as 


Py(x) P(x) 
Om(x) (x — x1) (x — x2)(X — x3)" (ax? + bx +c) 
a B YI v2 Yn bx +n 


ree Fe ea eae (ax? + bx +c) 


where, a, 6B, y,... are the coefficient constants to be calculated, and partial decomposition 
rational forms are created as follows: 


1. For each unique zero of Q(x), such as x;, x2, there is one rational term. 


(continued) 
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2. For zeros with n multiplicity, such as x3, there is a series of n rational terms. 
3. When quadratic term (ax* + bx +c) has complex zeros, then its corresponding numerator 


must be linear binomial. 


Derive the partial fraction form of rational functions in P.2.152 to P.2.166. 


2.152. 


2.155. 


2.158. 


2.161. 


2.164. 


Xx 


(+ 1)@ - 4) 


xe] 


w+ x? — 16x + 16 


x? —4x +3 


2.153. 


2.156. 


2.159. 


2.162. 


2.165. 


x+2 
x3 — 2x2 


2.154. 


2.157. 


2.160. 


2.163. 


2.166. 


x44] 


Xx 


(x + 1I)@ —-4) 


(x + 1I)@ +2) 
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Answers 

2.1 Polynomials 

2.1. (x-1G? 4x4) =234+747%-4-74-1=3-1 

2.2. (x —3)(x7 +3x +9) = x3 +347 +96 — 3x7 — 96 —27 = 3-27 = 3 — 3 

2.3. (3x7 — 5x + 6)(2x — 7) = 6x? — 21x? — 10x? + 35x + 12x — 42 = 6x? — 31x? + 47x — 42 


24. Go 4- 39 £26 = 3h +a) Ha" = 39 ae +e? — 9x pa Os — 6 +8 
= x© — 2x +x444x3 + 2x7 -—6x +8 


2.5. (3y* + 2x — 6xy)(2x? + 4xy — 2y?) 
= 6x7 y* + 12? - 6y° 4x7 8x7y = 4xy? - 12x3y - 24x? y? + 12xy" 


= —18x’y? + 8xy? — 6y? + 4x3 + 8x2y — 12x3y 4 12xy4 


2.6. (x — y)(y— 2@—x) = (xy —xz-y + Zw — x) 
=aye— xP yet ye xy tx°2 + xy? — x9 


= et yt xy? — x22 — yz —2x2y 
2.7. Given P(x) =x*+x+1and O(x) =x3- 1 
PQ) + O@)= 0? 4xe4D4@-DH=0 -f4 2424x007? +24) 
2.8. Given P(x) =x*+x-+1and O(x) =x3-1 
P(x) - On) =0’?+x4+D-C-YD=-P4+lexr txt lai 4x7 4x42 
2.9. Given P(x) =x*+x+1and O(x) =x3-1 


2x P(x) — 20(x) = 2x(x?2 4.x +1) — 2003 — 1) = 2K 4. 2x? + 2x — 24 4.2 
= 9 $9 He ee + 


2.10. Third-order polynomial Q(x) that is divisible by x, (x — 1), and (x — 2) must have form 
06) =640@—-1DG@ —2) =2z6¢ —34 +2) =x? — 3x7 4+ Oe 
Therefore, 
P(x) = O(x) «. x2 4+ax*+bx+c=x7-3x? 42x -. a= -3,b=2, and c=0 
2.11. Third-order polynomial Q(x) that is divisible by (x + 1), (x — 1), and (x + 2) must have form 


Ox) = (4+ D)0-1DO4+2) =? -D@+2) = 292 +20? -x -2 
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Therefore, 

Poy SOG) & 2 40 tbe tose +2" -—27-2 « @=2, b=-l,. and c= —2 
2.12. Third-order polynomial Q(x) that is divisible by (x + 1), (x — 2), and (x + 3) must have form 
0) =]64 NG -—DEe+3\H2° +2 — 5x —6 

Therefore, 

P(x)=O(x) «. x9 +ax?+bx4+c=x74+2x?-5x-6 ». a=2,b=-—5, and c= —-6 
2.13. Third-order polynomial Q(x) that is divisible by (x — 5), (x +2), and (x + 4) must have form 
O(x) = (x —5)\(x+2)(x +4) = x7 +27 — 22x — 40 

Therefore, 


P(x)=OQO(x) «. x2 +ax?+bx+cHx?4+x7-22x-40 ». a=l, b=—22, and c=—40 


2.2. Binomial Theorem (Pascal’s Triangle) 


2.14. Given (a + b)?, coefficients of the third-order binomial power are listed in Pascal’s triangle 
as 1, 3,3, 1. Then, the powers of a and b are systematically written in the descending and ascending 
orders, respectively, as 


(a+ bp =10°b94+3a7b'43a'h 4+ 10° =a? + 3a7b + 3ab* +b? 


2.15. Given (xy — z)°, coefficients of the fifth-order binomial power are listed in Pascal’s triangle 
as 1,5, 10, 10,5, 1. Then, 
(xy — zy? = 1 (xy)? (—z)” +5 (ay)* (—2)! + 10 ay)? (2)? + 10 (ay)? 2)" 
+5Gy) (2) tag) Cay 


= Py? — 5zxty* + 10z7x3 y? — 10z7x7y? + 5z4xy — 2 


2.16. Given (—a—bc)*, coefficients of the fourth-order binomial power are listed in Pascal’s triangle 
as 1,4, 6, 4, 1. Then, 


(—a —be)* 
= 1 (~a)* (bc)? + 4 (—a)? (be)! + 6 (a)? (—be)’ + 4 (—a)! (be)? + 1 (—a)° (— be)" 
=a‘ 4+ 4arbe + 6a7b*c? + 4ab3c3 + b*c4 
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247. Ge+2P = ler 2 4S? S10 Ps a x 2 1 2 
= x° + 10x* + 40x7 + 80x? + 80x + 32 


218.. Gee iy —10e Psa Oxy 1' +6 Oxy 4400) 1 Ox? 
= 16x* + 32x73 + 24x7 + 8x +1 


219. Gaia] ie el +e Eel! 41 G17 4 EK 
(sx (<1) +6e Gir eis ei 


= x° — 6x? + 15x4* — 20x73 + 15x* — 6x41 
2.20. x°-2x+1= (Ix)?-2(1)()x4+1° = {n=2}=(-1) 
2.21. x?-6x +9=x7-2-3x +37 = (x —3)° 


2.22. x? —2/2x +2 =x? —2V2x 4 (2)? = (x — V2)? 


2.23. 4x? — 12x +9 = (2x)? —2-(3-2x) + 3” = (2x —3)* 
224. BP ea a Oe FI Sa Sy SGI GS iyP 


2.25, 2"t2 _ayttl gy = 24D _ ayrth py = (xr)? - 2 (9) ay ee (xt! = 1)? 


2.3. Long Division 


2.26. Division of two polynomials follows the same procedure as division of any two large numbers. 
There are multiple techniques to organize the polynomial coefficients and visual tabulation of the 
intermediate results. Here, one possible way is to first rearrange all terms of the two given polynomials 
in descending powers. Then, if the last step results in zero it is said that two polynomials are divisible, 
otherwise, there is reminder 7. Step by step procedure may be as, 


1. Divide only the two highest power terms terms (underlined) and write the result, that is to say 
x* +x =x, so that 
(x* — 2x3 — 7x? 4+ 8x+12)+(@ -3)=x° 
2. Multiply x? with the divisor polynomial (x — 3) and write the product under dividend 


(x* — 2x? — 7x? + 8x + 12) + (r-3) = 2x3 
tt muttiply 


xt — 3x3 
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3. Subtract terms that are aligned vertically, i.e., (x* — 2x3) — (x4 — 3x?) = x3, then add the next 
term from dividend, i.e., “—7x?.’ Now, division is (x? — 7x?) + (x — 3) as 


G27? 48k 1) Ge Se 
=(x* — 32") 


= 0 +x? —7x? 


4, Next term in the solution polynomial is found as x* + x = x?, then repeat the previous steps until 
the last term in the solution is found as 


(ce 6 Oe? 9x Oe 1D) SG pea ae ae 
—(x4 _ 3x3) 
neh 
_ (x3 _ 3x7) 
SA 8x 
— (—4x? + 12x) 
—4x+12 
— (49+ 12) 
=0 


Because the last subtraction equals zero means that r = 0, that is to say x = 3 is zero of P(x) = 
x* — 2x3 — 7x? + 8x + 12. It is verified by setting x = 3 in P(x) as 


P(3) = (3)* — 2(3)° — 73)? + 8(3) + 12 = 81 — 54-634 244+ 12=0 
2.27. Given (6x? + 10x? + 8) + (2x7 + 1), long division gives, 
—3x+3 


2x2 +1 
Sai, 


r 


(6x? + 10x? +0x + 8) + (2x7 +1) =3x +54 
6x? 40x? + 3x 
10x? —3x+8 
10x? +0x +5 
—3x +340 


2.28. Given (4x3 — 7x” — 11x +5) + (4x +5), long division gives, 


2.4 Factorization 


4x = Tx? = 1 5) 49 4 Se a = a 1 


Ax? + 5x? 
219%" = 113 
= 123" = 15% 
4x+5 
4x +5 
= 0 


2.29. Given (x? + x — 5) + (x + 3), long division gives, 


1 
2 
-—5)+ 3)=x-2 — 
(x +x—-—5S)+4+3)=x a ae 
——— 
x? + 3x 
—2x—-—5 
—2x-6 


2.4 ‘Factorization 

2.30. 5a+5x=5(a+x) 

2.31. 2a—2=2(a—1) 

2.32. 7a —14=7(a—2) 

2.33. 3a7+9 = 3(a’ +3) 

2.34. 3a+6b+9 = 3(a+2b+3) 
2.35. 6x +ax+bx =x(6+a+b) 
2.36. 9a? — 6a + 12 = 3(3a* — 2a + 4) 
2.37. a? — a? =a*(1—a) 

2.38. 3a” — 6a = 3a(a — 2) 


2.39. x7a? — x8 = x(a? — 1) = x7 (a+ l(a 1) 
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2.40. 3a° + 2a? +a = a(3a* + 2a + 1) 


2.41. 4x7 -—2x+xy =x(4x —2-y) 


3 3 3 


2.42. Py —xytxtyaxr y PvP yt xy y=x? y(y?-14 xy’) 


2.43. x3y3 — x7y8 = x7y3(x — y9) 

2.44. 6x*y? — 4xy? = 2xy*(3x — 2y) 

2.45. 5x? — 15x7y? = 5x7(x — 3y’) 

2.46. 6x? y — 9x7y? + 3x7 y? = 3x7y(2x — 3y + xy) 
247... 33) 2 = rH x ey) 

2.48. a®b? + 2a*b? — 4ab> = ab? (a? + 2a? — 4b’) 
2.49. 3a°b? — 9a7b* + 12a°b* = 3a*b3 (a — 3b + 4a%*d) 
2.50. a(m+n)+b(m+n) = (m+n)(at+b) 

2.51. m(a—b)+n(a—b) = (a—b)(m+n) 

2.52. 7¢(p — q) + 2p(q — p) = (p— q)(7q — 2p) 
2.53. 3x+y) tatty’ =t+yB+x+y) 


2.54. am—an+bm—bn=a(m—n) +b(m—n) =(m—n) (a+b) 


2.55. am — an — bm + bn = a(m —n) — b(m —n) = (m—n)(a— b) 

2.56. an —ab—mn+mb=a(n—b)—m(n—b) = (n—b)(a—m) 

2.57. 5ax+5ay—x—y=Sa(x+y)—-(«+y)=(«+ y)(5a — 1) 

2.58. 2x? 4+ 2xy -—x—y=2x(x+y)—(e+y) = (+ y)(2x-1) 

2.59. 4ym — 4yn —m+n = 4y(m —n) — (m—n) = (m—n)(4y — 1) 

2:60). ax* = be = be 40x —a +b] G-b)4e46-) = @-DeSte-)bG*+e%-1) 
2.61. 6by — 15bx — 4ay + 10ax = 2y(3b — 2a) — 5x(3b — 2a) = (3b — 2a)(2y — 5x) 


2.62. 2x? —2xy +xz— yz = 2x(x — y) +. 2(x — y) = (x — y)(2x +2) 


2.5 Difference of Squares 


2.63. Sax? — 10ax = bx + 2b =x +2 =Sax(e — 2) —b0 — 2D = =?) 
= (x — 2)(5ax — b— 1) 


2.64. xyz+x7y? — 3x4y? — 3x3 y4z — xy —z = xy(xy +z) — 3x7 y* (xy +2) — (xy tz) 
= (xy + z)(ry — 3x°y* — 1) 


2.65. m?x* — mnx? + 2mx? — 2nx +n — mx = mx3(mx —n) + 2x(mx —n) — (mx —n) 
= (mx — n)(mx? + 2x — 1) 


2.66. a" +a" =a" a" +a" =a" (a" +1) 


2.67. a* — 2a b* = a™ (a* — 2b") 

2.68. 2x" + 6x" = 2x"(x™ 4 3) 

2.69. a** + 3a” + 5a* = a*(a™ + 3a* +5) 

2.70. 2742 _ 9yn+1 i= 204) _ 9yn+1 ey eo Gey _2 a) Le Gar - iy 


271 nt? : x eat x 


2xx" QT 2 
2.72 GEO ae pe ly. _ aoe 
x2 x3n = x23 oe x 
xtxrtx3 te. txt _ xtxrta3 te. txr 
2.73. Pte ae Oe Se Pl 
x x2 x3 xn x" 


(x 4+ x7 4x3 4---4+x") x 
yah yn-2 4 yn-3 pet] 


(1 + x2 2 Fx"1) ntl 


= =X 


xr 4 x72 Pease 1 


n+l 


2.5 Difference of Squares 

2.74. x°-49=%? —-P =64760-7) 

2.75. a* — 36 =a? — 6’ = (a+ 6)(a — 6) 

2.76. 16x” —9 = (4x) — 3* = (4x + 3)(4x — 3) 
2.77. 9x? — 49 = (3x)* — 7 = 3x +7)Gx —7) 


2.78. 25—x7 =5*—x? = (54+ x)(5—x) 


30 


2.79. 


2.80. 


2.81. 


2.82. 


2.83. 


2.84. 


2.85. 


2.86. 


2.87. 


2.88. 


2.89. 


2.90. 


2.91. 


2.92. 


2.93. 


2.94. 


2.95. 


2.96. 


$egta PHO = OF 270] 327) ] 64296406 =x) 
s i _ 1 1 

XxX ~ 49 ~ au anes, 

~~4=(3)-(2) =(3 =) (3-5) 

a a. 3) 273 2 3 

9x? 4y? 3x 2y 3x 2y 

4 9 -($+2)($-3) 

49x77 =f Ix\? ne ibe 

gy (5) eG) 


2 2 
ee ee ee a) eee 
x 0.36 = x B i00 =< (5) = («+ =) (: 5 


x? — 0.0009 = x” — 0.037 = (x + 0.03) (x — 0.03) 
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1 
0.04x? — 0.25 = (0.2x)? — 0.57 = (0.2x + 0.5)(0.2x — 0.5) = 700 (2* +5)(2x — 5) 


0.01x? — 0.04y? = (0.1x)? — (0.2y)? = (0.1x + 0.2y)(0.1x — 0.2y) 
= a + 2y)(x — 2y) 

xy? — 0.01 = (x*y)" 0.2 = @’y +0.D(@?y — 0.1) 

0.25x*y? — 0.0001 = (0.5xy + 0.01)(0.5xy — 0.01) 

g=3P =4=6-3490=3-2)=6=— D5) 

(a+5)—-9=(a+5+3)(a+5-3) =(a+8)(a+2) 

yr —(@-—yP =f +x- YQ — (& — y)) = xy — x) 

x — ty =@txt+yG¢-7-y) =-yQx+y) 

G+ 2)? = 4"? = 42 4 2) = 2) = Ox + OK zd) 

9x? — (x — 1)? = Gx +x — 1)Gx — (x — 1)) = 4x - 1)(2x +1) 


(@@—y—16@ + yP = —y + 4x + 4y)@ — y — 4x —4y) 
= (5x + 3y)(—3x — 5y) = —(5x + 3y)(3x + 5y) 
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2.97. (x +2y)* — 9(x — 2y)* = (x + 2y + 3x — Gy)(x + 2y — (3x — Gy)) 
= (4x — 4y)(8y — 2x) = 4(x — y) 2(4y — x) 


=8 (x —y)(4y — x) 


2.98. 4(x — y)* — 25(x + y)* = (2x — 2y + 5x + 5y)(2x — 2y — 5x — Sy) 
= (7x + 3y)(—3x — Ty) = —(7x + 3y)(3x + Ty) 


2.99. 36(x — 2)? — 25(x + 1)? = (6x — 12 + 5x +5)(6x — 12 — 5x — 5) = (11x — 7)(x — 17) 


2.100. (xt+y—z)—(@@-yt2P =@t+y¥—Zstx—-¥+DG+ty—-z-#+y-2) 
= 2x 2y — 22) = 4x(y — 2) 


2.101. (x+y —3)? —25(x +2)? = (x+y —3+4+5x + 10)(x + y—3—5x — 10) 
= (6x + y+ 7)(y — 4x — 13) 


2.102. 98 x 102 = (100 — 2)(100 + 2) = 100? — 2” = 10,000 — 4 = 9996 
2.103. 99 x 101 = (100 — 1)(100 + 1) = 100° — 1 = 9999 

2.104. 83 x 77 = (80+ 3)(80 — 3) = 80° — 3? = 6400 — 9 = 6391 

2.105. 79 x 81 = (80— 1)(80+ 1) = 80° — 1 = 6400 — 1 = 6399 

2.106. 18 x 22 = (20 — 2)(20+ 2) = 400 — 4 = 396 

2.107. 201 x 199 = (200 + 1)(200 — 1) = 40000 — 1 = 39999 

2.108. 1.05 x 0.95 = (1 + 0.05)(1 — 0.05) = 1 — 0.05* = 1 — 0.0025 = 0.9975 
2.109. 1.01 x 0.99 = (1 +0.01)(1 — 0.01) = 1— 0.01? = 1 — 0.0001 = 0.9999 


2.110. 9.9 x 10.1 = (10 — 0.1)(10 + 0.1) = 100 — 0.01 = 99.99 


2.6 Quadratic Polynomial—Viete Formulas 


2.111. Given x* — 6x + 5, in accordance to Viéte formulas the goal is to check existence of x1, x2 
pair so that 


XjxX.=5 and x, +x=6 


Being prime number, ‘five’ is divisible only with +1, +5. Therefore, its factors —1 and —5 satisfy 
both equalities, i.e. their product equals +5 and their sum is —6. Thus, 


x =—6x +5 =x7=—(1)x — 5x +5=x(x% -—1)-5@ -1)=(«—- 1) — 5M) 
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2.112. Two factors of “+14” whose sum equals “—9” are “—2” and ““—7”; thus 
x°—9x +145 x7-2x —Tx +14 = x(x — 2) —7(x — 2) = (x — 2) -7) 
2.113. Two factors of “+8” whose sum equals “—6” are “—2” and “—4”; thus, 
x°-6x +8 =x°-2x —4x +8 = x(x — 2) -—4(¢ —2) = (* — 2) -4) 


2.114. If the leading coefficient a 4 1 in ax? + bx +c, e.g.,a =2 £ 1, then, 


Method 1: first, factor the leading coefficient in trinomial as ax? + bx +c = a[x* + (b/a)x + (c/a)], 
then search factors of (c/a) whose sum equals (b/a), i.e. 


2 2 


3 1 
deat iaa(e ads +5) 


NI] bw 
—— 


1 1 1 
= {actor of !/2resultin, 1 x === and 1+ == 
2 2 2 
4 1 1 1 
=2\x eae ae =2 2G Ger) 


1 
=2[+p(x+5)|=o+ner+0 


Method 2: search factors of (ac) whose sum equals J, i.e. 


2x? 4+3x+1= fac=2x1=2 .. 1x2=2 and 14+2=3} 
= 2x743x +15 2x742x4+x +1=2x(44+1 4x41 
= (x + 1)2x + 1) 


2.115. Search factors of (ac) whose sum equals J, i.e. 


3x 8=24, (—12) x (-2)=24 and | 
3x°-14x +8= 


(—12) + (-2) = -14 
= 3,°—127— 2x 4+8= 3x(x — 4) — 2(x — 4) 
= (x — 4)(3x — 2) 


2.116. Search factors of (ac) whose sum equals J, i.e. 


—2x°4+x +3= {-2x3=-6, (-2)+3=1 } 
Sy 9 te tS = Fe + 149 1) 
= (x + 1)(3 — 2x) 


2.117. —x?+5x —4= —-x74+x+4x —-4=-x(x -1) +40 —1) = (x — 1)(4—-x) 
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2.118. —6x7+5x +4 = —6x?-3x 4+ 8x +4 = —3x(2x + 1) + 4(2x + 1) = (2x + 1)(4 - 3x) 


2.119. x7 + (/24+-V3)x4-V6 =x? 42V242V3 4 V2x3 = x00 t+ V2) 4 V3(x + V2) 
= (x + V2)(x + V3) 


2.120. After writing x?” as (x")*, this bi-quadratic polynomial form is converted into quadratic 
relative to (x”), then by applying Viéte formulas it follows: 


x*~13x? + 36 = (x*)?—4(x?) — 9(x?) +36 = x7(x? — 4) — 9(x? — 4) 
= (x? — 4)(x? — 9) = (x + 2)(x — 2) + 3)(x — 3) 


2.121. After writing x?” as (x")*, this bi-quadratic polynomial form is converted into quadratic 
relative to (x”), then by applying Viete formulas it follows: 


#100" 40 3 a9" = Or 9H] 7' ES = HI = a He HO =D) 
= («+ D@—- I) +3)@ — 3) 


2.122. Convert this bi-quadratic polynomial form into quadratic form, as 


9 = 2 21H YY = er SH 1 
={@-D+G@-Y)=x*+x4+1} 
=[07+x4+DG-DP =O? 4+x4+1%@- 1? 
= («+ D@-D@?+x4+1" 


2.123. This is bi-quadratic polynomial; thus 


43 £9e2° fe 40? 22a? 4+ D496 41 
= (x? + 1)(x? + 2) {(by long divisions) } 
= (e+ DO? —x + D0 +72)? — x24 V4) 


2.124. This is bi-quadratic polynomial; thus 


994007 48 = 7°" 4 8? 4 Bar + 4 8G? +1) 
=i + G+ 3) = + NG" =a 4 1G" +8) 
= (44 DG" =24 Net Der =I 44) 


2.125. This is bi-quadratic polynomial; thus 


D242 _ lix”*! + 9 =? Cae —-11 Ge) + 9 =2 Gey _2 a) _ 9 (een) 4 9 


= Qxmtl (or = 1) _ 9 (re _ 1) = (es _ 1) (Qa _ 9) 
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2.7. Completing the Square 
2.126. Complete the binomial square form as follows: 


x? + 6x — 7H 57 423)0 43 =3? -—7 =| 6 437 = 16=0 
eS eer tO Oo 
(«+3 16 


Therefore, the quadratic equation is solved as 


(«+3 =16 - xt+3=44 ©. xy. =-344 m= 1, 1 =-7 
2.127. The leading coefficient (i.e., “2”) is not equal to one so it can be factored. In addition, the 


linear term coefficient “5” is a prime number, consequently it is not possible to factor “2” that is 
necessary for the complete square form. The workaround is to multiply and divide “5” by two, as 


2x? — 10x -3 =2 Pusein= =2(x?-2 2 fae 
2 2 2 
5 S\* 75? 3 
=2/72-2[ 2 = = 
| | 


2.128. Factor the leading coefficient “—1" as 


—x? — 6x +7 = —[x? +2(3)x +37 —3? —7] = -[(x + 3)? — 16] =0 


(x +3)? -16=0 


. x+3=+V16 
= X1,2 =-—3+4 
xy Hl, wm =-7 


Note however, that although the roots of (—x? — 6x +7) and (x? + 6x — 7) are same, these two 
quadratic polynomials are not the equal. 


2.129. For the sake of exercising, 
Method 1: Force the completing square form as 


3 3\° 73\" 3\° 9 
2 2 
3 = 2 — = — —-—=0 
xo 4+3x = x54 (5)*+(5) (5) («+3) ri 
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Method 2: Of course, in this case factorization is faster 
x? + 3x =x(x-—3) ». x,» =0, x1. =-3 


2.130. Factorize the leading coefficient, as well as 6 = 2 x 3, so that 


3 ao ae 
2x? 2=2|/x74+2( = 7 es 1 
x + 6x + c + (5)=+(5) (5) + 


in 2 
2.131. x7—-x-6=0 .. («-5) a, fo xp=—2, m= 


2.8 Factor Theorem 
2.132. Given Q3(x) = |x? — 1, the only two factors of a3 a9 = 1 x (—1) = —1 product are “+1” 


and “—1.” That is because “—1 x 1 = —1” and “1 x (—1) = —1.” Possible roots of Q3(x) may be 
one of these two factors; thus, first step is to verify if Q3(+1) = 0, as 


Q3(-1) = (-1)? -1=-2 ». Q(-1) #0 
Q3(1) = (1)? -1=0 ». x =1 


That is to say, because Q(1) = 0, it must be that x; = 1 is one of its roots; by consequence, (x — 1) 
is one of Q3(x) factors, and furthermore Q3(x) polynomial can be factorized as 


O3(x) = (x — I(ax*++bx+c) = O3(x) +(x —- 1) = ax? +bx4ce 
where, (ax? + bx +c) must be second-order polynomial that is left after the factorization, i.e., 
ax? ++bx+c= Q3(x) + (x — x1) Saxr>+bxtc= os 1+ —-1) 
The long polynomial division results in 


= )=@=— hear be41 


—(x3 — x) 
| 
= (x? — x) 
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—@—-)) 


=0 


Therefore, O3(x) = x7 —1 = (vw — 1)(x* +x +1). The quadratic polynomial factor may be itself 
further factorized by multiple methods. For example, its discriminant is negative, therefore the last 
two roots of Q3 are complex, 


A=b?—4ac=17-4x1x1=-3 <0 


X23 = 


—btJVA -1+tiv3 
2a ti‘ 


O(x) = x7 -1=(4- 1)? +x41) 


tis fai43 
svon(ot32) (ot 


Note that this procedure for factorizing higher-order polynomials is quite general, and it illustrates 
the use of basic theorems of algebra. 


2.133. An important polynomial form is known as the difference of two cubes. Given P(x) = x*—y? 
note that P.2.132 may be considered as special case where y = 1. Then, similarly, by inspection of 
P(x) it may be concluded that one of its roots must be x; = y, that is because P(y) = 0. Therefore, 
P(x) is divisible by (x — y). 


The long polynomial division results in 


(x? +0x?y +0xy? — y)+ (x —y) =x? +xy4+y’ 


ay 
ay +0xy? 
eye 
xy —y 
xy -y 


=0 


Therefore, (x? — y*) = (x — y)(x? + xy + y?), and it is usually listed among other basic polynomial 
identities, e.g., difference of squares, square of a binomial, etc.. 


2.134. Given R3(x) = 1x? + 1, the only two factors of a3 a9 = 1 x 1 = 1 product are “+1” and 
“1” That is because“(—1) x (—1) = 1” and “1 x 1 = 1.” Possible roots of R3(x) may be one of 
these two factors; thus, first step is to verify if R3(+1) = 0, as 
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R3(-1) = (-1?+1=0 «. x, =-1 
R31) =()2+1=2 «. R3(1) 40 


That is to say, because R(—1) = O, it must be that x, = —1 is one of its roots; by consequence, 
(x -(- 1)) is one of R3(x) factors, and furthermore R3(x) polynomial can be factorized as 


R3(x) = (x + 1)(ax? +bx+c) > R3(4)+(%4+)D= ax? +bx+c 
where, (ax? + bx +c) must be second-order polynomial that is left after the factorization, i.e., 
ax? +bx+c= R3(x) + (x — x1) > ax? +bx+c= +164) 
The long polynomial division results in 
eEeheet har aap 
—(x? +x’) 
—x7+1 
— (—x* — x) 
x+1 


—(«+1) 
=0 
Therefore, R3(x) = x7 +1 = (x + 1)(x? — x +1). The quadratic polynomial factor may be itself 
further factorized by multiple methods. For example, its discriminant is negative, therefore the last 


two roots of R3 are complex, 


A =b’ —4ac = (-1)? —4x 1x 1=-3 <0 


_-btVA_ 1tiv3 
2a 2 


Rx) Hrtl=aa@+tD’?—-—x4+1) 


=e n(x 44) (»- 4) 


2.135. Given R3(x) = |x? +x +2, factors of a3a)9 = 1 x 2 = 1 product are “+1, +2” and 
“|, —2.” Possible roots of R3(x) may be one of these factors. Thus, by inspection, R3(—1) = 0, as 
(—13) + (-1) +2 = 0. The long polynomial division results in 
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GC +e49=$64 1) =77°—242 
—(x3 + x) 
ee ae 3 
wilox = 2) 
2x+2 
— (2x +2) 
=0 
Therefore, (x? + x + 2) = (x + 1)(x? — x +2). The quadratic term has two complex zeros. 
2.136. Given P(x) = x? + y? note that P.2.134 may be considered as special case where y = 1. 
Then, similarly, by inspection of P(x) it may be concluded that one of its roots must be x; = —y, 
that is because P(—y) = 0. Therefore, P(x) is divisible by (x — (—y)). 
The long polynomial division results in 
(x? +0x7y +0xy? + y) + (xt y)=x?—xyt+y’ 
a eae y 
=x y +0xy? 
—x2y — xy? 
xy +y? 
xy +y° 
=0 


Therefore, (x? + y*) = (x + y)(x? — xy + y?), and it is usually listed among other basic polynomial 
identities, e.g., difference of squares, square of a binomial, etc.. 


2.137. Factorization of higher-order polynomials usually requires multiple steps and techniques. 
Consequently, there is no unique path to the solution; sometimes, the solutions are elegant, as 


x4 4ax*44x7 +4 —4x7 = (x? + 2)? — 2x)? = [a? —b? = (a+ b)(a—b)} 
Bi Ba Dy = 2D) 


which is to say that all four zeros of (x* + 4) are complex. 
2.138. Similarly to P.2.137, it is possible to take advantage of difference of squares identity, as 
eee plea sey ea a OI = OY Se =e aes) 


thus, all four zeros of (x* + x? + 1) are complex. 
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2.139. As some prerequisite work is already done in the previous examples, 
ae. See ae te tg lee 1) ee ae oe ee oa 


= {x8-1L=(@-—D@?+x4+1) see A.2.132 } 
=27 4 — 1 £44 1) 407 4e41) 


= (x? +x 4+ D(x° — 1) + 1) 
= (7 4+%4 1)? =22+1) 


Where, quadratic polynomial (x +x + 1) has two complex zeros, and cubic polynomial (x? — x? + 1) 
has one real and two complex zeros (see chapter on function analysis). 


2.140. As some prerequisite work is already done in the previous examples, 


@+y4zPxr? —- page @+tyt oi —-r -OG' 42) 


a—-b =(a—b)\(a’ +ab+b’) see P.2.133 
a+b =(a+b)(a?—ab+b’) 


=(¢+ytz—-~P(W+ytzr + (etytzx4+x?) —G FDO? -yz4+2’) 


=(ytz2(xa+y+z°++yt+zx4+x?-y? + yz—- 2’) 

= (yt 2)(2xy + 2xz + x7 by + Qyede? tx? tay tex tof + yer“) 
= (y +2) Bxy + 3x2 + 3yz + 32’) = 309 +9 (xy +xz + yz +x?) 
=3(y+a(x@+y+z2@4+y)) =3940e+yW@4+2) 


2.141. Given P(x) = x3 + x? — 4x — 4, factors of “—4 x 1 = —4” are “{+1, +4 
because: 


2}.” That is 


Glhae4e4 1k et Cx = 4 


Thus, P(x) calculated for each factor is 


P(-1l) = ((-1)? + (1)? - 4-1) - 4) =0 1. xm = 1 
P(1) = (0)? +)? -40) —4) =-6 ~. P(A) #0 

P(—2) = ((—2)° + (-2)° — 4(-2) - 4) =0 ». yp = -2 
P(2) = (2)? + @ —4@)-4) =0 ». 3 =2 

P(—4) = ((-4)° + (-4)? — 4(-4) — 4) = 36. P(-4) #0 
P4 = (4° +4? -44-4=60 «. P(4)40 


Therefore, 
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Pi) Hx? +27 = 44 =—4 = GH EG = BIO =— es) HO ED + DG HD) 

As it happen, all three roots are real. 

2.142. By algebraic transformations, 


(x? +x4 1) (8 t274+1)-1=07°+1 +2) deg eT pad 


{first, expand by (x7 + 1) left to right as, } 
= (x7 + 1) x° + (x7 + 1) (x? +1) 
{then, expand by x as, } 
+xx3 tx(x?+1)-1 
{x*— 1, use difference of squares identity } 
= (x74 1) x3 t (x? +1) + (x? +1) x + (x? = 1) (x? +1) 
= (8241) (0° + (2441) +9 + (21) 


= (x? +1) (x? + 2x? + x) = x (x? + 1) (x? +2x 4-1) 
= x(x? +1) @+1? 


2.143. In many occasions, the change of variables technique is best way to temporarily simplify 
complicated forms. Along the way, one can take advantage of any other applicable identity as 


(w+ )D@+3)@4+5)@+7) +15 = @+ ID 4+7) & +3) +5) + 15 
= (4 1 8a TG" + oe 4 15) 15 


= (x7 + 8x +7 (x7 +. 8x4+7 +8) +15 


— { substitution: x°+8x+7=1} 
=t(t+8) +15 = 274+ 8t+15 
=P 43t+5t+ 15 =t¢ +3) 4+5¢4+3) = 643045) 
= {back substitution: t = x 7+ 8x+7} 
= (x? + 8x +74 3)(x? + 8x +745) 
= (x? + 8x + 10)(x? + 8x + 12) 
= (x7 + 2(4)x +4° — 4° + 10) (x? + 2x + 6x + 12) 
= (x +4)? — 6)(x + 2) + 6) 
= {a -b =(@+bd)@-d)} 
= (x +4—V6)(~x +44 V6) +2) +6) 
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2.144. Two polynomials are equal if each of their corresponding monomials are equal. First, product 
of (x + 1) and parametric quadratic polynomial is 
Q(x) = («+ 1)(ax? + bx +c) = ax? + bx*+cx+ax?+bx+e 
=axr>+(at+b)x?+(b+ox+e 2. 
if, O(x)= P(x) > ax?+(atb)x?*4+ (b+ 0x +c= 2x? —2x7 43 

x? terms: ». a=1 

x° terms: .. c=3 

x? tems: a+b=-2 ». 1+b=-2 ». b=-3 


x! tems: b+c=0 «. -3+3=0V 
In conclusion, P(x) = Q(x) «. x? — 2x7 +3 = (x + I(x? — 3x +3) 
2.145. Similarly to A.2.144, 


O(x) = (x — 2)(ax? + bx +c) = ax? + bx? + cx — 2ax? —2bx —2c «. 
if, OG)=PQ@) => @x°4+6=2a)e +(e = 2D)e 2 = 2? = x ewe 4 


x? terms: rn 
x9 terms: —2c=4 .. c=-2 
x? tems: b—2a=-1 «. b—-4=-1 ». b=3 
x! terms: c-2b=1 .. -2-641 X 
In conclusion, there is no Q(x) that satisfies this P(x) = Q(x) equation. 
2.146. Given polynomial P(x) = (x* — 2x3 + 3x? — 4x + 1) and divisor (x — 1), i.e.,n = 1, 
r= P(1) = (1)* — 201)? +30)? —-40) + D) = -1 


Therefore n = | is not the root of P(x), consequently (x — 1) is not one of P(x) factors because 
reminder of this division is 
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2.147. Given polynomial P(x) = (x? + 1) and divisor (x + 1) = (x — (—1)), ie.,n = —1, 
r= P(-1) =(-1)°7>+1=0 


Therefore n = —1 is one of the roots of P(x), consequently reminder R = 0, in other words, P(x) is 
divisible by (x + 1). Indeed, 


e+) 


=x*-x+4+1 
x+1 


2.148. Given polynomial P(x) = (x19 — 256x1°°! + 1) and its divisor Q(x) = x? — 4x, it means 
that if P(x) is divisible by Q(x) it must be divisible by all factors of Q(x) as well, where 


O(x) =x? — 4x = x(x — 4) = (x — 0)(x — 4) 
It is necessary therefore to calculate reminders for both (x — 0) and (x — 4) factors as 
0 0 
r(0) = P(0) = .)°""— 2560) "F4 1 = 1 
r(4) — P(4) = (ay ie a a5c(4)'" ae 1 = 41965 _ 44 ay + 1 
= APO — PO 41 = 1 
In conclusion, both reminders are equal r = 1; therefore, reminder of this division is 


foot oO ee 
x2 — Ax O(x) SO Ag 


where Nj963(x) is a 1963th-order polynomial. This is because 1965th-order polynomial is divided by 
second-order polynomial; the resulting polynomial must be 1965 — 2 = 1963rd order. 


2.149. Given polynomial P(x) = (x2073 — 2x79? — 1) and its divisor Q(x) = (x? — 3x + 2), it 
means that if P(x) is divisible by Q(x), it must be divisible by all factors of Q(x) as well, where 


OG) =a" = 304-022? — 2 = e+ Pane — HH 2D) He = De 2) 


It is necessary to calculate reminders at two points, i.e., for both (x — 1) and (x — 2) factors as 


r(1) = P(A) = gyn! ayer 1=-2 
72) = PQ) = 07 = 20/7" 129" - 9 te 


There are two different values of r, and there are two points in consideration, x = 1 and x = 2; the 
conclusion is that reminder must be in the form of first-order polynomial r(x) = ax + b, so that 
x= ¢ cree | a+b=-2 


J. a=1, b=-3 
x=2: r2)=-l=a(2)+b 2a+b=-1 
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In conclusion, the reminder in division P(x)/Q(x) is r(x) = ax +b = x — 3, so that 


ix: x-3 ED) og (x) + x—-3 
gee 0G)” aa 


where N92; (x) is a 2021th-order polynomial. This is because 2023th-order polynomial is divided by 
second-order polynomial; the resulting polynomial must be 2023 — 2 = 2021’ order. 


2.150. Given parametrized polynomial P(x, k) = 4x° +k x* + 8x? +. 5x? + 3x 4 2 and its divisor 
Q(x) =x+2,ie.,n = —2, for P(x) to be divisible by (x + 2), it is necessary that r = P(—2) = 0. 
Therefore 


r = P(—2) = 4(—2)° + k(—2)* + 8(—2)° + 5(—2)? + 3(—2) +2 
= —128+ 16k —64+20—-6+2=0 .. 16k—176=0 
176 
=—=l11 
16 


Indeed, 


4x9 + l1x* + 8x3 + 5x? +4+3x4+2 


= 4x44 3x3 +277 + x41 
x+2 


2.151. Given parametrized polynomial P(x, k) = x? — 3k x + 4(k? + 1)x — (k? +5) and its divisor 
Q(x) = x — l,ie.,n = 1, for P(x, k) to be divisible by (x — 1), it is necessary that r = P(1) = 0. 
Therefore 

r= P(1) = (1)? — 3k(1) +4? + DC) — & +5) 
1-3k +40 +4-h —5 


ah 4h = 3k jhe 4k 3) She Sh ke 8) 
= —k(k(k — 1) — 3(k — DP) = —k(k — Dik - 3) = 0 


Therefore, there are three values of k that produce r = 0, i.e., k = 0, 1, 3. Indeed, 


P(x,k) _ we+4x—5 


k=0: = =x 4+x4+5 
x—-—1 x—-1 
P(x,k 345x —6 

k=1: & )_eitsx =—x7+x+6 
x—-—1 x-1 


PG, x? 43ix—32 
pagy 2 ae =x? +x432 
x—1 x-1 
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2.9 ‘Partial Fraction Decomposition 


2.152. Given 
P(x) x 
On)” &+DG—4) 
denominator Q(x) has two unique zeros at x = —1 and x = 4, thus 
P(x) | x A Bo AQ@e—4)+Bx+1)  Ax—4A+Bx+B 


06 Gln) 241 4-4 
_ (A+ B)x+B-—4A 
~ (x +1) —4) 


wW+tDQ-4 —  (&+)Da-4) 


Denominator Q(x) did not change; therefore, numerator P(x) must not change before and after 
decomposition, that is, 


x=(A+ B)x+B-—4A 


temx! : 1=A+B °. A=1-B 


0. 


term x O=B-4A |». B=4A 


4 1 
B=4(1-B), -. B=- A=1l--=- 
5 5 5 
Finally, 
P(x) _ x 7 1 4 4 
Ox) +)DQ-4 5@+1) 50-4) 
2.153. Given 


P(x) _ x+2 = x+2 
Q(x) x3 —2x2 x2(x — 2) 


denominator Q(x) has one unique zero at x = 2 and one double zero x = 0, thus 


P 2 2 
Ban ~ aS = a 2) ~ {2) Sen eh ae | 


A Laan C _ Ax(e — 2) + BO —2) 4+ Cx? 


x x2 x-2 x2(x — 2) 


_ Ax? —2Ax + Bx —2B + Cx? _ (A+ C)x? + (B—2A)x — 2B 
~ x2(x — 2) ~ x2(x — 2) 


Denominator Q(x) did not change; therefore, numerator P(x) must not change before and after 
decomposition, that is, 
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¥2= (ALO) + P= IAs = 2 


temx? : O=A+C -. A=-C 
temx! : 1=B—2A 


temx® : 2=-2B -. B=-1 


Finally, 
P@) *+2 +j.x*+2 1 ae 1 
O(x) x3—2x2 x2(x-2) x x? x -2 
2.154. Given 
P(x) 7 2x? 
Q(x) x4-1 
denominator Q(x) has two unique real zeros at x = 1 and x = —1, as well as two complex zeros, as 
P(x) = 2x? 2x? 


Ca at ee ee 
_ 2x? _ A B Cx+D 
(x-DoetDOQ2+1 x-1 x41 x2+1 
— Aw + DG? +1) 4+ Ba - 1G? +14 (Cx+D)@-DE+) 
(x —Da@+)@?+4+1) 
(A+ B4+C)x°+(A-—B+D)x*?+(A+B—C)x+A-B-—D 
7 @—Da+DG?+) 


Denominator Q(x) did not change; therefore, numerator P(x) must not change before and after 
decomposition, that is, 


2 S(ALB4 OOM +A—B4 Dir SA+ B= Ole A = 8 =D) 


temx? : O=A+B+4+C 
temx? : 2=A-—B+D 
temx’ : O=A+B-—C 
temx? : 0O=A-—B-—D 


The above system of linear equations may be solved, for example, by the reduction method. From 
firstequation0=A+B+C .. B=—A-—C, then 
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F=A=—B4D 2 FeA—-—-A—O+ D=I7A4+C4+D 

O=A+B-—C ». 0=A+(-A-—C)-—C=-2C ». C=0 

0=A-B-D ». 0O=A-(-A-C)—-D=2A-G-—D=2A—D -. 2A=D 
2=2A+C64+D «. D=2-2A 


2A=D ~. 2A=2-2A “. A= 


1 
B=-A-®&.. f=, 


Finally, 


P(x) _ 2x? _ 2x? = 1 1 2 1 
OG)  =1 @=—DG4NGC24+)). 362) 2641) ei 
2.155. Given, 


P(x) 1 
On(x) x?-1 
denominator Q(x) has one unique real zero x = | and two complex zeros, thus 
P 1 1 
cones = {see A.2.132 } = 
O(x) x3-1 (x —Da24+x4+) 
_ A Bx+C _— AG? +x+4+1)+ (Bx + C)@-1 
“= 1 eee (x —D@?+x+1 


_ (A+ B)x? + (A-B+C)x+A-C 
7 (x — 1)Q2+x 41) 


Denominator Q(x) did not change; therefore, numerator P(x) must not change before and after 
decomposition, that is, 


1=(A+B)x?+(A-B+C)x+A-C 


term x2 : O=A+B “., A=-B 
temx! : O=A—B+C |. 0=(—B)—B+C .«. C=2B 


1 
temx? : 1=A—C ». 1=(—B)—(2B) «. ea 


Finally, 
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Px) 1 1 en ee 
Ox) x-1) («-DG24x4+1) 30-1) 3002 4+%41) 


2.156. Given 


P(x) _ we+x-1 
Q(x) (x? +2)? 


denominator Q(x) has multiple complex pair of zeros, thus 


P(x) x3t+x—-1 Ax+B Cx+D — (Ax +B)Q?+2)+Cx+D 


Qe) (x? +27 x? 42° 242) (2 +2? 
— AxS + Bx? +(C4+2A)x+2B+D 
7 (x2 4+ 2)2 


Denominator Q(x) did not change; therefore, numerator P(x) must not change before and after 
decomposition, that is, 


ee ea lS Ax + Be? IC + 2A 4 + 


temx? : A=1 


2: B=0 


temx! : 1=C+2A -. C=-1 


0 
term x° : —1=2B4D .. D=-1 


Finally, 
P(x) xet+x—-1 x x+1 
Q(x) (24.2)? © x2 42 (x? +2)? 
2.157. Given 
P(x) 4 
Ox) x44] 


numerator Q(x) has two complex pairs of zeros. Complete the squares to enforce bi-quadratic form, 
and then use difference of squares identities to rearrange resulting fourth-order polynomial. 


PO) 4 | 4 - 4 
er <4 2 oe 2 
O(x) x*t+1 x*42x0°4+1 —2x G24 1j2— (v2x) 
4 Ax+B Cx+D 


= = + 
G41—=,38)0?+14y9x) PaniIxtl 2? 442941 
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_ (Ax + BY? + V2x+ 1+ (Cx+ DIG? —V2x41) _ 

7 (x2 — J2x +124 V2x4+ 1 7 

(A+ C)x3 + (V2A + B— J2C + D)x? + (A+C+V2B-—V2D)x + B+D 
(2 -J2x+)Q24+VJ72x4+1 


Denominator Q(x) did not change; therefore, numerator P(x) must not change before and after 
decomposition, that is, 


A=(A+C)x?+ (V2A4 B-V2C + D)x?+(A+C4+V72B—V2D)x +B+D 


temx? : O=A+C -, A=-C 

temx? : 0O=V2A+B-—V2C+D ». 0=-2V2C+B+4+D 

temx! : 0=A+C4+V72B-V2D ». 0=4V2B-V2D «. B=D 

trmx® : 4=B4+D °,4=D+D °-. D=2 ». B=2 
0=-2V2C04+4 ». C=HV2 2. A=-Vv2 


Finally, 


Px) 4 -V2x 42 Jee o 
Q(x) x44+1 x2-J/2x41 x24 f/2x+1 


2.158. Given rational form 


x3 +x? — 16x + 16 
x? —4x +3 


note that numerator polynomial is of higher order than the denominator. For that reason, first use the 
long division and then partial fraction decomposition, as 


Ce ee ae oa eee ee 
j - x? —4x +3 
(—) x? — 4x? + 3x 
5x? — 19x + 16 
(-) 5x?—20x +15 
x+1 
Denominator Q(x) has two unique real zeros of x = 1 and x = 3, thus 
P(x) _ x+1 x+1 A B 


Oo) es Ga ess, al es 
— AW -3)+B-1)_ (A+ B)x-34-B 
~ @=He=3) ~~ t—i&%=—3) 


2.9 Partial Fraction Decomposition 


By equality of left and right side denominators and numerators it follows that 


x+1=(A+B)x—-3A-B 


temx! : 1=A+B .. A=1-B 
tem” ts PS 3A BS 1S 301 = B)— 8 


Finally, 
Pay 2°47 = 16x-4 16 1 2 
= =x+5- ap 
O(x) x2 —4x +3 x-1 x-3 
2.159. Given 
P(x) _ x—-—1 _ x-1 
O(x)) x2+x x(x +1) 
denominator Q(x) has two unique real zeros at x = 0 and x = —1, as 
x—-—1l _ am a A(x +1)+ Bx 
2G). £ #41 seen 
(A+ B)x+A=1 
A=-l 
A+B=1 .. B=1-A=.. B=2 
Therefore, 
ed Ef 2 
xetx Ux Ux $1 
2.160. Given 
P(x) _ x 
Q(x) («+ DO@-4) 
denominator Q(x) has two unique real zeros at x = —1 and x = 4, as 
x _ A Bo AXx-4)+ B+) 
Q@t+D@—-4 x41 *«-40 ) @4+D0-4 


(A+ B)x+(B-—4A) =x 
A+B=1.. A=1-B 


4 
B-4A=0 .. B-4(1—B)=0 . B= = 
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50 
Therefore, 
x vt as 1 
@p-iG@=—4) S21 5234 
2.161. Given 
Px) 1 _ 1 
Ox) x?-1) @-DY@+)) 
denominator Q(x) has two unique real zeros at x = 1 and x = —1, as 
t-. 1 _ A és Bo Ag+rl+8e=)) 
e=-1 @=—DN@+1) x-1'*4+1 #4#£3G-—De@e+H 
(A+ B)x+(A-—B)=1 
* A+B=0 .. A=-B 
1 1 
. A-B=1 .. 2A=.. A= =o. B=- 
2 2 
Therefore, 
I ._4 1 1 1 
x2-1 2x-1 2x41 
2.162. Given 


P(x) x+2 _ x+2 
O(x) x3 —2x2 ~~ x2(x — 2) 


denominator Q(x) has double zero at x = 0 and unique real zero at x = 2, as 


x+2 A B C _ Axe — 2) + BO —2) + Cx? 


x2(x — 2) x x x= 9 x2(x — 2) 
_ (A+ C)x? + (B= 2A)x — 28 
x2(x — 2) 
(A4+C)=0 » ASC 
B-1 


B-2A=1 .. A=—— 
—-2B=2 .. B=-1 .. A=-l1 ». C=1 


Therefore, 
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2.9 Partial Fraction Decomposition 51 


2.163. Given 


P(x) - 2x? _ 2x? 
Ox) x4-1) + )@—-—1DG?+1) 


where, (x* — 1) term may be factorized by the factor theorem, or as 


(x* — 1) = (@’)? - 1) = {a’ -b’ = (a+b)(a—b)} 
= (274+)? -1)=6?4+DG+DEG-1) 


Thus, denominator Q(x) has unique real zero at x = —1, unique real zero at x = 1, and two complex 
Zeros, as 


2x2 = 2x? = A 4 B §, See? 

x4—1 (x+Da—-De?24+1) x41 x-1 x?2+1 
AGH DYOP +I + B@4) (74+ 1) 4+ (Crt D) (H+ DO -1) 
7 (x + 1I)@ — DG? +1) 
_— (A+ B4+C)x3 + (-A+ B+ D)x?+(A+B-—C)x-A+B-D 
. (x + 1)@ — 1)? + 1) 


meres lw (1) — (3) = 2C =0 . C=0 
“A+B+D =2 | |(2)-452D=2 . D=l1 
A+B-c =0[ | -. A+B=05A=-B 
-A+B—D =0 (3)+ 4) > 2B—-1=0 - B=1/2 
which leads to A = —1/2. Therefore, 
ae 1 1 1 1 1 


PQS) lel txo) oi 
2.164. Given 


Ae P.2.132 
OG) ~ 8-1 Go pereeyy Bee PAI 


denominator Q(x) has unique real zero at x = 1 and two complex zeros, as 


eC-1 («—-D@tx4+)D x-1 x2+x4+1 (x — 1)? +x+41) 
_ (A+ B)x? + (A-B+C)x+A-—C 
(x —Da24+x4+) 
A+B=0 .. A=-B 
A-—B+C=0 .. C=2B=-2A 


1 1 A BxtC — AG? +x4+1)+(BXx+OG-D 
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A-C=1>3A=1 - oe * C= 2 3 B= : 
= = ee 3 oe = 3 oe —= 3 
Therefore, 
1 1 1 1 x+2 


P=1l 341 3 eee 


2.165. Given rational function is transformed into its partial fraction form as, 


x44 1ax442x?41-2x? = (x? 41) — (V2x)’ = [@? —P = (@—ba+b)} 
= (x? + V2x + 1) (x? — V2x + 1) 
So that partial fraction is, 
4 _ Ax+B Cx+D 
xA41 0 x24 /2x4+1  x2-V2x41 
(Ax + B)(x? — V2x + 1) + (Cx + D)(x? + V2x + 1) 
= (x? + /2x + 1)(x? — /2x +1) 


— (A+ C)$2°(V2C + D+ B- V2A)+x(A- V2B+C+V2D)+B+D 
- (x2 + V2x + 1)(x? — /2x +1) 


which is equivalent to the following system 


A+C=0 ». C=-A 

-J2A+B+V72C+D=0 

A-V2B+C4+V2D=0 
B+D=4 ». D=4-B 


WIAA AHR =0 > Aa? 2 CSV? 
A-SVIB =A+4/2=/2B=0 =. B=2 +. D=2 


2.166. Given 
P(x) 1 
Ox) («+ DO +2) 
denominator Q(x) has two unique real zeros at x = —1 and x = —2, as 


1 A B 
G@+h@t2) x+1 x42 
_ AG +2)+ BO +1) 
~ (w+) +2) 


2.9 Partial Fraction Decomposition 


(A+ B)x+(@A+B)=1 
A+B=0 .. A=-B 
. 2A+B=1 .. -B=., B=-1 


Therefore, 


1 1 1 
@t+Da+2) x+1 x42 
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Problems 


3.1 Linear Equations 


Solve and comment on the solutions of equations in P.3.1 to P.3.6. 


® 


Check for 
updates 


3.1. (et 3.2. 3x+14=5x-2(x-71)33, 1+3x  6x+3_ x 
3 3 4 12 4 

34, ~__2+3_ vo g5 1 © 1 Ae ei 
x-2 x+2 4-x? x-1 4 x—2 2x+1 3 


Solve “telescopic” forms of equations in P.3.7 to P.3.9. 


1 1 5 1 


1 
3.7. 1- = 5 ——-=2 
fo 5) 3.8. 4+ _ 12 3.9. 94 r 


3.2. System of Linear Equations 


Solve systems of equations in P.3.10 to P.3.13. 


x+2y =2x—5 xy = 10 
3.10. 3.11. 
x-y =3 x+ty =2 
14 24 4 1 
— =10 r as re 
Xx Xx = x 
3.12. : 3.13. : . 
Pe dB 5 16 2 
x oy 7 xty-1l (@-y+l) 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 
R. Sobot, Engineering Mathematics by Example, 
https://doi.org/10.1007/978-3-031-41200-4_3 
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3.3. _ Linear Inequalities 
Solve inequalities in P.3.14 to P.3.22. 


3.14. (x +3) < 10x +6 3.15. (x +5)(x —5) >0 1 1 7 = 2 
3.16. + < 
x x+1 x24+x 


3.17. —3x7+30x-75>0 3.18. x+—2x74+1<0 3.19. —2x7+4x-2>0 
2x? — 5x —3 4x (x + 2) |x —2| 

3.20... =) 21. 3.22, ——_—__ + | 

en |< Pa ae 


3.4 System of Linear Inequalities 


Solve systems of inequalities in P.3.23 to P.3.28. 


y >2x —2(x+1) >4 y >2x; y<2x 
3.23. 3.25. 

y <-x-3 3.24. 4 —2x >6 x <4; x>4 

x <-3 

—4x + 6y > 6 2x—-—y <-l x+y <6 

BaD: {3 —3y >3 S20. ee <6 5xty >4 
3.28. 7 x+4y > -3 
x <5 
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Answers 


3.1 Linear Equations 


Solution to linear equation (i.e., with a single variable) is a single number. If the variable is canceled 
however, then there may be either infinity of solutions (i.e., an identity) or no solution (1.e., impossible 
equation). Sometimes, higher-order polynomial terms may cancel, leaving only the linear part of the 
equation. 


3.1. After a simple calculation, 


x-1 3-x 3x1 3x 
5 yO 5 3 X=3-H% ». 443 


Conclusion: this equation is not possible; there are no valid solution regardless of x. 
3.2. After a simple calculation, 

3x4 14=5x-20@-7) “. 24+M—24-M=0 » 0=0 
Conclusion: this equation is true for any x; thus, there are infinitely many solutions. 


3.3. After a simple calculation, 


1+3x 6x+3 <x . B+9x-—6x-3 3x 
4 2 47° oa i 
{hex § HeR HO 2 0H 


ae = Be 


Conclusion: this equation is an identity that is true for any x; thus, there are infinitely many solutions. 


3.4. In this example, the equation is not defined for x = +2, because for each of the three rational 


terms, either x = +2 or x = —2 results in polynomial division by zero. Then 
zs 2x+3 _ x? : x(x +2) — (2x +3) —2) _ x? 
x-2 x42 4-x2 — (x — 2)(x + 2) 4—x?2 
—x?+3x+6 _ a 
x24 4 — x? 
x? —3x-—6 _ a 
4 — x? 4— x? 


After factorizations and simplifications, denominator on the left side equals to denominator on the 
right side; thus, it must be true that the two numerators are also equal, i.e., 


x? —3x -6=x" 


7 -3x —6-x7=0 


—3x-6=0 .. x=-2 
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However, value of the solution x = —2 is already excluded. Thus, the conclusion is that this example 
does not have valid solutions. 


3.5. Note that given equation is not defined for x = 1 due to division by zero on the left side, 


=~. 4x1) «. 8-2? -4=0 


A third-order polynomial must have at least one zero, here by inspection at x = 2; thus, by long 
polynomial division 


Gag aeDeG— S745 49 


—(x? — 2x”) 
qo a 
= (= 95) 
2x —4 
— (2x — 4) 


where x” + x + 2 does not have real zeros (check its discriminant). Thus, x = 2 is the only real 
solution to the given equation; the other two are complex. 


3.6. In this example, given equation is not defined for x = +2 or x = —1/2 because it results in 
polynomial division by zero. Then 


x 2x+3 _ 7x x(2x +1) — 22x +3) —2) _ 7x 
x= 2 41, 3 (x — 2)(2x + 1) ~ 3 
—2x? Se 12 _ 71x 
(x-2)Qx+1) 3 


3(—2x? + 3x +12) = —7x(x — 2)(2x + 1) 
—6x? + 9x + 36 = —14x? + 21x? + 14x 
14x3 — 27x? — 5x + 36=0 
Third-order polynomial must have at least one real zero, here by inspection at x = —1. Long 
polynomial division gives 
(14x? = 27x? —4e 4 360) @ 4 1) = 14" — 41 + 36 
—(14x3 + 14x?) 
— Alx? — 5x 
= (24127 = 414) 
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36x + 36 
— (36x + 36) 
=0 


where 14x” — 41x + 36 does not have real zeros (check its discriminant). Thus, x = —1 is the only 
real solution to the given equation. 


3.7. “Unfold” this form by add fraction and then invert repetition. 


| 1 1 1 1 . ; 
1— = ae =l- = = {invert both sides } 
1 2 1 2 2 
Te a 
1l-x 1l-x 
1 1 
1- — i) 1-2= 
1l-x l1-x 
l-x=-l 
{ 6 2: 


3.8. “Unfold” this form by invert and then add fractions repetition 


! 5 : 1 12 I > 
= .. {invert both sides}. 2+ = ‘s. _ 
1 (2 i 5 i 5 
2 a 2+ 2+ 
2+ ! 2-—x 2—-—x 
2—x 
1 5 1 
2 — . a 
oe 2 2-x 2 
2-x=2 
. x=0 


3.9. “Unfold” this form by invert and then add fractions repetition 


>. 
1 16 1 5 
2+ te 37 3+ 16 

4+ S51 

ee ona = -5 

Sk Gee 16° + 
. 1 ee ee 
: = 2 445° 5 7 5 

3+ 74 16 : 
4+ =5 

=> x+1 
2 =1 

x+1 


Therefore, x +1=3 .. x=2. 
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3.2. System of Linear Equations 


Geometrical interpretation of solution to a system of two linear equations with two unknowns is 
that it represents spatial coordinates (x, y) of the intersection point of these two lines in the plane. 
That is to say, the only point that is shared by two lines. If two lines are not parallel, there must be 
one intersection point. However, if two lines are parallel, either all points are the solution (i.e., the 
two lines are superimposed) or none of the points are common (i.e., the two lines are parallel and 
separated by a distance). In the following examples, only the real solutions (i.e., only those that can 
be shown in xy plane) are illustrated. 

3.10. This simple system is easily resolved by the substitution method as 


x+2y =2x—5 

x-y =3 Sx=3+y 

 x+2y=2x-5 3». 34+y42y=234+y)-5 ». 3y+3=2y+1 
. y=-2 and x=1 


Thus, the solution of this system is (x, y) = (1, —2) point. With simple transformations, this system 
may be written explicitly as two linear functions and then show their intersect point (see Fig. 3.1). 


x—5 
2 
x-y=3> y=x-3 


x4+2y=2x-S5S>y= 


After equalizing the two equations, it follows as same as in the previous method. 


x—5 
2 


=x-3>5%x%-5=2x-6 .. x=1l>y=-2 


Fig. 3.1 Example P.3.10 
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Fig. 3.2 Example P.3.11 


3.11. By the substitution method, 


Note that form of this system (where there is product of xy) is a quadratic equation in disguise. In 
this case, the resulting quadratic equation does not have real solutions due to its discriminant being 
A = (—2)? —4-1-10 = —36 < 0. Thus, there are no real solutions to this system. In order to 
illustrate that there are no intersect points, two equations are shown in graph that clearly show no 
intersect point (see Fig. 3.2). 


3.12. Given system in the form of f(!/x, !/y) that may appear to be nonlinear, the inverse functions 
of two original variables may be replaced by new variables, so that this nonlinear system relative to 
(x, y) is transformed into linear system relative to (t, k) as 


1, ap 

zy > | 1 | 14¢+24k =10 

v dtes, ka} o. 

De I se x y 7t—18k =—5 {expand by (x2)} 

x 2 

14¢+24k = 10 ; 

{Eq.)--(@)} .. 60k=20 .. k= => 
14r — 36k =—10 3 
— 2K ot = ee he a4 

er Ties ae Pan ea ts = 25 =>- ..x=>-= 

a ae 3 7 


Thus, the solution of this system is (x, y) = (7, 3) point. 
After simple transformations, the original nonlinear system may be written as two explicit 
functions of x as, 
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And linear version of the system may be written as 


PSH Ss ee 
7 ~ 2 
Tt 

1t—18k=-5 > k= ~ 


Both pairs of functions and their intersection points are shown by graphs, nonlinear system in 
Fig. 3.3 (left) and its equivalent linear system in Fig. 3.3 (right). 


3.13. By the change of variables method, two denominators are replaced as 


4 1 _ 
bel” gaeeT {1 = 1 _ 1 
16 2 7 £750 ge ys i 
Ee — 1 go PeT ~~ 
1-k 
4t+k =1 5t=— 
4 
16t-—2k =1 
1-k 1 1 
4 —— —-2k=1 4-—6k=1 k= > 7. 7 =2 
+ 41 2 k 


y = 18x/(7 + 5x) 


y= 12x/(5x-—7 
ob /( ) 


Fig. 3.3 Example P.3.12 


3.3 Linear Inequalities 


After returning back the original variables, there is the following system of equations: 


=x-y+l =2 py es 


SLR ml eR 


Therefore, solution to this system is (x, y) = (5, 4) point. 


3.3. _ Linear Inequalities 


Solution to inequalities may be one or more intervals, one or more points, or no solution at all. 
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3.14. Given inequality may be resolved similarly to equations by balancing the left and right sides. 
This time however, it is very important to balance correctly < and > sides (which was not an issue in 


the case of simple equations), as 


(x +3)? < 10x +6 
x7 +6x+9 < 10x +6 
x*—4x+3<0 

= 3¢=% 49 <0 
x(x —3)-— (x — 3) <0 
(x —)@—3) <0 


Reminder: Product of two numbers is negative only if the two numbers have opposite signs, 


ie., if AB < 0, then either A < 0Oand B > OorA > Oand B < 0. 


In this case, 


x-1 <0 
x-3 >0 
(x -—lD(x-3)<0 = or, 
x-1 >0.. 
x-3 <0... 


x <3 


First of the two possibilities results in no solutions, i.e., if x < 1 and x > 3, then there is no x 
that satisfies both conditions at the same time. Second of the two possibilities, 1.e., if x > 1 and 
x < 3, then the solution is x € (1,3) interval, where both x = 1 and x = 3 points are included 
in the solution set. Solutions of inequalities may be shown in graph form as shaded intervals, where 
solid boundary lines and crossed circles indicate that the associated boundary point is included, while 
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f(x) Y y YS 


Fig. 3.4 Examples P.3.14, P.3.15 


dashed boundary lines and non-crossed circles indicate that the boundary point is not included in the 
solution set. In this case, both boundary points are included (due to non-strict inequality “<’’) (see 
Fig. 3.4 (left)). 


3.15. Given factorized form, 
(x +5)(x —5) >0 
In this case, 


x+5 >0 2. x >-5 
x-5 >0 .. x>5 
(x+5)(x-5)>0 > or, 
eS <0 3. x5 
x-5 <0 .. x <5 
Therefore, first two conditions x > —5 and x > 5 are satisfied at the same time if x > 5. Similarly, 


conditions x < —5 and x < 5 are satisfied at the same time if x < —5. 
In summary, 


(x+5)(x-5)>0 => x<-5 or x>5 


Note that in this case, both boundary points (x = —5 and x = 5) are not included (due to strict 
inequalities “<>”’) (see Fig. 3.4 (right)). 


3.16. Given inequality of two rational functions, it is noted that x 4 0 andx 4 —1 are to be excluded 
due to division by zero, as 


1 1 x? -2 x7 -2 
+ < = 
x xtl x24+x x@4+h 
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With that in mind, this inequality may be converted to the form of inequality relative to zero as 


1 1 


x?—2 


oe 


x+1+4+x 


< 
x(x + 1) 


x?—2 


< 
x(x + 1) 


0< 
0< 
0< 
0< 
0< 


O< 


x-3 


Xx 


> 


x(x + 1) 
x*—2 2x +1 
x(x+1) x(«4+1) 
x*—2-—2x-1 
ric. 2) 
x*—2x -—3 
x(x t 1) 
x*+x—3x-3 
x Fl) 
x(x+1)-3(44+ 1) 
x(x + 1) 
@+T)(x — 3) 
xQ-+T) 


{a #-1} 


0 


Note how left- and right-side expressions must keep correct “<>” relationship when changing the 


sides. (Still, x # O and x 4 —1.) 


The last rational function is positive only when both numerator and denominator have the same 


sign. 


x-3 >0 7. x >3 

% >0 .. x>0 
or, 

x-3 <0 1. x <3 

x <0 .. x <0 


Therefore, first two conditions x > 3 and x > 0 are satisfied at the same time if x > 3. Similarly, 
conditions x < 3 and x < O are satisfied at the same time if x < 0. 


In summary, 


x—-3 


>0 => x<0 or 


{4-1} 


x >3 
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Fig. 3.5 Example P.3.16 Yj 
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Note that in this case, boundary point (x = 0) is not included (due to strict inequality “<” and division 
by zero), boundary point (x = 3) is not included due to strict inequality “>,” and (x = —1) is not 
included due to division by zero (see Fig. 3.5). 


3.17. Given, 
—3x7 + 30x —75>0 .. —3(x? — 10x + 25) >0 


—3(x* =— 5x = 5x +25) > 0 
—3[x(x —5)—5(x —5)] > 0 


-—-3 «- a >0 .. not possible 
—— 


<0 >0 


because product of negative and positive terms is always negative. 


3.18. Given, 
f° = 9g 1 <0 
(yor t1 <0 
Ge = 1 20 
(x +1)? (x—1)? <0 — ~. not possible 
>0 >0 
3.19. Given, 


—2x7 +4x —2>0 
2x7 +4x-—-2>0 
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=—2(0° = 24 + 1) S0 


—2 (x—1)>0 — .. not possible 
—S—J” 


<0 >0 


because product of one negative and one positive terms is always negative. 


3.20. Given 

2_ = 
2x 5x = 26 
—2x+1 7— 

2x? —6x +x —3 
<0 
—2x+1 ~ 
Ser 8) 26 
—2x+1 ~ 
SE) iy 
—2x+1 ~ 


Note that division by zero occurs when x = !/2; thus, it must be excluded. This inequality is possible 
only if numerator and denominator have opposite signs. That may be summarized systematically by 
examining sign of each factorized term and the total sign of the rational term as 


me- - - - - 0 
Qx+1 — O + + + 4+ 
—2x+1 + + + 0 - - = 


+ 
+ 


In conclusion 


(2x + I)@ — 3) 1 1 
_—_—_— —-_< = d >3 
=a < pSxX< 5 and xB 
Note that in this case, boundary point (x = —!/2) is included (due to non-strict inequality “<”), 


boundary point (x = !/2) is not included due to division by zero, and (x = 3) is included due to 
non-strict inequality “>” (see Fig. 3.6). 


3.21. Absolute value terms are converted into two inequalities 


4x Xx 

——| <3 », -3< <3 > 

2x +4 2x +4 
Ax 
—— <3 ». 4x <6x+12 .. -2x <12 .. x <-6 
2x+4 ——— 
4x 


6 
aa “. 4x >—-6x-12 ». 10x >-12 ©. ae 
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Fig. 3.6 Example P.3.20 iy Fa) 
) 
—Y 
77 
LL 7 
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_! 0 1 3 
2 2 
Fig. 3.7 Example P.3.21 Yy | | Io) 
Y 
Y | Yy 
0 4 
y 
_ L 
| 
| 1. 
—6 6 0 
5 
Note that in this case, both boundary points, x = —6 and x = —®/s, are not included (due to strict 


inequality “<>”) (see Fig. 3.7). 


3.22. Absolute value terms are converted into two inequalities, 


(co) le = 9] lL) w= 2 20 22 Sf rea 2S r= 2 
——— > l 
as i 4-2 20 2 ee? > [= 2S = 2) 


(x > 2): 
Method 1: 


GD)e—= 3) gua 21-4 
ee ef 6 eee 
x2 42 x? 42 x7 (1+ 3) 
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Method 2: 
x74 
—— > 1 
x?24+2 
rH4S x +2 
edo 9" 950 
—-6>0x 


In Method 1, numerator is inferior to “1,’ and denominator is greater than “1”; thus their ratio is 
always less than “1,” not greater. In Method 2, it is obvious that “—6” is negative, not positive. In 
conclusion, for (x > 2), there is no solution to this inequality. 


(x <2): 
=@ +2) = 2) 
——_.—— >] 
x242 
4 — x? 
>1 
x2+4+2 
4=%" > x? 42 
4—2> 2x? 
le rove <VJ1 «|x| <1 
-l<x<4l 
Note that both boundary points (x = +1) are not included (due to strict inequality “<”’) (see Fig. 3.8). 


Fig. 3.8 Example P.3.22 
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3.4 System of Linear Inequalities 

3.23. Given system of inequalities, 
y > 2x 
y<-x—-—3 


the solution sets for each inequality may be shown graphically in Fig. 3.9. 

Then, the superimposed region represents the solution set of this system of inequalities (see 
Fig. 3.10 (left)). Note that the boundary lines are not included in the solution set (due to strict non- 
equalities ““<>”’). In addition, coordinates of the intersection point A = (—1, —2) are found as 


2x =—x-—3 3, 3x =—-3 3. eS 1 fy eH 2x = 2 (Oy = —x-—3=—2) 


Fig. 3.9 Example P.3.23 


Fig. 3.10 Examples P.3.23, P.3.24 
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3.24. Given system of inequalities 


—2«+t)>4 .. -x-1>2 05. -3>x 5. x<-3 
—2x>6 .. —-x>3 7. -3>%x 7. x<-3 
x<-3 5. x<-3 


all three inequalities reduce to the same (x < —3) interval (see Fig. 3.9 (right)). 
3.25. Given system of inequalities, 


y>2x; y<2x 


x<4; x>4 


The first two inequalities, y > 2x and y < 2x, cover space both above and below y = 2x line, thus 
the whole space. Note that y = 2x line is included in the solution set. The second two inequalities, 
however, add constrains that x < 4 and x > 4 at the same time. Therefore, there is only one point 
x = 4 that satisfies all four inequalities, and consequently y = 2x = 8. The solution set is a single 
point (4, 8). 


3.26. Given system of nonlinearities 


6+4x 2 
—4x+6y>6 .. y> 6 =aare 


2x —3 


2x —3 ee 
x y> 3 


2 I 
> oe aS = 


is solved graphically as in Fig. 3.11. Obviously, there is no overlapping region; thus, the solution 
set is empty. Note that the two boundary lines are not included in the solution due to strict “<>” 
inequalities. 


Fig. 3.11 Example P.3.26 7 
9 p Y Key Y YY 
Y yj YY 
Yj” 
Bor 
Y Ay X< 
|. LAs A 
l Y, WA YH Ooms 
Y Y Yj y Fy 
0 a ryyoyyyr 
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3.27. Given system of inequalities, 

—2x-—y<-l ». -2x4+1<y .. y>-2x4+1 

4x+2y<6 .. 2y<6-—4% ». y<-2x+3 


graphical solution is in Fig. 3.12. Note that y = —2x + | line is not in the solution set due to strict 
inequality. 


3.28. Given system of inequalities, 


y<4 


graphical solution is in Fig. 3.12 (right). The solution set is bound by these five linear functions, where 

the intersection points are: 

A: y=4 and y=—-5x4+4 .. -5x+4=4 .. -5x=0 .. x=0 50,4 

B: y=4 and y=-x+6 ». -x+6=4 7. x=2 53 (2,4) 

C:x=5 and y=-x+6 .. y=-54+6 .. y=1l >6,)) 

D:x=S5 and y=(-x—3)/4 ». y=(-5—-3)/4 0. y=—-2 > G,—2) 

E: y=(—x—3)/4 and y=—5x4+4 «. —5x+4= (—x —3)/4 ». —20x +16 = —x —3 
. xl o) y=-54+4 .. y=-1 5 (,-) 


Fig. 3.12 Examples P.3.27, P.3.28 
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Note that due to non-strict inequalities, the following lines and points are not part of the solution set: 


y=4 

y=-x+6 

A and B (they belong to y = 4) 
C (it belongs to y = —x + 6 line) 


® 


Check for 
updates 


Logarithmic and Exponential Functions 


Problems 


4.1 Logarithmic and Exponential Functions 


Sketch graphs, and show important points of basic exponential and logarithmic functions in P.4.1 to 
P.4.12 


41. f(x) =2" 4.2. f(x)=e 4.3. f(x) = 10° 
4.4. f(x) =log,(x) 4.5. f(x) =In(x) 4.6. f(x) =log(x) 
47. f(x) =27 4.8. f(x) =e" 4.9. f(x) =10~ 
4.10. f(x) = Im(-x) 4.11. f(x) =In(—x) 4.12. f(x) = log(—x) 


Knowing forms of basic exponential and logarithmic functions (see P.4.1 to P.4.12), deduce and sketch 
graphs of functions in P.4.13 to P.4.17 


4 


4.13. f(x) =2*-2 4.14. f(x) =2In(x)- 1 4.15. f(x) =3 In(—x) +3 
4.16. f(x) =2¥" 4.17. f(x)=e™ 4.18. f(x) =3* +37 
4.19. f(x) =| log, x| 4.20. f(x) = |5!*"! — 2| 4.21. f(x) =3 In(—x +2) +3 


4.2. Simple Logarithmic Calculations 


Without using calculator, calculate logarithms in P.4.22 to P.4.39 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 75 
R. Sobot, Engineering Mathematics by Example, 
https://doi.org/10.1007/978-3-031-41200-4_4 
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4.22. los = 4.23. log, , 1000 4.24. log, 512 
4.25. log, 4.26. log; 8 4.27. log, Va? 
128 
4.28. log), 10 4.29. log), 100 4.30. log), 1000 
4.31. log, 16 1 1 
82 4.32. logos == 4.33. logs 7 
4.34. 2510853 4.35. log, V5 4.36. log, 243 
7 3D 
4.37. [logi),(4) 4.38. [losy.(4) 4.39. log, (log, (log, (16))) 


4.3. Exponential Equations 

Solve and comment on the solutions of equations in P.4.40 to P.4.49 

4.40. 2° =8 4.41. 2° '=16 4.42. 2°° =3 

4.43. ce * =6 4.44. e* —3e°+2=0 4.45, 5*t!—5*"! = 24 
4.46. (x?-x-1)" '=1 


4.A7. 2x + 1)3x + 1)" — (x — 1) = Bx t+ I! 


4.48. ( 54/24 +( 5—/24] =10 
4.49. 81* — 16° —2 x 9*(9* — 4") + 36° =0 
4.4 Logarithmic Equations 


Solve and comment on the solutions of equations in P.4.50 to P.4.55 


4.50. log, x =4 4.51. In(3x — 10) =2 4.52. In(x?— 1) =3 


4.53. Inx +In(x —1) =1 4.54. In(Inx) = 1 4.55. log,(x +1) =1 
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4.5 Exponential-Logarithmic Equations 


Solve and comment on the solutions of equations in P.4.56 to P.4.58 


4.56. xlossx 9 4.57. 4(logy x)? of lose — 512 4.58. 52(logs 2+x) _ 9 = 5x +logs 2 


4.6 Exponential Inequalities 


Solve and comment on the solutions of inequalities in P.4.59 to P.4.61 


4.59. 225 () 4.60. 1 <3! <9 4.61. \/ox — 32 5 3* 9 
4 


4.7. __ Logarithmic Inequalities 


Solve and comment on the solutions of inequalities in P.4.62 to P.4.64 


4.62. log*— : = 4.63. log,.., x° <1 4.64. logy._,(2x +2) <1 


x+ 


78 4 Logarithmic and Exponential Functions 
Answers 


4.1 Logarithmic and Exponential Functions 


Among all functions in mathematics, arguably, logarithmic and exponential forms are most challeng- 
ing for beginners. Nevertheless, mastery of their basic forms and properties is the key for many other 
practical problems. In this section, exponential and logarithmic functions are reviewed from the visual 
perspective, in addition to some of the basic transformation techniques. 


4.1. Regardless of its base, exponential functions cross vertical axis at (x, y) = (0, 1) point. Note 
that exponential functions are always positive (see Fig. 4.1 (left)). In addition, at x = 1, exponential 
function equals to its base, i.e., 2, e, 10, etc. Exponential functions limit to “O” as x — —oo and limit 
to +00 asx > ©. 


4.2. Exponential function with base e has basically the same general form as the other exponential 
function, where its value at x = 1 equals to e. See Fig.4.1 (left) where three typical exponential 
functions are compared. 


4.3. Exponential function with base 10 has basically the same form as the other exponential function, 
where its value at x = 1 equals to 10. See Fig. 4.1 (left) where three typical exponential functions are 
compared. 


4.4. Logarithmic function with the base 2 (see Fig. 4.1 (right)) has basically the same general form 
as logarithmic functions with some other base. Note that all basic logarithmic functions are defined 
for x > 0, they cross the horizontal axis at (x, y) = (1, 0) point, and their respective value equals 
to “1” when x equals to their base, i.e., 2, e, 10, etc. Logarithmic function limit to —oo as x — 0 
from the positive side and limit to +00 as x — oo. Note rotational symmetry relative to exponential 
functions. Due to its relatively slow rise to infinity, in the communication theory, logarithmic functions 
are sometimes referred to as “compression” functions. 


4.5. Logarithmic function with the base e (see Fig. 4.1 (right)) has basically the same general form 
as logarithmic functions with some other base. 


Fig. 4.1 Example P.4.1 
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Fig. 4.2 Example P.4.7 


4.6. Logarithmic function with the base 10 (see Fig. 4.1 (right)) has basically the same general form 
as logarithmic functions with some other base. 


4.7. Regardless of its base, basic exponential functions with negative argument (see Fig. 4.2 (left)) 
are simple mirrored version of their respective form with the positive argument. 


4.8. Regardless of its base, basic exponential functions with negative argument (see Fig. 4.2 (left)) 
are simple mirrored version of their respective form with the positive argument. 


4.9. Regardless of its base, basic exponential functions with negative argument (see Fig. 4.2 (left)) 
are simple mirrored version of their respective form with the positive argument. 


4.10. Regardless of its base, basic logarithmic functions with negative argument (see Fig. 4.2 (right)) 
are simple mirrored version of their respective form with the positive argument. 


4.11. Regardless of its base, basic logarithmic functions with negative argument (see Fig. 4.2 (right)) 
are simple mirrored version of their respective form with the positive argument. 


4.12. Regardless of its base, basic logarithmic functions with negative argument (see Fig. 4.2 (right)) 
are simple mirrored version of their respective form with the positive argument. 


4.13. Starting from the basic exponential form 2*, function f(x) = 2° — 2 is found as 2* simply 
shifted down along the vertical axis by “—2” (see Fig. 4.3 (left)). 


4.14. Starting with the basic form of In(x), first it is multiplied by “2” to create 2 n(x) and then 
shifted by “—1” along the vertical axis to create 2 In(x) — 1 (see Fig. 4.3 (right)). For a simple sketch, 
it is sufficient to consider only a few typical points and to follow their movement. For example, 
In(1) = 0; therefore, 2 1n(1) = 0, and In(e) = 1; therefore, 2 In(e) = 2. Then, 2 In(e) — 1 = 1, etc. 


4.15. Starting with the basic form of In(—x), first it is multiplied by “3” to create 3 In(—x) and 
then shifted by “+3” along the vertical axis to create 3 In(—x) + 3 (see Fig. 4.4 (left)). For a simple 
sketch, it is sufficient to consider only a few typical points and to follow their movement. For example, 
In(—1) = 0; therefore, 3 In(—1) = 0, and In(—e) = 1; therefore, 3 In(—e) = 3. Then, 3 In(—e) +3 = 
6, 3In(—1) + 3 = 3, ete. 
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Fig. 4.3 Example P.4.13, P.4.14 


— 3lIn(—x) +3 


—e -1 0 =1 0 1 


Fig. 4.4 Example P.4.15, P.4.16 


4.16. Simple transformation shows that 


f@) =2"; x>0 


f(@)=2~*; «<0 


Therefore, function f(x) = 2V*” is created by plotting only positive part of 2* and negative part 
of 2~* (see Fig. 4.4 (right)). 
4.17. Knowing the basic function forms, first, argument of a logarithmic function must be strictly 


positive; thus, x > 0. Then, the relationship between exponential and logarithmic functions is that 
they are inverse to each other (similar like “++” and “—” or x and +), that is, 


fa) =e =x: (x > 0) 


In conclusion, this is a simple f(x) = x function that is strictly defined only for x > 0 side. 
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Fig. 4.5 Example P.4.18 


eK OF WwW 
/ 


Fig. 4.6 Example P.4.19 


4.18. Starting with the basic functions 3* and 3~*, their sum may be sketched as in Fig.4.5 For 
example, 3° = 1, and 3~° = 1; thus, 3° + 3-° = 2, and the rest of the sum is sketched by following 
the asymptotic limits. 


4.19. Starting from the basic form “log, x” and knowing that absolute value of a positive arguments 
stays the same, while absolute value of a negative argument is multiplied by “—1” and becomes 
positive, then | log, x| is sketched as in Fig. 4.6 


4.20. As already seen in P.4.16, exponent with the absolute argument may be created by combining 
exponent 5* for x > 0 and exponent 5~* for x < 0 to create 5!*! (see Fig. 4.7 (left)). Then, the final 
form of [si = 2| can be deduced by the following series of transformations: 


sey > sl i shlig s [52] 


As the last transformation, the negative interval (shaded region) of 5'*! — 2 is simply mirrored to the 
positive side (see Fig. 4.7 (right)). 
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Fig. 4.7 Example P.4.20 
Fig. 4.8 Example P.4.21 ; 
: f(s) 


ey +3 


4.21. Starting from the basic function In(—x), the final form of “3 In(—x + 2) + 3” can be deduced 
by the following series of transformations: 


In(—x) > 3In(—x) > 3in(—-x+2) > 3In(—x+2)4+3 


that appears as amplitude multiplied by “3”; then “3 In(—x)” function is shifted to the right by “2” 
and moved up by “3” (see Fig. 4.8). 


4.2. Simple Logarithmic Calculations 


Problems in this section are intended for practicing hand calculations of logarithms with arbitrary 
base. The goal is to develop basic hand calculation skills needed for solving mathematical problems 
that include logarithmic functions. 


Reminder: Arbitrary base logarithms are converted to rational functions of In(x) as 


Inb 
log, b= se 
Ina 
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4.22. Given x = log,(1/81), argument of an logarithm with the arbitrary base may be resolved by 
using the powers of the same base as 


1 . a a oo 1 
x = logs 7 ee 3° = yrea(l/81) ne 3 =3 p73 = ‘ se x = log; 7 = —4 


which is result of a simple deduction: if 3* = 3-*, then it must be that x = —4 (because of the same 
power base). 


4.23. Note that the logarithm’s base is 0.1, and by following the same reasoning as in P.4.22, it 
follows that 


1 
x = logy, 1000. 0.1 = 1000 = 10° = > = 0.17% x= logy, 1000 = —3 


4.24. x=log,J512 -. 2* = V512 =(2°)'?= 23». x = log, W512 =3 


1 1 1 1 
4.25. =] Se + Aas 2° — yoga (1/128) sg 2° a a 2-7 mar as —_ = =f 
x O8> 128 4 128 i x Og> 128 


4.26. x =logy 8». (V2)" = VOPe8 = 8 = (V2) -. x = logy 8 =6 


5 : 2 
4.27. x=log, Va». a’ =Va =a ». x =log, Va? = z 


4.28. x =log,10 -. 10°=10 «. x=1 
4.29, x =log,,100 .. 10°=100 ». x =2 
4.30. x =log,, 1000 ». 10°=1000 «, x=3 


In addition, writing “log” without specific index number assumes the base 10, while writing “In” 
assumes the base e. Note that, for example, x = log 1,000,000 may be found by simply counting the 
zeros; therefore x = 6, x = log 1000; therefore x = 3, etc. 


4.31. x=log,16 ». 2*=16 -. 2°=2* «. x=log,16=4 


1 1 = i 1 
4.32. x= logys 625 => logys 752 = logy; 25 7 => —2 log, 25” . XS logys 625 => = 
where logarithm of its base always equals to “1” and identity “loga? = bloga” is used to simplify 
powers of logarithm’s argument. 


a a lige 1 2 
= 10 _ i . oO -_=S=-7-7 
Tog 088 az = 18s zioss8" ". logs 7 = —3 


4.34, 2510853 — (52)'985 _ 5( 10953) _ Hira? 2510853 _ 9 


1 
4.33. logg 4 = logs 


1 1 
4.35. log, V5 = log; 5!" = 5 logs5 tog, V5 = 5 
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1 
—5 
4.36. 243 _ a 2) 243 _ 
logy, 35 log,,, 3 = log,,, 3 = —5 logs, 3° log», 3 —5 
i; . 
2 
4.37. ,/logi,(4) = |log,,(4)| = |log,,, (5) 


= 21096 =|-2| .. /logi,(4) = 2 
1 
4.38. Ly 
log,/,(4) = logi/, 5 = —2lo if, 5 =vVJV-2 .. log,/,(4) = J v2 


4.39. Given a general composed “telescopic” form x = logg (logy (log, (16))), start unfolding it 
from the inside (as the “Russian doll’’), as 


x = logs (log, (log, (16))) = logs (log, (log, (2*))) = logg (108, (4108227 ')) 


1 
=log, (Jog4” ) => x = logg(1) 
*, 8% = gre — gy 1 = 8° - x=0 


logg (logy (log, (16))) =0 


4.3. Exponential Equations 

Exponentials of an arbitrary base are often resolved with the help of logarithm with the same base. 
440. Fao 2 Vee 1. fas 

4A: POSH 2 PO SD oo Fel S44 cH S 


In3 : _ 5in2+4+In3 


4.42. 27° =3 «, e—>\ —log,3 7) x—-5=loe,3= — <. x= 
Tog, (2°) = log, - i allele Fo aaa in2 


7—In6 
4 


4.43. e7*=6 .. he”) =In6 ~. 7—4x=In6 ». 7—-In6=4% »«. x= 


4.44. This exponential equation is in reality quadratic equation in disguise; by the change of 
variables technique, it is converted into a simple quadratic equation as 


e* —3e°+2=0 «. (e’)’ —3(e)+2=0 * t= 2 
‘Past 2= 
f= te 2=0 


4.3 Exponential Equations 85 


t(t —2)-(t-—2) =0 
(¢@-—2)¢-1=0 .. fh =2, h=1 


Caset) =2: 7. el=2 «. In (e*') =In2 .. x, =In2 
Caeh=? 9 eal & ine )eainl 2, a= 0 


4.45. After factorization of 5” term, it follows that 
Sr a = 24 
ce a ia 
5*1 (3° - 1) = 24 
Se Aa Fale « e-120 4 eel 


4.46. Given f(x) = (x? —x- a = 1, note that the general form of this function is a? = 1, 
which is equivalent to logarithmic form 


Ina?=Inl ~. bIna=0 


where argument of a logarithmic function must be strictly positive, that is, a > 0. In this problem, it 
must be that x7 — x — 1 > 0. Roots of this polynomial are 


1-J5 1 5 
easel eaO & x1 = v5 and aE 


2 2 


where inequality x7 — x — 1 > 0 defines two intervals: x < x; andx > x2. 


By consequence, in this problem, equation a? = 1 is possible in two cases: 1) if a > 0 and b = 0, 
or 2) a = 1. Thus, 


Case 1: a’ =1 => a> Oandb =0, that is to say 


a x —x-1 >0 «. (’-1)-x>0 
(x? -x-1) =1 
c= 1 =0 .. x=+1 
which is to say, 
gel) S97 =1=0 «i =h=e0=150 - =160 2 


x=-1l: 3x*-1=0 «. @’?-1)—-x=0-1=0-(-1I) 40 » 150V 
therefore, x = —1 satisfies both conditions. 
Case2: a? =1=>a=0, thus 


feoe=(S) S Peg 2a0 4 ea eee FSO Sa 2) 4 — 2S 
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Fig. 4.9 Example P.4.46 


(w«+)~-2)=0 .. x =-l,x=2 


Thus, in total x = —1 (double root) and x = 2. These three solutions for f(x) = | are illustrated in 
Fig. 4.9 


4.47. Given equation 2(x + 1)8x+ 1)* —-(«-1) = @Bx+ 1)*+! note that it must be (see P.4.46) 


1 
3x +1>0 .. as 


then, this function may be converted into the following form: 
2@+1)Gx+D*-@-D)=Gx+ 
2(x + 1)Gx + 1) —- Gx +11 =x-1 
244+ DGBx+ 1% — Bx+ DGx+ DX =x-1 
(3x + 1)*[2@ +1)-Gx+)]=x-1 
-—(x-DGBx+)*=x-1 


Note that (3x + 1)* > 0 for all x > 1/3, and —(x — 1) ¥$ (x — 1); thus, the last equation is possible 
only if x = 1, ie., 


alla HO0)+)'=H1=1 .. =OH=0 7 


& 
Il 
_ 


In conclusion, x = 1. This solution may be illustrated by finding the intersection point between the 
left and right sides of equation (see Fig. 4.10), i.e. 


fix) = 2+ DGBx4+ D7 -@-1 
fo(x) = Bx + 1*t! 
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Fig. 4.10 Example P.4.47 


| av. 


—1/3 0 


4.48. By using the change of variables technique, given equation is converted as 


eee ie 
(a) *(-) = 
very) 


This form is converted into quadratic equation with ( 5-—v 24) = t change, as 


1 
7 +t = 10 of -10t+1=0 +. tp =S4£V24 


Return to the original variable results in 


x 


( 5—J24) =t .. ( 5- J) =5-VA ‘£22 


( 5-V) =54+VH= x2 


a a a (a — b)(a+b) =| 
XxX 
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4.49. After factorization, this equitation is transformed into quadratic equation as 


81* — 16" — 2 x 9*(9* — 4*) + 36" =0 
Gy —-@Y =2x9" 42x97 F)4+ (67 =0 
34 — 2 2 x 34 42 x 3% 2% 4 6 =0 
3 2x 3% —2% 42x 6* +6" =0 
—3* —2% +3 x6" =0 
3¥ 49" 3% 6" =0 {factor Pig } 
34x ye 32% ye 
ye pax 2x 


Thus, change of variable leads to 


a\ 2 34/5 
=|(- 6 ( —-3t+1=0 2. the = 
(5) Sw 1,2 5) 
Return to the original variable gives 
a\"_ /9\* S/S 9 345 In(3 + /5) — In2 
= ={- = J. X12 In-=I1n “. X12 = 
2 4 2 4 2 In9 — In4 


4.4 Logarithmic Equations 
Logarithmic and exponential functions reverse each other, similar as add/subtract or multiply/divide 


do; thus, the general strategy for solving these types of equations is to apply opposite function to both 
left and right sides of equation. 


Reminder: Given a logarithmic equation, its solution is found by rising both left and right side 
of the equation as 


bg, Sb PO Ses eau 


or, given exponential function 


a! = b= log, a! =1og,b > f(x) logca™ k log, b > f(x) = log, b 


4.5 Exponential—Logarithmic Equations 


4.50. log.x=4 °, BPX =24 - x= 2*= 16 


4.51. In3x—10)=2 = e822 » 3x-WH=e «x= 


4.52. inG?=1)=3 -. ORM SS = PHS 2. xe dV +1 


4.53. Inx+In(x—1)=1 ©. In(x@@—1D)=1 0. eM OM Se ». x -x=e 


; 1+ J/1+4e 
x°-x-e=1 7. My. = 
: 2 
4.54. In(—inx)=1 2. M™) =e - Inx=e », Mae - x =e 


4.55. log(x+1)=1 7. WeDo 4 - yt 1 =4 6 x =3 


4.5 Exponential-Logarithmic Equations 


89 


Equations that contain various composite exp/log forms are resolved with successive use of identities 


that gradually simplify the original form. 


4.56. By using the identities for log and exp functions, it follows that 


x'%* =9 + log, (x!%*) =1og,9 .-. log, (x'°*) =log,3* .-. log,x logyx = 2 log,3” | 


- logyxlogyx=2 ». (log;x)’=2 .. logyx =+V2 ., 38%? = 33 


+/2 


eS 3 
4.57. By exploiting exponential/logarithmic identities, it follows that 
gllogy x) + 1084 = 512 a” = qa’? = (a’’| 


(gras) 4 plossx — 512 
x logy x + x!&* = 512 
(ed 
Sere 256 

log, (x'%*) = log, 256 {loga’ = bloga, 256 =4*} 


log,x logyx =Tog 4’ =4 «. (log, x)" =4 > logyx = 22 


yeaa + = 4+ “x= 4+2 


1 


x, =4 = 16, eT 


E/2 
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4.58. As aconsequence of exponential and logarithmic identities, any real number can be written as 
exponent of an arbitrary base logarithm, e.g., 2 = 5'°857; thus 


52logs2+x) _ 9 _ 5xtlogs2 
Cae a ei carte. <= (x*)’ } 

52logs2 52x _ slogs2 __ 5x 5logs2 

(5!e8s 2)? 52x _ slogs2 __ 5x slogs2 _ g 

\gloae2 (sles? a 5°) =0 

2 (sio8s2 52" —~1-5*)=0 

ha 5 5 SHO 

2x 5*-5*-1=0 


By the change of variables technique, the last equation is converted into a quadratic equation. 


2x (5*)’-5*-1=0 {5*=1} 
2r7-t-1=0 
ar? —2t+t-1=0 
2t(t#-l+(¢-1=0 
(¢-1)(2t+1)=0 «. 


1 
tt=1 or b= -) 
1 . 
ie =5 not possible because 5* >0 Vx 


Sy=1.. x=0 


This solution may be illustrated by finding the intersection point between the left and right sides of 
equation (see Fig. 4.11), i-e., 


fi (x) = 52(logs 24x) __ 2 


fr(x) a 5% tlogs 2 


4.6 Exponential Inequalities 


Similar to their equation counterparts, exponential inequalities result in non-unique answers. Instead, 
the solution set consists of one or multiple intervals. In general, exponential forms are considered 
easier to solve, because basic exponential functions are well-defined and positive. 
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Fig. 4.11 Example P.4.58 


4.59. The main idea is transform the inequality terms until it is possible to compare powers of the 
same base, 1.e., 


1/x 
gxt2 > (;) . gxt2 > 4-1/x . grt > oe = gxt2 > 2-2/« 


Therefore, this inequality is equivalent to 
2 2 
x+2>-- 1. x+2+->0 
x x 


Note that for this inequality x 4 0, due to division by zero in inverse function “2/x,” it is necessary 
to examine two intervals: 


1. x > 0: Obviously, within this interval, the inequality is always satisfied because all three terms 
on the left side are positive. Therefore, one solution is the interval x > 0. 

2. x <0: Within this interval, the two terms that include x are obviously negative, while “+2” term 
is always positive. Thus 


x27 +2x+2 
—— > 
x 


2 
x+2+->0 0 
x 


Note that, given x < 0 interval, numerator “x -+2x +2” is always positive, while denominator “x” 
is always negative. Consequently, rational term on the left side of inequality is always negative, 
not positive. 


In conclusion, solution to this inequality is “x > 0” interval. 


4.60. Given double strict inequality with the absolute expression |x* — x| = |x(x — 1)|, there are 
two expressions to be considered. 
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s@—1)20 4 #50 and c=—120 4.251 Sle —el=r7-< 
x<0O and x—-1<0 », x <0 > |x?—2x|=x?-x 
Ixa—-D|= 
ee eh ae x>0 and x-1<0 °.0<x <1 = |x?—x|=— (x?—x) 
x<0O and x—1>0 = (empty interval) 
Therefore, 


l.x>lorx <0: 1<3" 7 <9 


1<3°* + Jost” 2 tog 8" 1. O<x?-x x51 or x <0 


grey 23° P25 A ee Sk eo IO Sa ee 
"x(x —2)+x-2<0 
(x —2)(x+1)<05x>-1 and x<2 


x<-—I1 and x >2 (empty interval) 


2.0<x <1: 1<3°-@-) <9 


Pear = Jog t Tos, FO) * O<=-G' =x) & P=-4<0S50<2<1 
SO 26 Be 2 Sy Ses Se SSO ee Wy) 
In summary, the solution set is in interval (note strict inequalities) 


—-l<x<2 


x>1 or x <O}% .«. x e(—1,2) interval, where, x 4 (—1,0, 1,2) 


O0<x<l 


This solution set is illustrated by non-shaded region in Fig. 4.12 (left). As a comparison, the rational 


term itself that is bounded by “1” and “9” is shown in Fig. 4.12 (right), where points excluded due to 
strict inequalities are crossed. 


4.61. Following the idea of reducing all terms to the same base, we write 
Jo — 3*42 > 3° 9 
32 — 3*32 > 3 — 3? 
gM 313? = 9% 2% 973? +3" 


2x F9 —= 33" = 3 


2 


3°32 > 3h? “x >2 
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Fig. 4.12 Example P.4.60 


4.7. __ Logarithmic Inequalities 


Similar to their equation counterparts, logarithmic inequalities result in non-unique answers, and the 
solution set consists of one or multiple intervals. In general, solving logarithmic forms is a bit more 


involved due to constrains of basic logarithmic functions. 


4.62. Logarithmic function is positive when its argument is superior to one, i.e., 


x—-—1 xa 


log >0O.. 
x+2 x+2 


> 1 where, x 4-2 


The solution set may be deduced as follows: 


x-l1 x—1 x-1-xX-2 —3 
>1l.. -1>0 .. ——— > 0 .. >0 
x+2 x+2 x+2 x+2 
x<—-—2 


Therefore, x < —2 is the solution set. 
4.63. Given inequality 


] 2 
log .43 ce ae | 
In(2x + 3) 


x+2<0 


Note that logarithm’s argument must be strictly positive; thus, x 4 0. It is important to distinguish 
logarithms whose base is inferior to “1” from those whose base is superior to “1.” Note that two 
logarithmic functions with the inverse bases are symmetric relative to the horizontal axis. Also, note 


that “1” can be written as an arbitrary base logarithm of that base, for example, 
1 = logy, 43(2x +3) 


Casel: 0<2x+3<1 


94 4 Logarithmic and Exponential Functions 


3 
0<2x4+3 .«.x>-= 

24> - <x <1 
2x +3 <1 “x <-l 


Then, 


logy .43 ea 


logy.43 X° < logy, 43(2x + 3) 
Co Sof es-s paw te 2.2 Sart ss 0 
. x(x-3)4+x-3>0 2. &@+1IQ-3)>0 
(x«+1)>0 and (@-3)>0 1. x >3 X (note,x <1) 
or, 


(x+1)<0O and (*—-3)<0 ». x <-l 
Case2: 2x +3>1 .. x >-—1, then 


logs .43 ee 


logy, 43 X? < logy,.43(2 +3) 2. x7 < 2x43 0. x7 -2x-3 <0 


(x+1)>0 and (x—-3) <0 .. -l<x <3 
or, 
(x+1)<0O and (x —3)>0 (empty interval) 
Therefore, the complete solution set is x € (—3/2, 3) interval, where points that are not included due 
to strict inequalities are (x 4 —3/2, —1, 0,3). This solution set is illustrated by non-shaded region 


in Fig. 4.13 (left). As a comparison, the arbitrary base logarithm term itself that is bounded by “1” is 
shown in Fig. 4.13 (right), where points excluded due to strict inequalities are crossed. 


4.64. Logarithm function of an arbitrary base may be evaluated by converting given function into 
ratio of two logarithmic functions as 


Inb InQx +2 
log,2_,(2x +2) <1 {tog, » = 0 , eee 


< 
Ina In(2x2 — x) 


Basic properties of log(x) function are as follows: x > 0, if (0 < x < 1), log(1) = 0, then logx < 0, 
and if (x > 1), then log x > 0. Thus, 


1. Rational function is not defined when denominator equals to zero, i.e., the result of division is 
either infinity or undetermined; thus 


In(2x2—x) 40 «. 2x79-x 1. 2x7-x-140 
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Fig. 4.13 Example P.4.63 


1 
- Rel eG 

1 

In(Qx?—x) <0 ». O<x(Qx-1)<1 O<x<5 


and this logarithm function is defined for positive argument, i.e., 


a eS 0 f e0e— DS 0 Keel ok > 


Nile 


2. Similarly, logarithm in the numerator is defined for 
2x+2>0 .. x >-1 = and, 
1 
InQx+2)<0O .. O<2x+2<1 .. x Sep 


3. Condition of inequality gives 


In(2x + 2) 
f(x) = Cars te 1. In(QQx +2) < In(2x” — x) 


- Ox +2<2x?-x 
1/022 =34= 3 
* 0< 244+ 1-2) 


which is satisfied when x > 2, because values x < —1 are already excluded. 


In summary, the solution set is 


1 
—-l<x<0O and poet and x>2 
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seer 0 1 pl 
Fig. 4.14 Example P.4.64 
This solution set is illustrated by non-shaded region in Fig. 4.14 (left). As a comparison, the arbitrary 


base logarithm term itself that is bounded by “1” is shown in Fig. 4.14 (right), where points excluded 
due to strict inequalities are crossed. 
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Trigonometry 5 


All problems in this chapter are to be solved without the use of calculator. Instead, the principal 
objective is to master the use of “unit circle” showing “special” angles (see Fig. 5.1). 
Among many trigonometric identities, some are more often used than the others, for example, 


Pythagorean identities 


a’+b=c’ (Pythagoras’s theorem ) 
sin? w+ cos? =1 (Pythagoras’s theorem in disguise, for c = 1) 


|sina| = V1 —cos?a 


2 


|cosa| = V1 —sin°a 
sina 
tana = 
cos a 


Sum to product identities, 


sin(a + 6) = sina cos B + cosa sin B 
sin(a — 6) = sina cos 6 — cosa sin B 
cos(a + 6B) = cosa cos 6 — sina sin B 
cos(a — 6B) = cosacos B + sina sin B 
{ if, a = B, (note: double angle), | 
sin2a = 2sina cosa 
2 


cos 2a@ = cos* a — sin® 


Product to sum identities, 


Nile 


sing sin B = 


(costa — B) —cos(a + p») 
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0 1 1 
a2 af v3/2 
—V2/2 V2/2 V2/2 
~/3/2 1/2 1/2 
-1 0 0 
—V3/2 —-1/2 —1/2 
—V2/2 —-v2/2 —V2/2 
—1/2  —V3/2 —V3/2 
0 = = 


Fig. 5.1 Trigonometry, unit circle 


cosa cos B = 


(costa + B) + cos(a — p») 


sina cos B = 


Nl NIe 


(sinc + 6B) + sin(a — p») 


Square to double angle identities, 


2 1 — cos(2@) 


sin’ a = 
2 
2. _ 1+ cos(2a) 
cos’ a@ = 3 


Problems 


Problems in this chapter are grouped in five sections. Firstly, definitions and basic calculations with 
angles expressed either in degrees (°) or radians (rad) are practiced, followed by basic identities, 
equations, and inequalities. The chosen examples are considered classic on this topic, so they should 
be mastered by all engineering and science students. 


5.1 Trigonometric Definitions 


5.1. Briefly explain the concept of “similar triangles” (thus, “similar figures” in general), and 
comment their properties that are used in trigonometry. 


5.2. Right-angled triangles and Pythagoras’ theorem illustrate the definitions of sinx, cosx, and 
tan x 
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5.3. Sketch the unit circle, and illustrate how angles in JJ, J/7, and IV quadrant are related to 
angles found in the first quadrant. 


5.4. With the help of Pythagoras’ theorem and unit circle, calculate sin x, cos.x, and tan.x for each 
of the following angles in the first quadrant: 0°, 30°, 45°, 60°, and 90°. 
5.2. _ Basic Calculations 


Convert degrees into radians and vice versa in P. 5.5 to P.5.14. 


5.5. 30° 5.6. 45° 5.7. 60° 5.8. 90° 5.9. 300° 
5.10. 330° 5.11. —18° 5.12, 37 5.13. = 5.14, 2° 


With the help of unit circle (see Fig. 5.1), calculate exact values of terms in P. 5.15 to P.5.24. 


14 a 
5.15. tan 3 5.16. sin = 5.17. cos (-=) 
5.18. cos 150° 5.19. sin 120° 530. sin aint — 
6 3 
5.21. sin cos “ + cos = tan 5.22. cos 7 cos = + sin _ cos = 
5.23. sin’ - — 1/ tan? - 5.24. sin (=) sin? (5) 


In each of examples in P.5.25 to P.5.28, is it possible to have angle a so that both conditions are 
satisfied at the same time? If yes, in which quadrant? 


1 3 1 
5.25. sina =—— and cosa=— 5.26. sina =—— and cosa = — 
5 a) V17 V17 
1 3/3 
5.27. sing = —~— and cosa = -~— 5.28. sing =—— and cosa= _3Vv3 
2) 5 14 14 


Calculate trigonometry terms given in P. 5.29 to P. 5.40. 


5.29. tan(—45°) 5.30. tan(—60°) 5.31. cos (—77/6) 5.32. sin (—315°) 
5.33. tan (—127) 5.34. sin(120°) 5.35. cos(150°) 5.36. tan(225°) 


5.37. tan(300°) 5.38. tan(480°) 5.39. tan(840°) 5.40. cos(1320°) 
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5.3 Basic Identities 


Problems in this section are resolved with the help of identities. The actual list of trigonometric 
identities is much longer; however, the sum to product transformations, and vice versa, are among 
most often used. In addition, identities involving double-angle arguments are heavily used in calculus. 


Given a in P.5.41 to P. 5.46, calculate sina, cos q@ and tana. 


5.41. a= 15° 5.42. a = 75° 5.43. a = 105° 
5.44. a=7/12 5.45. a = 57/12 5.46. a = 77/12 
5.47. Calculate the exact values of cosa and tana given that 
: 1 3x 
sna=-—-- et w7<a < — 
3 2 


Calculate trigonometry products given in P.5.48 to P.5.57. 


5.48. sin 20° cos 10° + cos 20° sin 10° 5.49. cos 43° cos 13° + sin 43° sin 13° 
B60: ane 5.51. 1 42sin(14+ 2 ieee 

WU. — is ie wi. a7 sin ( +=) cos ( +5) 

5 5 3 
5.52. 4 sin (=) cos (=) 5.53. 4cos (=) cos (=) 
.55. tan 20° tan 40° t Fe 
5.54. —4 sin Tt ee 130 5.55. tan 20° tan 40° tan 80 
12 12 

5.56. 8 sin 20° sin 40° sin 80° 5.57. 8&cos 10° cos 50° cos 70° 


5.58. Calculate sin(x + y) and sin(x — y) given that cosx = 4/5 and sin y = —3/5, where x is in 
IV quadrant and y is in II quadrant. 


5.59. Simplify the following expression: 


/2 cosa — 2.cos i ey 
4 


2sin (7 +«) — J/2sina 


Convert given trigonometric forms of products into forms of sums and given trigonometric sums into 
forms of products, P. 5.60 to P. 5.64 
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5.60. sinasinB 5.61. cosacos Bs 5.62. sinacos B 
5.63. sinx + siny 5.64. cosx +cosy 


5.65. Given functions with double-angle arguments cos 2a, sin 2a, and tan 2a, derive identities that 
include only functions of angle argument a. 


5.4 Equations 
Solve equations in P. 5.66 to P. 5.73. 


5.66. sinx =0 5.67. cosx =0 5.68. sinx = sina 
5.69. sinx = cosx 5.70. sinx = sin2x 5.71. 2sin’x +sinx =0 
5.72. cos(x + 2/6) = sin (x — 77/3) 
5.73. Solve for a in I quadrant if: tana = /6 + /3 — V2 —2. 
Solve equations in P. 5.74 to P.5.75 within given intervals. 


5.74. cos (= — x) = cos (=): O<x<2n 5.75. sin 3x) = sin(x- 5); —I<x< 


5.5 __ Inequalities 
Solve the following inequalities for x. 


5.76. 2cosx+1<0 5.78. cosx —sinx < 1 5.80. | sinx| > ! 
= 
5.77. 2sinx —1>0 J3 

5.79. sin3x — fs >0 5.81. |sinx| < sinx +2cosx 
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Answers 


5.1 Trigonometric Definitions 


Building upon middle and high school knowledge of Pythagoras’ theorem, the following examples try 
to emphasize its connection with fundamental trigonometric definitions and identities. Specifically, 
the mastery of similar right-angled triangles is essential for resolving much more complicated 
problems. 


5.1. Two figures are said to be similar if one figure can be derived from the other by operations of 
uniformly scaling, translation, rotation, and/or reflection. For example, starting with triangle OMN 
in Fig. 5.2, triangle O P Q is derived after multiplying each side of OM N by factor of two; similarly, 
any other triangle can be derived by using factor n, for example, triangle OK L. 

By inspection of Fig. 5.2, it is evident that, except for the scaling factors, the original triangular 
form did not change; thus, all derived figures are similar. By Pythagoras’ theorem, it is easily verified 
that all three triangles are indeed right-angled, whose corresponding sides are proportional to each 
other. That proportionality of matching sides among similar right-angled triangles is the key to 
defining trigonometric functions of sinx, cos x, tanx,... etc. 

Similarity affects angles as well. Note that a is shared by all similar triangles. Consequently, 
knowing two angles in a triangle, the third angle £ is calculated so that their sum adds to 90°+a+ 6 = 
180°. In conclusion, direct consequence of similarity is that not only all figure sides are proportional, 
but also their corresponding angles are equal. The similarity of right-angled triangles is among the 
most important and exploited properties in mathematics. 


Fig. 5.2 Example P.5.1 


nxb 
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5.2. Evidently there are three basic proportions (ratios) related to triangle sides (see Fig. 5.2). 


1. The cathetus forming a@ (i.e., adjacent) and hypotenuse (the side opposite the right angle) are 
related as 


ON O@ OL a 2xa nxa 
= — == — =const. 
OM OP OK c« 2xe xc 
2. The cathetus opposite a and hypotenuse are related as 
MN PQ KL b 2Zxb nxb 
= = == SoS =const. 
OM OP OK c¢ 2xe Axe 
3. The cathetus opposite and adjacent to @ are related as 
MN PQ KL b 2Zxb Axb 
= = == Ses = const 
ON OQ OL a Zxa nxra 


These constant ratios of triangle sides relative to w are so important that they are named as 


adjacent a opposite b . opposite b 
———— =-=cosa, ——=-=sina, ———=- =tana 
hypotenuse c hypotenuse c adjacent a 

Similarly, the equivalent ratios exist relative to B, as 

adjacent b opposite a : opposite a 
——— =-=cosp, ——=-=snf, ———=-=Itanp 
hypotenuse c hypotenuse c adjacent b 


These ratios related to a et 6 do not change when triangles are rotated, scaled, translated, and/or 
reflected. The only thing that is important is to keep track of which is “adjacent” and which is 
“opposite” side relative to the angle under consideration. In addition, it is useful to notice that by 
knowing sin x and cos x, the third ratio, i.e., tan.x, is also known because 


opposite 


sinx hypotenuse opposite ; 


cosx _adjacent_ ~~ adjacent 
h é 


an x 


Very special case, when hypotenuse c = 1, is extensively used as normalized size for all similar 
triangles. Note that, given c = 1, length of adjacent cathetus becomes numerically equal to the ratio 
named cos q, i.e., 


a ; 
—=cosa .. a=ccosa .. (ifc=1) a=cosa 
c 
Equally, given c = 1, length of opposite cathetus becomes numerically equal to the ratio named sina, 
1.e., 
De uk 
—=sina .. b=csina .. (ifc=1) b=sina 
c 
Finally, it is useful to visualize length of adjacent cathetus as horizontal projection of hypotenuse and 
length of opposite cathetus as vertical projection of hypotenuse relative to a. 
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5.3. Trigonometric functions of sin and cos are commonly summarized in a graph known as “unit 
circle” (see Fig. 5.1). Note that any point at the circle is found as x? + y? = c’, i.e., by Pythagoras’ 
theorem. The circle radius, i.e., hypotenuse of the associated right-angled triangle, is normalized to 
one. Consequently, the length of adjacent cathetus becomes numerically equal cosa, and the length 
of opposite cathetus becomes numerically equal to sina, because 


adjacent adjacent 


cosa = = .. adjacent = cosa 
hypotenuse 1 
. opposite opposite : : 
sing = = ‘. Opposite = sina 
hypotenuse 1 


Typical angles 0°, 30°, 45°, 60°, and 90° are found in the J quadrant (see Fig. 5.1). Relative to the 
first quadrant, typical angles in the 77 quadrant are shifted by 90°, 1.e., 

30° + 90° = 120° 

45° + 90° = 135° 

60° + 90° = 150° 

90° + 90° = 180° 


Angles in the 777 quadrant are shifted again by another 90°, i.e., 180°thus 


30° + 180° = 210° 
45° + 180° = 225° 
60° + 180° = 240° 
90° + 180° = 270° 


Angles in the 7V quadrant are shifted again totalling 270°; thus 


30° + 270° = 300° 
45° + 270° = 315° 
60° + 270° = 330° 
90° + 270° = 360° = 0° 


The symmetry among these “key” angles is clearly visible in the graph (see Fig.5.1), where the 
associated right-angled triangle for each angle is clearly illustrated. Thus, the signed length (i.e., 
positive or negative) of horizontal and vertical catheti equate to their corresponding values of sina 
(horizontal) and cos @ (vertical). 

For example, an arbitrary angle 6 = 90° + q in the second quadrant and its corresponding a angle 
in the first quadrant create similar right-angled triangles that are rotated by 90° (see Fig. 5.3). Thus, 
there are following identities between J and // quadrant angles (note that hypotenuse c = 1, and 
positive and negative signs of the corresponding adjunct and opposite catheti) 
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Fig. 5.3 Example P.5.3 


Fig. 5.4 Example P.5.3 


sin (a + =) = sinB = cosa@ 
4 i 
— cos (a + =) = —cosf = sina 


where the negative sign of cos # is direct consequence of its position in the second quadrant where 
the horizontal cathetus is negative. In conclusion, by knowing sina and cos qa in the first quadrant, it 
is easy to conclude that cosa = sin(a + 90°) and sina = — cos(@ + 90°). For example, 


1 
cos 120° = —sin30° = —— 
3 
tan 120° = V3/2 | 


Bee "1/2 = 
sin 120° =cos30° = af iE 


V3 


Similarly, for example, angles in fourth quadrant are negative values of the equivalent angles in the 
first quadrant. After rotation of 180° (see Fig. 5.4) follows 


cos(z +a) = —cos+a 


sin(z — a) = —sin(—q@) = sina 


In conclusion, knowing “key” angles in the first quadrant, unit circle is used to visually calculate sin 
and cos values of their corresponding angles in the other three quadrants. 


5.4. Angles between 0° and 90° are said to be “in the first quadrant” of the unit circle (see Fig. 5.1). 
They are used to calculate trigonometric functions of angles in other three quadrants by rotating their 
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Vaal 


ee KF 


Fig. 5.5 Example P.5.4 


respective right-angled triangles into the first quadrant. Specifically, right-angled triangles containing 
30°, 45°, 60°, and 90° are special right triangles (see Fig. 5.5). 


Case: x = 0° 


In this special case, right-angled triangle whose hypotenuse equals one degenerates into a horizontal 
line segment. Consequently, the hypotenuse is found “on top” of adjacent (horizontal) cathetus; thus, 
the two horizontal line segments are equal. At the same time, the opposite (vertical) cathetus of the 
triangle is reduced to zero. Then, by definitions, it follows that: 

adjaeent a 0 sinQ® 0 0 


cos 0° = ————— = ], | sin0®° = —————_ = O,_ tan0° = 
cos 0° 1 


hypotenuse ~ hypotenuse 
Case: x = 30° = 7/6 


Special right triangle in Fig. 5.5 (left) is made so that its hypotenuse is two times longer than a one of 
the cathetus. Due to similarity, the two associated angles must be in the same proportion. Thus 


90° + a+ B = 180° 
a=2B6 .. 90°+3f8 = 180° 
B=30° ». a= 60° 
In addition, Pythagoras’ theorem normalized to c = 2 and a = | and results in 
P=P+h ». b= V/3 
Then, by definitions: 


i it 1 it 1 
cos 30° = adiaee! = v3 sin 30° = UP RESS =-, tan 30° = oppost € ee ees 
hypotenuse 2 hypotenuse 2 adjacent J3 
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Case: x = 60° = 7/3 


The same special right triangle in Fig. 5.5 (left) is used, as 


cos 60° = nee = a sin 60° = DPPC v3 tan 60° = Sppeaiie = v3 
hypotenuse 2 adjacent | 


hypotenuse 2 


Case: x = 45° = 7/4 


Special right triangle in Fig.5.5 (right) is made so that its two cathetus are equal. Thus, the two 
associated angles must be in the same proportion. By Pythagoras’ theorem, it follows that 


P=P+P=V/2 
Therefore, 


dj t 1 it 1 it 
adjacen sin 45° Opposite tan 45° = opposite _ q =i 


45° = = = : ———— 
a hypotenuse /2 adjacent 1 


~~ hypotenuse ~ J/2’ 


Case: x = 90° 


Similar to the Case: x = 0°, this special right triangle is created when its hypotenuse is found “on 
top” of the opposite cathetus; thus, the two vertical line segments are equal. At the same time, length 
of the adjacent cathetus of the triangle is reduced to zero. Thus 


0 opposite opposite 1 


cos 90° = —————_ = QO, sin90° = ———— =], __ tan 90° = ———_ = ~=c@ 
hypotenuse hypotenuse adjacent 0 


5.2 Basic Calculations 


Knowing identity 180° = z rad, it follows that 


30° a Bicke a 
5.5. SS—>—, OSS Oe 
180° I T8OS 6 6 
5 2s yo ee 
180° a TBOS 4 4 
5.7. oY — = a= 00° = la 
180° x 180° 3 3 
5G a” 6 ee 
180° a TBO 4 4 
59. 300° aw = 5x60 5a 


ise n°) 3Kue| O38 
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640, OU 5 yg a 
180° az Bx ove 6 
-18° a _19° 
Raq. ee ee 
180° on °° 10x 18" 
Sea 
~ 10 
a 37/4 39 
5.12. I bg he ae 
ice a ee i x 45 
= 135° 
a 5/12 Sr 
5.13. 7 — 4 ee” Se 8 1? = 975 
180°. ox as 


180° x 7 0x2" 90 


5.15. By inspection of unit circle in Fig. 5.1, it is straightforward to find that angle 7/3 is in the first 
quadrant; thus 


a sin(/3) J/3/Z _ V3 


tan — 


3 cos(z/3) ~ 1/2 


5.16. By inspection of unit circle in Fig. 5.1, it is straightforward to find angle of 77/6 in the third 
quadrant, so that 


7 6 
Oi cere at = sin (7 + 2) = 210° 
6 6 6 


As evident by inspection of unit circle, in the third quadrant, z + 2/6 angle has both vertical (sin) 
and horizontal (cos) projections negative (see Fig. 5.6); thus 


_ 70 ; ( +2) F Co) 1 
sin — = sin(z —)=-—sin{—)=-—-_ 
6 6 


Fig. 5.6 Example P.5.16 
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2 
5.17. cos (-7) = cos (= + ) a v2 


5.18. cos 150° = cos(180° — 30°) = — cos 30° = = 


5.19. sin 120° = cos(90° + 30°) = cos 30° = 


2 
5.20. sin = sin? = = I () = a = 7 


V3 
2 


5.21. Pri cos 7 + cos af tan —_ 
4 4 6 3 


oA A _ 0 qu 1 V3 1/3 3 
5.22. cos —cos — + sin — cos — = + = 
4 6 4 6 2 


2 
ee: 1 V3 1 3 1 9-4 5 
5.23, sin’ > — = “( =4-47 = 


524. on(Z)si'(3)=3(%) = 33-5 


5.25. Assuming a, b to be the two catheti and c hypotenuse and knowing that hypotenuse of a right- 
angled triangle equals the unit circle radius, i.e., c = 1, then by Pythagoras’ theorem, 


a=cosa, b=sina -, a@+b?>=V |. cos’a+sina= 1’ 
which is the trigonometric form of Pythagoras’ theorem. Therefore, a simple verification results in 
1? (3 1.9 = W2 2 
+2 2 
sin’ a + cos* a = {| — + — + — — 1x 
( 3) (5) 25° 2h 265. 5 7 


that is to say, it is not possible to have angle a whose sina = —!/s and cosa = 3/5. 


4 \? iy 16. 4 17 
5.26. in? 2 — — = =1 ria 
sin’ a + cos’ @ ( (> a 7 7 


Both vertical (sin) and horizontal (cos @) projections are positive; therefore, a is in the J quadrant. 


2 2 
I 1 4 4 
5.27. site root = (-5) +(¥) =3+B Regt am 


that is to say, it is not possible to have angle a whose sina = —V15/5. and cosa = V9/s. 


110 5 Trigonometry 


2 
5.28. sin2a +cox? y+ 3V3 169 27 _ 196 _| | 
. . a az = _ — — — 
14 196° 196 196 


Both vertical (sina) and horizontal (cosa) projections are negative; therefore, a is in the //J 
quadrant. 


5.29. It is often possible to decompose given angles into linear combination of special angles given 
in the unity circle, whose sin and cos (therefore, also tan) values are already known. In addition, it is 
very important to visually understand relations among similar angles in different quadrants. 

For example, note that horizontal projections, i.e., cos(ta@), are the same length, as the conse- 
quence of similarity of their respective right-angled triangles. Thus it is true that 


cos @ = cos(—@) 


Similarly, angles of 2 +a@ and +e are related as in Fig. 5.7. It is evident that the horizontal projections 
(i.e., cos) are the same length; however, they have opposite signs (see Fig.5.7 (left)). Similarly, 
vertical projections (i.e., sin) also have opposite signs (see Fig. 5.7 (right)); thus, it’s true that 


cos(ta) = —cos(z7 +a@) 


sin(ta) = —sin(w +a) 


Or, for example, relations between angles of a and 90° + a@ are also important (see Fig. 5.8). It is 
evident that the vertical projection, i.e., sin (in the first quadrant and positive) is the same length as 
the horizontal projection, i.e., cos(90° + @) (in the second quadrant and negative) (see Fig. 5.8 (left)), 
as their respective similar right-angled triangles are rotated by 90°. Or identity between cosa and 
sin(90° + a), both positive, is found as in Fig. 5.8 (right); thus, it is true that 


sin(a) = — sin(90° + @) 
cos(a) = sin(90° + a) 


Reminder:In summary, there are many trigonometric identities that are possible; thus, memo- 
rizing them all requires extraordinary effort. Instead, after mastering the use of unit circle, all 
these identities become evident. 


Fig. 5.7. Example P.5.29 
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Fig. 5.8 Example P.5.29 


cos(90° + a) 


‘. ae 


/ 


fi re | IV 


In this example P. 5.29, by inspection of unit circle in Fig. 5.1, sin and cos of negative angle are 


t 45°) = sin(—45°) _ —sin(45°) —sin(45°) YEQ ; 
an(— ) ~~ cos(—45°) > cos(45°) _ ~ ¢0s(45°) => “ag = 


5.30. By inspection of unit circle in Fig. 5.1, sin and cos of negative angle are 


> _ sin(—60°) _ —sin(60°) __sin(60°) —V3/R 
tan(—60 ) = cos(—60°) — cos(60°) — cos(60°) = I/y = /3 


5.31. Given —77/6 angle is equivalent to 57/6 in the positive direction, or 150°, either way, by 
inspection of unity circle, it follows that 


7 
cos eg cos au = cos(150°) = _v3 
6 6 2 


5.32. Given —315° angle is equivalent to 45° from the positive side, thus 


2 
sin (—315°) = sin(45°) = see 


5.33. Given —127 angle is equivalent to (—6 x 27) = 0, thus 


sin 0 _ 0 9 
cos 0 1 


tan (—1277) = tan (0) = 


5.34. Given 120° angle may be decomposed as sum of 90° and 30° (see Fig. 5.8), as 


sin(120°) = sin(90° + 30°) = {cos(@) = sin(90° + a)} = cos(30°) = 


IS 


5.35. Angles outside of the first quadrant range may be decomposed into linear combination of 
special angles. Then, it is possible to use trigonometric identities and resolve the problem. Here, 150° 
angle may be decomposed as difference of 180° and 30° (see Fig. 5.7) as 


cos(150°) = cos(180° — 30°) = {cos(z +ta)=—- cos(a) } = — cos(30°) = — 


1S 
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5.36. Given 225° angle may be decomposed as sum of 180° and 45° (see Fig. 5.7) as 


sin(180° + 45°) _ —sin(45°) _ sin(45°) _ YQ 


= = = =] 
cos(180° + 45°) — cos(45°) cos(45°) AQ 


tan(225°) = tan(180° + 45°) = 


5.37. Given 300° angle may be decomposed as difference of 360° and 60°. Note that angles are 
periodic: that is to say that after each full rotation, either in positive or negative direction, the rotating 
point ends up at the original position a. 


tan(300°) = tan(360° — 60°) = {-tn x 27 +a = a} = tan(—60°) = ary 
-_ {cos(—a) = cos(@), sin(—a) = — sin(a) } 
_ —sin(60°) _ _ v3 oF 
~ cos(60°) IR v3 


5.38. Given 480° angle may be decomposed as combination of 360°, 120°, and 60°, 


sin(—60°) 


tan(480°) = tan(360° + 120°) = tan(180° — 60°) = tan(—60°) = 
cos(—60°) 


_ —sin(60°) | mae: a 
~ cos(60°) Ik Me 


5.39. Given 840° angle may be decomposed, for example, as combination of 360°, 180°, 120°, and 
60°, 


tan(840°) = tan(2 x 360° + 120°) = tan(120°) = tan(180° — 60°) = tan(—60°) 
= — tan(60°) = —V3 


5.40. Given 1320° angle may be decomposed, for example, as combination of 360°, 240°, 180°, and 
60°, 


1 
cos(1320°) = cos(3 x 360° + 240°) = cos(180° + 60°) = — cos(60°) = “5 
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5.41. Functions of sum or difference arguments may be resolved with the help of trigonometric 
identities. For example, angle of 15° can be decomposed as (45° — 30°), so that 


sin 15° = sin(45° — 30°) 


{sin(a — B) = sinacos B — cosa sin B } 
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= sin 45° cos 30° — cos 45° sin 30° = 


V2V3_ v21_ 


2 2 


cos 15° = cos(45° — 30°) 
{cos(a — B) =cosacos B + sina sin B } 
= cos 45° cos 30° + sin 45° sin 30° 
_ v2 V3 x V21_ 
oe ae a 
2 
5 sin 5? = WI=1) .. Js 
tan 15° = — 


cos15° 9) [% 
Qua +1) ~ 


23+ 1) 


eS) 


ioe) 


_ W3-1)W3-1) _ 3-2V34+1 _ 2@-V3) _ 


22 


~~ W34DV3-1I 3-1 


5.42. Angle of 75° may be decomposed as (45° + 30°), so that 


2 


sin 75° = sin(45° + 30°) = sin 45° cos 30° + cos 45° sin 30° 


V2 73 V2 1 
~ 2 2 22. 


as 1) 


cos 75° = cos(45° + 30°) = cos 45° cos 30° — sin 45° sin 30° 


_Vv2V3 V2 1 
= Fe (oo 


2 
in 75° N25 +1 ie 
tan75° = sin 75 _ 4 V3 + 


cos 75° 2 ees | 
ua 1) 


es 1) 


_ W3+4+DWV341 _ 342V34+1 _ 224+V3) _ 


~~ W34DV3-1I 3-1 


5.43. Angle of 105° may be seen as (60° + 45°), so that 


3 


sin 105° = sin(60° + 45°) = sin 60° cos 45° + cos 60° sin 45° 


Goal. we af 
=a 5 Ge = ee 


cos 105° = cos(60° + 45°) = cos 60° cos 45° — sin 60° sin 45° 


1V¥2 V3V¥2_ V2 
“oo eee 


2 Ws - 1) 


perc 


24+ 73 


113 


114 


2 
; 1 ° a+ 1) 1 3 
tan 105° = — even = 
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~ cos 105° 2 1+4/3 
ad-v3) 
4 
_ W34D)WV341) _ 34+2V341 _ oe 24/3 
(1 — V3)(1 + V3) 1—3 =2— 
5.44. Angle of 7/12 may be seen as (7/3 — 7/4), so that 
sy TE : (z Z) _ 7 1 u 
sin — = sin( — — — ) = sin — cos — — cos 
12 3 4 3 4 3 
v3 V2 1V2_ v2 
= — 3-1 
ae ane 43 ) 
cos = co) eos” cos” +sin= si 
ae 3 4/0 °° 37° 4 3 
—1Vv2, V3 V2 v2 
= 1 
ea 2 2 4 3+ ) 
. 0 2/3 1 = 
zy _ AT V3-1_ W3-DWS-) _, og 
ae ee We B17 Wen) 
COS 75 use V2 
5.45. Angle of 57/12 may be seen as (7/4 + 7/6), so that 
[58 Ae ee J/2 
sin (2) =sin(Z +2) =---= Zw 
5x uo a/3 
cos (3) = 008 (742) =.= Se/3-0 
sin (=) 23 
2 acy 3-1) 
wn (7) = <a = =24V3 


5.46. Angle of 77/12 may be seen as (7/3 + 7/4), so that 


5t\  \fp 
cos () v3 - D 
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5.47. Knowing the trigonometric form of Pythagoras’ theorem 


cos’? a + sin?a = 1? 


and given 
: 1 3 
sna=-—-- et 7<a < — 
3 2 
it follows that 
1\2 
cos’ a + sin? a = 1 cos? a = 1 — sin a=1-(-5 
V8 22 
cosa =,/l——= cosa = — = — 
3 3 
However, « is in the third quadrant, i.e., cos x is negative (see Fig. 5.1, i.e. cosa = —2./2/3). 


sin a —1/2 1 ag 
tana = = 


cosa = —2,/2/3 ~ 2/2 ar 


5.48. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 


sin 20° cos 10° + cos 20° sin 10° = 
1 
{sine cos B = 5 (sin(a + 6B) + sin(a — B)) 


1 1 1 1 
= 5 sin(20° + 10°) + 5 sin(20° — 10°) + 5 sin(10° + 20°) + 5 sin(10° — 20°) 


1 1 1 1 
=5 sin(30°) + Sino") + 5 sin(30°) + 5 sin 10") = {sin(—x) =— sin(x) } 
. 1 
= sin30° = — 
2 


5.49. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 
cos 43° cos 13° + sin 43° sin 13° = 


cosacos B = 5 (cosa + B) + cos(a — B)) 


sina sinB = : (cos(a — B) — cos(a + B)) 
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1 1 1 1 
= cos(43° + 13°) + 5 cos(43° — 13°) + 5 cos(43° — 13°) — 5 cos(43° + 13°) 


1 J3 


1 1 1 
= 7o0s5O7) + Fi cos(30°) + 5 cos(30°) — 5 o0s567) = cos 30° = oa 


5.50. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 


re ae i Pig i 
D D sina cos B = 5 (sin(w + B) + sin(a — B)) 


_ gl f Og IR _ (5a Tx 
= 42 [sin +e) +(- 3) 
—-2 sin (4) + sin (-)] {sin(—x) = — sin(x) } 


a9 [o — sin (=)| == (-3) = 


5.51. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 


5+ 2sin (1 + =) cos (1 + =) = {sinecos = 5 (sin(a + A) + sin(a -)| 


+[sin(1+ 2 +145) +sin(4t+ 2-1-5) 


5) +an(-3) 


ll 
Nl NI NI Re 

+ 
— 

na 

7 ne 

i=) 
a 

Nw 

+ 


{sin . + x) = Cos(x), (see unit circle and Fig. 5.3) 


5.52. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 
4 sin aid cos (=) = i a ai i 
8 rd sina cos B = 5 (sin(a + 6B) + sin(a — B)) 
ts [sin (+ *) +sin (= - *)| 
~ *X 8 8 8 8 
3 2 
=2 sin (=) + sin (5)| — {(see unit circle) } =2 Ee + 7 


=a 
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5.53. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 


5 370 1 
4 cos (=) cos (=) = {cose eosp =5 (cos(a + 6) + cos(a — B)) 


8 
-\ifo($-F)+=(F-¥) 


=2 [eos (7) + cos (=)] = {(see unit circle) } = 2 1 + — 


4 
=/2-2 


5.54. Inter-products of sin(x) and cos(x) may be resolved with trigonometric identities, as 
4 sin it sin lah ee i or 
12 ic sing sin B = 5 (cos(a — 8) — cos(a + B)) 
1 Tx 132 70 is 137 
=—-42 cos - — cos {| — + — 
yy) 12 12 12 12 


-ofm (#8) A) 


5.55. After replacing tan(x) functions with their equivalent sin(x)/cos(x) ratios, the product 
identities can be used to resolve numerator and denominator separately, as 

sin 20° sin 40° sin 80° 

cos 20° cos 40° cos 80° 


tan 20° tan 40° tan 80° = 
Then, numerator products are, 
H oO - re) * to} . . 1 
sin 20° sin 40° sin 80° = {sine sin B = 5 (cos(a — B) — cos(a + B)) 
1 


(cos(20° — 40°) — cos(20° + 40°)) sin 80° 


2 
= 5 [cos-2077 


1 
5 [cos 20° sin 80° — cos(60°) sin 80°] (cont.) 


cos 20° 
- cos(60") sin 80° 
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{sine cos p= ; (sin(a + 6) + sin(a — B)) 


1] 1 
— EG 100° + sin 60°” 


ap a 7 


if2 
cos 607” sin 80° 


1 3 
=F | sinc30" + 10°) + . — sin(90° — 10° 
{sin(90° +a) = sin(90° — a), (see unit circle) } 


= ; [sinaor 407+  — sineaor—t0 


2) 
8 
Similarly, note that cos(90° + 10°) = — cos(90° — 10°), as per unit circle, so that 
1 
cos 20° cos 40° cos 80° = 5 cos(20 + 40°) + cos(20° — 40°) cos 80° 
1 1/2 cos 20° 
= 5 jeossor" + co cos 80° 
1f 1 
= —| — cos 80° + cos 20° cos 80° 
212 
fd 1 1 1/2 
=5 | 550880" + J eort60° ts cos 607” 
—— a 
cos(90—10)° cos(90+10)° 
_ i 
~ 8 
Therefore, 
3 
tan 20° tan 40° tan 80° = oH = V3 


5.56. Ina similar manner as in P.5.55, 


8 sin 20° sin 40° sin 80° = 4[cos(20° — 40°) — cos(20° + 40°)| sin 80° 
= 4[sin 80° cos(—20°) — sin 80° cos 60° | 


1 
= 4] sin 80° cos(20°) — 5 sin s0"| 
1. 1. 1. 
= 4} — sin 100° + = sin 60° — = sin 80° 
2 2. 2 
{sin 100° = sin(90° + 10°) = sin(90° — 10°) = sin 80° } 
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5.57. Ina similar manner as in P.5.55, 
8 cos 10° cos 50° cos 70° = 4[ [cos 60° + cos 40°] cos 70° 


1 
=a[ 5 cos 70° + cos 40° cos 70°| 


1 
=a]; cos 70° + 500s 110° + + 5 ¢0530" 


1 1 
= 4]; cos 70° + soos 110° + 32) 


{cos 110° = cos(90° + 20°) = — cos(90° — 20°) = — cos 70° } 
= 2|cos70” — cos 70" + 2] 
= J3 


5.58. Given Pythagoras’ theorem, unit circle in Fig. 5.1, and the sum/difference identities, then 


sin? x + cos*x = 1 
sin (x + y) = sinx cos y + cosx sin y 


sin (x — y) = sinx cos y — cosx sin y 


. 3 
cosx = 4/5 & sinx = /{ = (4/5)° = 3/5 sin x = 73 (IV) 
siny =-¥5 .. cosy = 1—(—3/5) = 4/5 cos y =— (II) 
Therefore, 


: : : 3 4 4 3 12 12 
sin (x + y) = sinx cos y + cosx siny = =a) \-s + 5} \75 ae Ge 


: : : 3 4 4 3 12 12 24 
sin (x — y) = sinx cos y — cosx siny = sis} —ls} los = 55 + 55 = 95 


5.59. Given Pythagoras’ theorem, unit circle in Fig. 5.1, and the sum/difference identities, it follows 
that 


2 
J2 u 2 v2 cos — cos (= +a) 
cosa — 2.cos are 9 4 


# — 
_ ( 7 : 5 
2sin (4 +a) J2 sina 2(sn(% +0) _ sina) 


{ + 6) = cosacos f — sina sin B | 


sin(a + 6) = sina cos 6 + cosa sin B 


(cont.) 


120 


a, 
S@ — COS sa + sin = sina) 


Iv 

COS 
4 
1 


cfd 
_ 3s 
y . 7 + uw, 
sin — cos cos ina — co n 
4 a qe cos sina 
ae sina 
= 4 = tana 
sim— cosa 
wt 


5.60. Given the sum/difference identities, 


cos(a — 6) = cosacos 6 + sing sin B 


cos(a + 6) = cosa cos 6 — sina sin B 


it follows that 
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cos(a — 6) — cos(a + B) = coseeosP + sina sin B — coseeosB + sina sin B 


= 2sina sin B 


sina sin B = 5 (costa — B) —cos(a + B)) 


5.61. Given the sum/difference identities, 
cos(a + 6) = cosa cos B — sina sin B 


cos(a — 6) = cosacos B + sina sin B 


it follows that 


cos (a + 8) + cos (w — 8) = cosacos B — sine-sittB + cosa cos 6 + sine-sitB 


= 2cosacos B 


cosa cos B = ; (cos (a + B) + cos(a — B)) 


5.62. Given the sum/difference identities, 
sin(a + 6) = sinacos 6B + cosa sin B 


sin(a — 6) = sinacos 6 — cosa sin B 


it follows that 


5.3 Basic Identities 121 


sin (a + 8) + sin (a — B) = sina cos B + cosesinB + sina cos B — cosesinB 
= 2sina cos B 
sina cos B = ; (sin(a + 6) + sin(a — B)) 


Note that identities in P. 5.60 to P. 5.62 are fundamental for RF electronics and communication theory. 


5.63. Given the sum identities, 


sina cos B = 5 (sina + 6B) + sin(a — B)) .. sin(a+ B)+sin(a — B) = 2sinacos B 


x+y 

a+ p | > 5) 
=p Sy 7 awe 
B 2 


sinx + sin y = 2sin (=) cos (=) 


Or, in general 
sina + sin B = asin (“ 5 *) cos (“ 7 *) 


5.64. Given the sum identities 


cosa cos B = 5 (costa + B) + cos(a — B)) .“. cos(a + 8) + cos(a — B) = 2cosacos B 
x+y 
a+ Bp | ee 
a-Bp =y - ace 
oe: 


cos x + cos y = 2cos (=) cos (=) 


Or, in general 


cosa + cos B = 2cos (“+*) cos (“ - *) 
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5.65. Given trigonometric identities 


sin(a + 6) = sina cos B + cosa sin B 


cos(a + 6) = cosa cos B — sina sin B 
end setting a = £ it follows that 


sin(a +a) = sin2a@ = sinacosa+cosa@ sina = 2sina@ cosa 


cos (a +a) =cos2a@ =cosacosa — sina sina = cos’ a — sin? a 


end sin 2a sina cosa + cosa sina sina cosa + cosa@ sina 
an2a = = - - — : : 
cos 2a cosa cosa — sina sina sina sina 
cosacosa { 1 — 
cos a@ Cosa 
sind cos@  cosm@ sina 
_ cosa cos@  cosm cosa 
1 — tan? a 
2 tana 
1 — tan? a 
Furthermore, 
5c 1 ) 25 1 — cos 2a@ 
cost a+sinta =1 sin‘ a = 1 — cos2a “. sinta = 5 
2 inz = 1+ cos 2a@ 
cos“-a — sin’a =cos2a 
2cos*a=1+cos2a ., cos-a= 5 
In addition, 
: : 2 2 
; . COS a sina cos’ a cos* @ 1 
sin2a = 2sina cosa a = 2 tana —~—__.— = 2 tana a a 
COs @ cosa 1 cos? aw + sin” a cos‘-a sin’ a 
cos?a@  cos?a@ 
2 tana 
1+ tan? a 
cos*a ( 1 ua 
‘ , a =)" a 
cos? a — sin? a cos? a — sin? a cos? a 
cos 2a = a 7 ec es = 
1 cos? a + sin’ a sin’ a 
cos*a@ (1+ es 
COS* & 
1 —tan?a@ 
1+ tan? a 


These identities are often used to integrate rational functions by trigonometric substitutions. 
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5.4 Equations 


5.66. Equations that include periodic functions have periodic solution set. Sinusoidal function 
crosses the horizontal axis every integer multiple of +z starting with x = 0, that is to say 


sinx =O .. x=nz, where, n=0,+1,+2,... 


5.67. Equations that include periodic functions have periodic solution set. Co-sinusoidal function 
crosses the horizontal axis every integer multiple of +z starting with x = 2/2, that is to say 


cosx=0 ~ r= Qk+05, where, k—0,+1,4+2,... 


5.68. Solving trigonometric equations is often done by deriving factorized form of the equation 
(similar to P. 5.63); then by exploiting the general property: if A x B x C = 0, then either A = 0 or 
B=0OorC = 0. Thus, 


sinx =sina ., sinx—sina=0 ., 


{sina — sin B = 2cos (+) sin (: =*) 
2 2 
2cos (“*) sin (= =*) =0 
2 2 


Therefore, 
ie ee 2 ary. 6 eee rie 
2 2 2 
. (x-a x—-—a@ 
sin ( )=0 Da =kn ». x=a+2kn 
2 2 
where (k,n) = 0, +1, +2,... but necessarily at the same time. 


5.69. By exploiting the equivalence relationship between sinx and cosx functions (i.e., their 
argument difference of 2/2), their equality may be resolved as 


. oA qu 
sinx =cosx .. COS (« _ 5) =cosx .. x—- a =+x+4+2nn 


because x takes both positive and negative signs. Therefore, there are two possible solutions that must 
be reviewed as follows: 


Iv . 
case‘+xi: 2. ¥- 3 AYX+2nn .. no solution 


cA qt 
case‘—x‘: ., sa en Recild 2 Py 2 2 xX Snw+t 


ma 
4 


where n = 0, +1, +2,... For example, within the interval n = —2, —1, 0, | the solution set 
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Fig. 5.9 Example P.5.69 


F(x) 
v2 
2 
0 x 
_v2 
2 
“e -¥ OFF 
Tv 8m 70 
n x m+ rl A ao P 4 
1 4 4n 4 a 3x 
n=— { kSS = => 
= au 4 4 4 4 
x=nr+s .. 
4 4 
n= 0) D 
4 
mz 42 Snr Sx 
n=1 x=n7+—= = 
4 4 4 
is shown in Fig. 5.9. Both sin(x) and cos(x) equal to +./2/2 at these points. 
5.70. After converting into factorized form of this equation, it follows that 
sinx =sin2x .. sin2x —sinx =0 
; atB\ . (a—B 
= =9 
{sina sin B cos ( 5) ) sin ( 5 )| 
2 cos = sin a= 
2 2 
3x 3x 4 wv 
1 —)=0.. =-=02 Ns. x=Q 1) = 
(1) eos ($) zZ ae x Gated) 5 


(2) sin (>) = 6 Seip 2 Ome 


where n, k = 0, +1, +2,... For example, within the interval n = —2, —1, 0, 1, 2 the solution set 


k=-1 |. x=-27 
x=2kn «. {n=O “ x =0 


5.4 Equations 


as well as, 

toe & x= (441) D=-0 
a a 
n x = ( + 3 5 

IU Iv us 

= Sy os =0 . x=(0+1)-=- = 

x Carts ae x= (0+ 3 3 

pet x=Q+) Dan 

oe 5x 

n x= (4+ Ms 3 


The two solution sets where sin x = sin 2x are shown in Fig. 5.10 (left). In addition, equation 


f(x) = sinx — sin2x =0 


is shown explicitly in Fig. 5.10 (right) with the same solution set. 


5.71. Using the same idea as in P. 5.68 to P. 5.70, factorized form of this equation is 


Qsin?x+sinx=0 .. (2sinx + 1)sinx =0 


(2sinx+1)=0 or sinx =0 
Therefore, 


Equation I: sinx =0 


sinx =O ». x =na where n=0,+1,+2,... 
5 - 
f(x) —sin2x I(x) 
v3 —sinx 
2 1 
0 es ? Ny 
1 
_N3 
2 
—27n-S5n/3 —H —-n/3 0 2/3 H Sx/3 20 —2n-5n/3 —H -n/3 0 m/3 H Sn/3 20 


Fig. 5.10 Example P.5.70 
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Fig. 5.11 Example P.5.71 


Equation 2: (2sinx + 1) =0 


1 
(Qsinx+1)=0 .. sinx + in 0 .. sinx + sin (=) =0 .. 


2 sin (5) cos (=) =0 
2 2 


Again, there are two equations to solve. 


1. Roots of sin function are found at multiples of z, i.e., 0, =a, +27,... 


6 é 
sin (S22) 0 eS 2 TAD kx & x= —T + ke wee hOB 


2. Roots of cos function are at odd multiples of 2/2, i.e., (2m + 1)m/2 


x—1/6 x —1/6 4 a 
=0 .. =(2 Nt .. = (2 1 = 
cos ( 5 ) Z ety x ee ae 
where m = 0,+1,+2,.... The complete solution set is summarized in graph of f(x) = 


2sin? x + sinx (Fig. 5.11). One stream of the solutions (i.e., the intersect points) is generated for 
n=0,+1,+2,..., second fork = 0, +1, +2,..., and third form =0,+1,+2,.... 


5.72. Periodicity of tanx = sinx/cos x function is periodic by nz; thus, we can solve this equation 
as follows: 


cos (x + 2/6) = sin (x — 2/3) 
cos(a + 6) = cosa cos 6 — sina sin B 
sin(a — 6) = sina cos 6 — cosa sin B 


(cont.) 


5.4 Equations 127 


Fig. 5.12 Example P.5.72 


—1/| — sin(x — 1/3) | 
— cos(x + 2/6) 
1 
—2n —51/3 —2n/3 0 n/3 4n/3 20 


cos (x) cos (=) — sin (x) sin (=) = sin (x) cos (5) — cos (x) sin (5) 


cos (x) — sin (x) = = sin(x) = — cos (x) 


Ls a pe 
R yy R 

eben, 5 — V3 _ ¥3/2 _ sinGr/3) _ sin(x) 
2/3 cosx =Xsinx ., tanx = te es 


~ 
2 


Both sin(x) and cos(x) cross the horizontal axis with the periodicity of 2; therefore 
a 
x= qr where n=0,+1,+2,... 


The solution set of cos (x + 2/6) = sin(x — 2/3) equation is illustrated in Fig. 5.12 to show the 
intersecting points, as well as f(x) = cos (x + 2/6) — sin (x — 77/3). 


5.73. With the help of algebra, identities, and unit circle, it follows that 


fanon= 4/6 44/3 4/2 = 0a 50/9 4-4/9 = 4/2 = 8? 


= V3(v2+1) -v3(vi41) = 2" (va41) (v5-¥9) 


{(a—b)(a+b) =a’ —b"} 


V3 V2 
J3-J/2 2 9 ~ D — sin60°— sin 45° 
~ 7x1 2 V2 1 sin45°—sin30° 
a 2 
x+y 


: pias . f= y 
sinx — sin y = 2cos 5 sin 5 
105° 15° 180 — 75)° 75° 
Xcos sin cos COS Br. 90° — 
2 2 2 = 


~ T°\ . (15S) 75° 
Xcos sin cos 
2 3 2 


(cont.) 


128 


5 Trigonometry 


{cos(90° -—a)= sina } 


. (75° 
7 sin 5 |, 715° 
= ) = tan 
cos 
2 


which is in the J quadrant. 


(ee 
a = 37.5° 


5.74. Factorized form is derived as 


a 
6 

= _ fat+B\ . fa-B 
{cose —cos 6 = —2sin (“+*) sin (*) 


4 4 qu 
ee a oe a 
—2 sin 3 6 sin 3 6 =0 
2 2, 
. (am —2x . (am —6x 
—2- sin sin =0 
4 12 
ee a — 
A B Cc 


Obviously, —2 0 leaving either B = 0 or C = 0 terms to be zero, where 


if, sind =0 »«. 0O=nz, n=0,+1,+2,... 


Therefore, within the interval 0 < x < 27, 


n=0Q: 
mw — 2x A 
B: =0 x= — € [0,27] V 
4 2 
mw — 6x 4 
C =0 .. x=—€ [0,27] V 
12 6 
n=1 
—2 
B: = a Pa a 
A 
mw — 6x llz 


5.4 Equations 129 


n=-l: 
—2 
B: = *=-x ee 
4 2 
— 1 
C3 - OP ag gal ae 
12 6 


In conclusion, within the interval 0 < x < 2z, there are only two solutions (see Fig. 5.13). 
geal 
x=j>,2 
6 2 
5.75. Similarly to P.5.74, 


sin(3x) = sin (« _ >) 


‘ : W 

sin@x) — sin (x5) =0 
: : KEY\ . (XH 
sinx — sin y = 2cos sin 
(CS )(F)] 

3x +x—- 4 3x -—x+4 

2 e6n (2 2) gh 2) 2G 
2 2 


8x — 1 . (4x +7 
2 cos sin 

4 4 
YS OS 


en 
Cc 


=0 


Obviously, 2 4 0 leaving either B = 0 or C = 0 terms to be zero. Term C is a sin@ function, and B 
is in the form of cos 0, where 


: TU 37 . TA 
if, cosd=0 .. =a ae in general: ag aE eee 


if, snd =0 «. 0=nz, n=0,+1,+2,... 


Fig. 5.13 Example P.5.74 


mes 


—cos(m/3 —x) 
| —cos(1/6) 
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Therefore, within the interval —z < x < z, 


n=0: 
8x — 3 
B alee x= — €[-7,7]V 
4 2. 
4 
C: “7 =0 x= e[-a,a]V 
n=1 
8x — 7 
B ai aGte x= e[-m a] ¥ 
4 3 
ge Se x= e[-a,a]1V 
4 4 
n=-—l 
B 8x-aH lv 
4 =5 a X= le IU, 
4 
Cc: casa eee Pe eee 
4 
n=2: 
8x — 11 
B * Pe po ee 
4 2. 8 
4 7 
Cc: eT Ge ee 
4 4 
n= -—2 
8x — 5 
B: a = 5-28 x=—Zel-amlv 
4 
C: OEE i ae an anew 
4 4 


In conclusion, within the interval —z < x < 7, there are six solutions (see Fig. 5.14). 


_ 51 20 nz 3x 6a TH 
7=)| 8 8 8° BB’ Ss 
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Fig. 5.14 Example P.5.75 I I 1 
— sin(3x) f(x) 
—sin(x— 72/2) 


—l -—5n/g —-n/4 0 3n/g 3n/4 
ee Ar 


5.5 _ Inequalities 
5.76. A simple inequality may be solved by the use of unit circle as follows: 
2cosx+1<0 
COSe <5 


By inspection of unit circle (see Fig. 5.1), boundaries of the solution set are defined by equality, i.e., 


4 4 
xy, = = + 2nn and m= + 2n0 


where, for a simple cos(x) function, periodicity is 27. It is evident from the unit circle that cos x (i.e., 
the horizontal projection length) is less than “—1/2” within the interval (note, the negative side) 


An An 
—-— <x < — 
3 3 


‘. or, equivalently 


ee 
3 


repeated every 2n7 where n = 0, +1, +2,..., see Fig. 5.15. 


5.77. Similarly to P.5.76, 


2sinx —-V/2>0 
J/2 


sinx > — 
2 


this inequality is satisfied for 
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Fig. 5.15 Example P.5.76 


= 0 Tu 
—41/3 —2n/3 2n/3 4n/3 


Fig. 5.16 Example P.5.77 


Vv NIA 


IT 
3/477 


wi 


ise 


—) 


—32/2 0 z/2 EELS 
—TH/4 Baty m/4 / 31/4 2 


XT 51 
ge ier where, n=0O,+1,+2,... 


as illustrated in Fig.5.16. The interval solution sets are marked by shaded areas that are periodic 
in Fig. 5.16 (left). This periodicity may be equivalently illustrated by unit circle in Fig. 5.16 (right) 
where, due to periodicity, the solution sets are superimposed above sinx = 2/2 value (which is 
vertical projection for sin x) and marked by shaded area. 


5.78. More examples of the same idea as in P. 5.66 to P. 5.77. 


cosx —sinx <1 |x 


Sie 
ie) 


v2 v2. 
a i Cae < 


ass 


. ws 
sin — coSx — cos — SsInNXx < 
4 4 


{sina cos 6 — cosa sin B = sin(a — B)} 


in(Z-*) 
sin|——-x]< 
4 


lS 
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By inspection of unit circle, see Fig. 5.1, it is evident that 


133 


2,... and 


. _ _a _ 5 
sinx = 5 i= or x= a 
Therefore, 
—-x<-— x >0+2nn, n=0,+1, 
4 4 
W 5x W 
‘ es < —42n7, n=0Q,+1,+2,... 


The solution set is illustrated in Fig. 5.17 (left). Alternatively, the solution set may be shown in unit 
circle, where the periodic nature of the solution set is more evident, as intervals of 0 < x < 37/2 and 
—2n < x — 7/2 are overlapped and repeated with 2 pi periodicity. Note that, due to strict inequality, 
boundary points are not included in the solution set, i.e., x A 2na and x 4 37/2. 


5.79. Note that sin(x) = sin(x + 27), ie., it is periodic by T = 27. However, multiplied argument 
reduces proportionally period, that is to say sin(3x) is periodic with T = 27/3. Given inequality may 


be then resolved as follows: 


sin 3x — “ >0 
2 


sin 3x — sin ( 


{sine — sin B = 2cos (=*) sin(* =e 


4 
3x += 3x -— = 


3 sin 


2 cos 


*) x0 


(x) — cos(x) — sin(x) 


— | 


=) —n/2 0 3n/2 2 


Fig. 5.17 Example P.5.78 
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Therefore, as per unit circle, ifcosx >O .. x <+7/2andifsin>0 .. O<x <a, then 
Ox +7 TU Ox +7 TU An 20 
cos {| —_—]>0 .. -z~< < {= SiS 
= 27 6 ~ 2 9 ~ ~~ 9 
and, 
— 9x -— a 70 
sin >0 O< a0 SS xs 
6 9 9 
The two intervals are overlapping if 7/9 < x < 27/9 (see the upper diagram in Fig. 5.18 (left)). 
The second possibility is ifcosx <O .. w/2 <x <3m/2andifsin<0 ». -t <x <0, 
then 
9x+ xz 9Ox+n 32 20 870 
cos | ——— } <0 .. < < Bs <x< — 
~ 2 6 ~~ 2 9 ~~ ~ 9 
and, 
. (9x -1 9x -—T1 5x 4 
sin <O 7. -4< <0 7. -—<x<- 
6 6 9 9 


Therefore, the two intervals are not overlapping, i.e., the solution set is empty (see the lower diagram 
in Fig. 5.18 (left)). In summary, including the periodicity of T = 2nz/3 the solution set is 


where, n = 0, +1, +2,..., see Fig. 5.18 (right). 


5.80. Inequalities that include absolute functions are equivalent to two inequalities, thus 


| sinx| > 


Nile 


—4r/9 0 22/9 82/9 
—51/9 i n/9 / Tr/9 / 


Fig. 5.18 Example P.5.79 
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Fig. 5.19 Example P.5.80 


51/6 t/6 0 x/6 Sn/6 


By inspection of unit circle (see Fig. 5.1), the solution is simply 
5x 4 
——+2nn <x <-—+2n0 
6 ~~ 6 
and, 
4 5x 
ar <x< 7g ene 


where n = 0, +1, +2,... (Fig. 5.19). 


5.81. Absolute value functions are decomposed into two cases. 


Case l: sinx >0  .. |sinx| = sinx, thus 


six = srx+2cosx .. 2cosx=O0 .. x= 5+ 2nz, where n=0,+1,+2,... 


Case 2: sinx <0 .. |sinx| = — sin x, thus 


—sinx =sinx+2cosx .. 2sinx+2cosx =O .. sinx +cosx =0 


Using same idea as in P. 5.78, 


sinx +cosx =O |x 


Sie 
ihe) 


2 
ales auics =0 
5 sin x + 5) COS x 


Qu _ a 
eg es ee =0 


{cos a sin 6 + sina cos 6B = sin(a + B)} 
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Fig. 5.20 Example P.5.81 
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fe) 
v2} LW WL 
De Ny 
0 x 
—|sin(x)| 
— sin(x) + 2cos(x) 
—1/4 0 n/2 Tr/4 5n/2 
: a oa 
sin(x+ 7) =0 wx + i =0 


, x= 2 +2nz, where n=0O,+1,+42,... 


The two streams of periodic solutions are illustrated in Fig.5.20, where the periodic solution set 


interval is 


ab 9, <;x< +2 
NIT Xx KIT 
at 7 


® 


Check for 
updates | 


Complex Algebra 


Basic forms and identities of complex numbers: 


po-l 
z=a+jb=Re(z)+ / Im(z) 
z*=a-— jb 
zl? =z2* = (a+ jb)(a— jb) =a" + b* = Re(z)’ + Im(z)” 
Zq=at+jb and w2~=ct+ jd .. ifzy~=wz2sSa=c and b=d 
arg(z) = y = atan2 (Im (z) , Re (z)) = atan?2 (b, a) 
i — \zle/? = |z|(cosg+jsing) Euler’s formula 
Note the difference between arctan(x) and atan2 (y, x) functions. Geometrical interpretation of the 
equivalence between Pythagorean triangles, complex numbers, and vector addition is illustrated in 


Fig. 6.1. Note that points on unit circle in Fig. 5.1 may be interpreted as complex numbers through 
Euler’s formula. 


Problems 


6.1 Basic Complex Number Forms 


Calculate |z| and arg(z) in P.6.1 to P.6.5, and comment on periodic nature of complex numbers in 
general: 


6.1. <=; 6.2. 2=j? 6.3. 2<=;° 6.4. <= j* 65. z=/> 
Simplify expressions in P. 6.6 to P. 6.24: 


66. 74+ 74+) 67. 7747 aT 6.8. (1+i)*+(1-i)4 
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Fig. 6.1 Pythagora’s 
theorem (unit circle), 
vectors, complex numbers 


6.9. 7+ 7 44+ /"! 6.10. (34+4j)(3-—4)) 6.11. 
6.12. (2)? + (-2;)~4 6.13. (1+ j)°° 6.14. 
ax A ; , 12 
6.15. o+(3) 6.16, Lt iv31—jv3 6.17. (=) 
j J2 2 2 jv3-1 
1g, Ot) 619, +s 6.20, “iv3—1" 
i= j)500 p00 — j? oe oe (27) 
oo heey 1000 . i= 1000 Tl —41+4+ 63) = 6j + ! 
fd J2 50 1-7j 
: 6066 . 6066 _\ 108 216 
2 2 a. 4° 2j 


6.2 Polar Forms 


Convert complex forms given in P. 6.25 to P. 6.29 into their respective equivalent polar forms: 


6.25. z=i 6.26. z=2-i 6.27. (2—j)° 6.28. z= j* 


6.29 (1+ f)?(6 + 2j) — 1 — jf) - j) 
. »_ => : : - =. 
(1 + j)!99(23 — 77) + 1 — f)!4(10 + 2/) 


6.3 Complex Plane 


Given complex numbers in P. 6.30 to P. 6.42, in each case, show them as vectors in the complex plane: 


6.5 Rational Powers 


6.33. 24 = —j 
_1, 8 
an I 
2 V2 
410 = I 
1 V3 
aie cae 
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6.30. <1 =1 6.31. 2 =-1 6.32. 23=j 

6.34. 2, = . rn i5 6.35. 2, = a + 52 6.36. 
6.37. , = ze m ee 6.38. 2, = a i is 6.39. 
6.40. 2, = se io 6.41. 2, = sf 7 5 6.42. 
6.4 Euler Identity 


Given complex numbers in P.6.43 to P.6.54, convert them into their equivalent form by Euler’s 
equation. Also, write their complex conjugate z* pair and calculate product z z*. Compare P. 6.30 


to P. 6.42: 

6.43. z=e/° 6.44. z=els 6.45. z=el3 
6.47. z=e/2 6.48. -=eit 6.49. :=ei* 
6.51. cae/7 6.52. z=e/* 653. ¢=2i% 


6.55. - E 6.56. <=-2e/% 657, ; 


6.59. 7 


6.46 


6.50 


6.54 


<i 
» Z=el3 


. z=el 


a 


Rational Powers 


6.5 


Given complex numbers in P. 6.63 to P. 6.69, calculate all their parameters: 


6.63. Z,= rai 6.64. 22=vV —j 6.65. 3= v7 
6.67. 25 = Jj 6.68. <,=/1/(2j) 6.69. 


z7= V(1— j)3 


6.71. Given z = (2/)", sketch its trajectory asn = 0, 1, 2,3,.... 


6.66 


6.70 


Z2= 


. waaVj 


V1/d+ jy 
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6.6 Complex Equations 
Solve the following equations in C: 


6.72. 2=j 6.73. 2 =-j 6.74. (24+3f)x+B64+2/)y=1 


6.75. 2? =5+ 12; 6.76. 4+8+8V3j=0 g77 | __1 , 1 
xtjy 2+j° -2+4j 
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Answers 


6.1 Basic Complex Number Forms 


Note that powers of a complex number j are periodic and in the complex plane (unit circle) may be 
interpreted as a rotational vector z. 


6.1. Algebraic form z = j is therefore identical to 
z=0+1xy «. Re(z)=0 and Im(z)=+1. 


Geometrical interpretation of a complex number modulus |z| is as hypotenuse of a Pythagorean 
triangle (see Fig. 6.1), where the length of the horizontal cathetus equals to the Re (z) and the vertical 
cathetus equals to Im (z); therefore, by Pythagoras’ theorem, 


|z| = V Re (z)* + Im(z)? = V0? + 12 = 1 (ie., a point on the unit circle). 


By knowing two catheti of a Pythagorean triangle, argument of arg(z) = ¢ is calculated as the ratio 
of the vertical and horizontal catheti, i.e., from definition of tan g as 


act D Im (z) 1 
=—-= = =o. 


tan = = 
a Retz) O 


Note that calculation of g may be ambiguous if the catheti length signs are ignored, and that is because 
there are two possibilities for arg(z) as 


1 Im(z) _ sing 
~ 0 Re(z) cos@ 


=tco .. cosg=0 .. g= 


w| a 


or equivalently 


a 
tang = +00 .. g =arctan(too) = Se 


For that reason, keeping the catheti length signs is mandatory, which is resolved by using modified 
arctan(x) named atan2 (b, a) function. Note that atan2 (b, a) requires two arguments, both vertical b 
and horizontal a catheti, where their respective signs are explicitly included. By doing so, arg(z) are 
placed in the correct quadrant. That is to say, 


aet Im (z) def +1 14 
Qg= *. g = atan2 (Im (z) , Re (z)) = atan2 (+1, 0) = arctan — 7». p=+— 
Re (z) 0 2 


which is to say that Im(z) is positive while Re (z) is zero, therefore positive argument. Complex 
plane is illustrated by unit circle where position of an arbitrary complex number z is shown with its 
argument ¢ (see Fig. 6.2). It is evident that z = 7 is found at g = +7/2,z = —latg=t+7,z=—-j 
at p = —7/2, and z = | at g = Orad. Note the difference between arg(z) = +7/2 and arg(z) = —7/2. 
In addition, arguments may be measured in either positive or negative direction, whichever is more 
convenient, for example, g = —7/2 = +37/2. 
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Fig. 6.2 Example P.6.1 


6.2. Algebraic form z = j” is identical to 


zg=j?S-1=-14+0xj ©. Re(z)=—1 and Im(z)=0 


lz| = /Re(z)? + Im(z)? = V(—1)?+ 02 = 1 (ie., a point on the unit circle) 


aet Lm (z) . def . 
= . g = atan2 (Im (z), Re(z)) = atan2(0, —1) ». g=2. 
Re (z) 


Saying that Re (z) = —1 and Im(z) = 0 is to say that in the complex plane coordinates of z = —1 
are (—1, 0); therefore, ¢ = +7 (see Fig. 6.2). 


6.3. Algebraic form z = j? is identical to 


z= p=HpPyj=(-l)j=0-1xj » Re(z)=0 and Im(z)= —-1 


lz| = Re (z)* + Im(z)* = 02 + (—1)2 = 1 (ie., a point on the unit circle) 


aep IM (z) def tA 
ng= *. g = atan2 (Im (z) , Re (z)) = atan2(—1,0) .. g=-—. 
Re (z) 


2 


Saying that Re (z) = 0 and Im(z) = —1 is to say that in the complex plane coordinates of z = —j 
are (0, —1); therefore, ¢ = —7/2 (see Fig. 6.2). 


6.4. Algebraic form z = j* is identical to 


z=f=afPpP=(-l(-l)=14+0x 7 «. Re()=+1 and Im(z)=0 
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Iz] = /Re(z)? + Im(z)? = V12+ 0? = 1 (ie., a point on the unit circle) 


je I ie 
np te - o @ atan?2 (Im(z), Re(z)) = atan2(0, +1) ». g=0= +42z. 
eZ 


Saying that Re (z) = +1 and Im (z) = 0 is to say that in the complex plane coordinates of z = 1 are 
(1, 0); therefore, g = 0 = +27 (see Fig. 6.2). 


6.5. Algebraic form z = j* is identical to 
er Sey ore ty +s 
£7 =) 2 = (0) aot ix sas 


which is identical to P.6.1. In conclusion, powers of j are periodic (therefore, equivalence with 
the trigonometric functions). After each full +27 rotation, a complex number z return to the initial 
position, as 

Sl. g=0° (4360°) 

ji=j o. @=+90° (—270°) 

P= -l .. g=+180° 

P=-j -. g= -90° (+270°) 

rel * ¢2]0 2300) 

P=Hj -. 9 =+90° (—270°) 


This periodicity is conveniently exploited in practical problems involving powers of complex 
numbers. Recall that real numbers are subset of complex numbers (their imaginary part equals to 
zero), that is to say, their argument is g = 0° for positive and y = +7 for negative numbers. 


66. 74+ 74 faP4+sP+(P) =-147CD+ (Cb? =-1-j4+l=-j 


6.7. Recall identities for powers, as well as periodicity of j”, so that 


fe es : 1 m 
j 74g OO a {a ae gra (a") : quem = ata" | 
a” 
1 1 +36 1 “4x9 
= tj tl = saat jaa ts 
1 1 -4\9 4 
=e He) aio Pal 
1 9 2 j 2 . 
=r-+— ytd a=stl=55t+l=1-2j. 
Jj () J IJ 
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Note that Re(z) = 1;Im(z) = —2, which is in JV quadrant; |1 — 2j| = J/5; and arg(z) = 
atan2 (—2, 1) (© —63.43° = —1.107rad). 


68. (+ /'+a—pt=(+ si") +(d—s) = {@tb =a +2ab4+0"} 
= (+ 2j-IP +d -2j -I =477 +47 = {7 =—-1} 
=-4-4=-8,. 


Note that Re (z) = —8; Im(z) = 0, which is negative part of the horizontal axis; | — 8] = 8; and 
arg(z) = atan2 (0, —8) = +7 


1 30 
6.9. Sd a jit4x3o aif Gti i (7) SP fe fy, 


Note that Re(z) = 1;Im(z) = 2, which is in J quadrant; |1 + 2j| = V5; and arg(z) = 
atan2 (2, 1) (*63.43° © 1.107rad). 


6.10. (334 4;/)3—4j) =3? —(4/)? =94+ 16 =25 


Note that product of complex conjugate numbers is a real number and that Re (z) = 25; Im (z) = 0, 
which is positive part of the horizontal axis; |25| = 25; and arg(z) = atan2 (0, 25) = 0°. 


6.11. jis + (—j) £9 =i 4 yj 4 porto 
= {-1 ™=-] cgi a — 1" =+1ifnis even} 
31 15 20 
=i(4) +7) +57? 4) 
Note that Re(z) = 1;Im(z) = 0, which is a positive part of the horizontal axis; |1| = 1; and 


arg(z) = atan2 (0, 1) = 0°. 


1 1 63 
6.12. (27)? + (-2)j)7* = —4 + ——_—__ = -44. — =-—. 
lal * peta 167 16 

Note that Re (z) = —®3/16; Im (z) = 0, which is negative part of the horizontal axis; | — 63/16] = 63/16; 


and arg(z) = atan2 (0, —93/16) = +7. 
6.13. (1+ jf) = (14 jx = 2) =2% x j x P= 2 j 
Note that Re(z) = 0;Im(z) = 2”, which is positive part of the vertical axis; \275| = 25; and 
arg(z) = atan2 (2, 0) = +7/2. 
. ay «250 : 50 : 
6.14. a-pM=aa-p)rPs(a-py =@-2-I" =C2p” 
12 
= (—1)59(2)50( j)244*12 = 250 7? x (7) — 950 


Note that Re (z) = —2°°; Im(z) = 0, which is negative part of the horizontal axis; | — 279) = 250, 
and arg(z) = atan2 (0, —2°°) = +7. 
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2 
1 (147) jt. (A+ 7? ay a: . 
Beles oo / er ee ee ee 

j 4/2 id 2? 4 4 
Note that Re (z) = —1;Im(z) = —1, which is in //7 quadrant; | — 1 — j| = V2; and arg(z) = 
atan2 (—1, —1) = —135° = +57/4, 


jy tage P-(jV3P? 143 
6.16. = b\(a—b) =a’ —b*) = = = 1 
; - {(a+b)(a—b)=a } ri rl 
Note that Re (z) = 1; Im (z) = 0, which is positive part of the horizontal axis; |1| = 1; and arg(z) = 


atan2 (0, 1) = 0°. 


6.17. Note that 
le 2 
arg( -1+ iv3)2 atan2 (v3, -1) a {the special angle (see Fig. 5.5 (right)) } = = 


which is in the 77 quadrant. It is very convenient because if multiplied by “3” this angle equals to 
27 = 0°, whichis a phase of a real number. What is more, in the context of complex numbers, powers 
force complex numbers to rotate by multiplying its phase. Therefore, 


4 i 42 4l2 4l2 
(5 7 (-1+4+ jV3)2 7 (—1+ jV3)3™4 7 (14 jV32 C14 iD), 


4i2 42 
= io 4 
(1+ jv32 C14 103) ((-2- 24-3) (-14 jv) 
42 (22)'? 


= ae ee 
(2-243 + 2/3 + 6) 


= 27 — 4096. 


(2")" 


Note that Re (z) = 4096; Im (z) = 0, which is positive part of the horizontal axis; |4096| = 4096; 
and arg(z) = atan2 (0, 4096) = O°. 


6.18. (1 4 5 aie 7 ( 4 pre? _ Qj" _ Oy? _ (2) - 9250 prs 
el = jy él = j)2%250 (—27)29° (=b* (2, 7)259 
= 9250 (=) = — 72250 
Note that Re (z) = —27°°; Im (z) = 0, which is negative part of the horizontal axis; | — 2750) — 2250, 


and arg(z) = atan2 (0, —27°) = +7. 
6.19. As an illustration, here are two methods to simplify this complex number form: 


Method 1: 


(1024 101 2 c4x25 pe 4S De 
Y ls ae" a aR) +JJ ee oa : a a a a: 
7100 — 799 ~ 74x25 3 joe ~ 3 {ez" = (@ +ib)(a — ib) = a° +b = [z/"} 
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Stpitlej-ettiariai! wy... 
if i=j eo =o 


Method 2: 


=F =i 
jie jin 8 oe ee sl=7 Say 


p00 — 799 PUR" shakey Hai? eS 


Note that Re (z) = 0; Im(z) = 1, which is positive part of the vertical axis; |1| = 1; and arg(z) = 
atan2 (+1, 0) = +7/2. 


(jv3 = 1)? _ 1~2jV3-3 _ -2-2jV3 _ 1 v3 

Qi A a Bg 
Note that Re (z) = !/2; Im(z) = V3/2, which is in J quadrant; |!/2 + j¥3/2]| = 1 which is on unit 
circle; and arg(z) = atan2 (v3/2, 1/2) = 7/3. 


ot EY (CE) CB) A -@)+G) 
=2(f)'*=2 


Note that Re(z) = 2; Im(z) = 0, which is positive part of the horizontal axis; |2| = 2; and 
arg(z) = atan2 (0, 2) = 0°. 


6.20. 


nN 


jg AA) GGL. SO ee IAT 1 8, CIO PIE 


50 f=) 50° 30) 1=% 1277-50 50° 1+ 49 
_ eAT + O37 +AT- 137 63-13, | 
- 50 ~ 56 


Note that Re (z) = 0; Im(z) = 1, which is positive part of the vertical axis; |1| = 1; and arg(z) = 
atan2 (+1, 0) = +7/2. 


6.23. With the same initial idea as in P.6.17, take advantage of complex number rotation into real 
number position. Note that arg (1 /2+ jv3/ 2) = 7/3; therefore, the third power is correct rotation 
and that 6066 = 3 x 2022: 


6066 6066 
1+ jv3 1— j¥3 
a +\ a 


a+ pv3rativa) (a —7v3a—-jv3y\ 
- B 7 B 


_ (aueae i wey (eu - wy" 
~ 8 8 
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_ (a= iv3A+ IVD), (2a + VG -iVD)\ 
7 84 £4 


{(a—b)(a+b) =a’ —b*} 


2022 2022 
= (-! ——) in (-- =) = (—1)? 4 (-1)20 2 141=2. 


Note that Re(z) = 2; Im(z) = 0, which is positive part of the horizontal axis; |2| = 2; and 
arg(z) = atan2 (0, +2) = 0°. 


6.24. With the same initial idea as in P.6.17, take advantage of complex number rotation into real 


number position. Note that arg (v3 /2+j/ 2) = +71/6; therefore, the sixth power is correct rotation. 
In addition, 1/(27) = —j/2, /12 = 2/3, 108 = 6 x 18, 216 = 6 x 36, and 6 = 3 x 2. So, 


V3 i 108 Jia 1 216 


a qT Oj 


(S43; 

(Sea) 
(as ye - ( ny 
( 
0 


4 
6x18 6x36 
re 3) = (= 1 :\ 


23 


{(a+b)> =a’ +3a°b + 3ab? +b, see Fig. 2.1} 


373 4 8 aj = 3975 — \- (= 8 Qj Aes) 
3 23 


2 


23 


ee ee ee 


Note that Re (z) = Oand Im (z) = 0, which is at the origin of the complex plane. 


6.2 Polar Forms 


6.25. There are multiple forms of complex numbers, all interchangeable. 


148 6 Complex Algebra 


Reminder: Polar form of complex numbers (see Figs. 5.1, 6.1, and 6.2): 


z=at jb=|zlel? 


\z|* =z7*=a’+b’ and, gy = atan2 (Im (z) , Re (z)) = atan2 (b, a) 


z=j .. Re(z)=0, Im(z) =1 
lz] = V0? 4+ 12=1 


arg(z) = atan2 (+1,0) = 5 


z= leit, 
6.26. Algebraic form of z is converted into its equivalent polar form as 


z=2-j «. Re(z)=2, Im(z)=-1 


Iz] = J? + (-1)2) = V5 


1 
arg(z) = atan2 (—1, 2) (in IV quadrant, ~ —26.56°) = — arctan (5) 


z= J/5 ef arctan(1/2) | 
6.27. Algebraic form of z is converted into its equivalent polar form as 


2=Q2- j= Q2- jy =4-4j- 1 = G-4j)’ B—4j) = O — 247 — 16) —4)) 
= (-7 — 24j)(3 — 4/) = —21 + 287 — 727 — 96 = —117 — 44). 


Therefore, 


z=—117—44j «. Re(z) =—117, Im(z) = —44 


Iz| = V(—117)2 + (—44)2 = 125 


44 
arg(z) = atan2 (—44, —117) (in ITT quadrant, ~ —159.39°) = -t7 + arctan (=) 


z= 533 e! (4:2-+aretan(44/117)) 
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-2020 Ax 505 4) 505 505 
z= = = =? =] 
6.28. ° 7 ! (7) 


therefore, |z}=1, and /4z=27=0 
6.29. Algebraic form of z is converted into its equivalent polar form as 


ig (ere ilgy G9) (eye 26 ea ey) 


“+ fQ3— 7) +0 — AO +27 — + A823 — 77) + 0 — 7 SF | 
Gp I264 7) G2" Ga) 27 446 Fp 2" 10 =) 


~ (27)°8(23 — Tj) + (-2j)7 25+ fj)  —2°8(23 — 7) — 2% 75 +f) 
PLI2+47-37-1)  ZU1+ sf) +s a+ f? 
—P8(23-774+5j-1) —AGI-f) +s —-A1-/al+/ 
1214+22j-1 1204+22j 60+11f 60 ~ 11 


= =(21h ~ =e 61 “61 7 61 
Therefore, 
ll+j 60 3 I 
L£= TST _— J 
-—(11—- J) 61 61 
B }l1+ j| V 122 LG eines) 
= —_= =1, (ie., on unit circle 
|—1]11— jl] 122 
11 
arg(z) = atan2 (—11/61, —60/61) (in III quadrant, ~ —169.61°) = --7 + arctan (a) 


z= | el (+:7-+arctan(11/60)) 


6.3 Complex Plane 


Given algebraic form of a complex number, its module may be calculated simply by Pythagora’s 
theorem and shown in unit circle (see Figs. 5.1 and 6.1), where horizontal axis is interpreted as Re (z) 


and vertical axis as Im (z). 


6.30. Given z = 1, then (see Fig. 6.3) 


Heol ~ Re@eHlLingy=Ht « kh=vOr+d?=1 


arg(z) = atan2 (0, +1) (in positive part of horizontal axes) 


0 
= arctan (5) = 0. 
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Fig. 6.3 Example P.6.30 


6.31. Given z. = —1, then (see Fig. 6.3) 


z2=—-1 «. Re(Zz)=-1, Im(Zz)=0 .. |zZ|=/()?+(-1% =1 


arg(z) = atan2 (0, —1) (in negative part of horizontal axes) 
0 
= +7 + arctan i =c+n7. 
6.32. Given z3 = /, then (see Fig. 6.3) 


z3=j .. Re(z)=0,Im(z)=1 .. |Z} = V0)?+ 07 =1 


arg(z) = atan2 (1, 0) (in positive part of vertical axes) 


1 a 
= arctan | — |] = arctan(oo) = ~. 
0 2 
6.33. Given z4 = —j, then (see Fig. 6.3) 


zw=—j .. Re(z)=0,Im(z)=-1 ©. [z]/=Vd)?+ (0)? =1 


arg(z) = atan2 (—1, 0) (in negative part of vertical axes) 


-l a 
= arctan {| —— ] = — arctan(co) = ——. 
0 2 


6.34. Given zs = V3/2 + j1/2, then (see Fig. 6.3) 


gal 3 1 a ay 
eee : Re() = 2, ime =+ ee ize (2) +5) =1 
arg(z) = atan2 (3 *) (in 7 quadrant ) = arctan (4) ~ 7 


6.35. Given zo = ¥2/2 + jv2/2, then (see Fig. 6.3) 


151 


6.3 Complex Plane 


arg(z) = atan2 (2. *) (in I quadrant ) = = arctan (32 ) = x 
2° 2 AQ 4 


6.36. Given z7 = !/2+ j¥3/2, then (see Fig. 6.3) 


9 2 
nat4i - Re@=Lim@=% ~. tel= (3) +(Z) = 


2 2 
V3 1 " _ v3/y _ wa 
arg(z) = atan2 (2 5 5) (in vi quadrant ) = arctan (=) ae 


6.37. Given zg = —V2/2 + j¥2/2, then (see Fig. 6.3) 


ay (in Il quadrant ) 


arg(z) = atan2 (2. -3 
AQ ‘ ahi) 37 
= +7 + arctan(—1) = ra 


=a + arctan (<A 
Sp —1 


—v3/2 + j 1/2, then (see Fig. 6.3) 


6.38. Given zo = 
v3 1 V3 L aa fi 
Se J Sh Re) =——|-, Im@ =, oa i= /(-2) +(5) =1 


Be ge as 


1 3 
arg(z) = atan2 (; -+ (in J7 quadrant ) 


ctr + arctan (=) =+07+ arctan(—1//3) a 


6.39. Given z19 = —V2/2 — jv2/2, then (see Fig. 6.3) 


v2 Ee Ree. Im(g) = -2 es i= f(- 


t10 = ~~ oe 5) 


2 2 
arg(z) = atan2 (-¥. -~) (in Ill quadrant ) 
= +7 + arctan (=e ) = Bus = 9 
=>?2 
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6.40. Given z;; = ¥2/2 — j 2/2, then (see Fig. 6.3) 


ee ay ae _ Re(z) = 2, im = -2 # ay) + (2) =1 


2 2 


V2 V2 


arg(z) = atan2 (-¥. + (in 7V quadrant ) 


6.41. Given z). = “3 — j4, then (see Fig. 6.3) 


v3 1 v3 I. v¥3\ 1)? 
2 2 eae Re(z) = —, Im@=—;, oi = /(2) +(-3) = 1 


412°, dd 


1 V3 
arg(z) = atan2 (-5 *) (in IV quadrant ) 


oy 
= arctan (=) = arctan(—1//3) = -. 


6.42. Given z13 = —!/2 — jv3/2, then (see Fig. 6.3) 


2 2 
eee « Re(2) = —5, im =-2 . i= /(-4) +(-2) =1 


Nl Re 


3 
arg(z) = atan2 (-¥. -5) (in 7 quadrant ) 


= -tm + arctan (=) = a7 + arctan (v3) = = = ae 


6.4 Euler Identity 


Reminder: Euler’s formula is yet another form of complex numbers, explicitly showing the 
relationships of its real and imaginary parts with the basic trigonometric functions, as 


z=a+t jb=|zle!® = |z| (cosy + jsing). 


6.43. Recall that (see Fig. 6.1) the real part of a complex number equals to the length of horizontal 
cathetus and its imaginary part equals to the length of the vertical cathetus. 
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Complex numbers in this example given in exponential form thus, by exploiting Euler’s equation, 
phase and module of a complex number are found by inspection: 
z= |zle? =e/9 - |zf =, arg(z) =~ =0 
z= |z|(cosg+jsing) = | (cos0+ j sin0) 
which is identical to 


=1+j0=1 (see A.6.30) 
Complex conjugate number is simply with changed sign of the imaginary part, i.e., if 
z=a+jb, then z*=a-— jb; then, 
zz* = (a+ jb)(a— jb) =a’ —Jakh+ yak — jb? =a? +b? = [z|* =’, Pythagora’s theorem. 
Therefore, in Euler’s form 


z=cos0+jsin0 .. z* =cosO—jsin0=1 
or in polar form 


z=el9 - 2 =e/°=1 inboth cases; 


in other words, complex conjugate of a real number is the same number (naturally because to say 
“real number” is to say Im (z) = 0). Also, product of zz* = |z|?, which is verified as 


zz = ef oe f9 = CUOtTCIDN = 9 1 = |1\° = Iz|* or 


zz* = (cos0 — j sin0) (cosO — j sin0) = 1 x 1 = 1? = [z|’. 


6.44. By inspection, 


: si oA 
gelie"—es 2. kel— 1, aec=o= 7 
hus a .. 0 
z= |z| (cosg+ jsing) = | (cos = +i sin =) 
which is identical to 
V3 1 
= — j— (see P. 6.34 ). 
5 + i 5 ( ) 
Therefore, in Euler’s form 
eo . ee a 
Z= = a == — 
a 6 6 eng 


or in polar form 


ja —jz 
za=eis « gr=ele, 


Also, product of zz* = |z|? is therefore 


154 6 Complex Algebra 


eoa=eioets =eVOt—J 9) = YP aj{= (ue = (z|? or 


6.45. By inspection, 


gee oed? + gal, agk)=o= 


SS 


oo a .. 
z=|z|(cosg+ jsing) = | (cos > + j sin 


which is identical to 


2 2 
= e + j _ (see A. 6.35). 


Therefore, in Euler’s form 
wu |. P nels 
ee ae eae | a. & = He eS 
or in polar form 
geet » gteels, 


Also, product of zz* = |z|? is therefore 


zet~aeite lt = eV MtCiD = Paps |1|? = Iz|? or 


mT  .. mT |. V2 V2\ (V2 V2 
(cos = + j sin 7) (cos 5 — jsin >) = 5) ae 5) >) —J 5 


1 JZ fh t£.1 
ee, =-4$-=1=P=(z/. 
2 4 4 2 2 2 


6.46. By inspection, 


zz 


ae 
3 


i 


c= lle" =e? k=l, age) =¢= 


—S_ WwW 


Rodi Tw .. 
z= |z| (cosg+ jsing) = | (cos = + jsin 5 


which is identical to 


1 3 
=5+i 2 (see A. 6.36). 


Therefore, in Euler’s form 


6.4 Euler Identity 


266 ea : Pate a 
Peg ee ge ee eg 
or in polar form 


xe - 
za=eis 3) aes, 


Also, product of z z* = |z|? is therefore 


zo aeise Si = eI ItCID = oP 1 = |I1/* = |z/? or 
; ( * 4 jsin2) ( 1 sin) Ey ve 1 V3 
= {cos — sin — cos — — sin — — 
= greens g 2s 2°72) \a7/ 


I (9 WB. 3 1, 2 
. . . 1 12 2 
4 PA ye ae a i) 


6.47. By inspection, 


g=lzle?=ef2 + |g) =1, arg(z) =9= 


—"_—*N 


; a a 
z= |z| (cosg+ jsing) = | (cos > + j sin 5 


which is identical to 


=0+ ) (see A. 6.32). 


Therefore, in Euler’s form 


as _. 40 P wu .. 
Z=cos—+Jsn= .. 7 =cos-—Jsin = 
2 2 2 2 
or in polar form 

fan? 4 gee ls 


Also, product of zz* = |z|? is therefore 


gpeadt eta Qi) =P =1= iP =|z\? or 


zz = (cos + jsin =) (cos 5 — jsin>) =@+f0) (0- j1) 


=P l= 1 = v= Iz|*. 
6.48. By inspection, 


j 3 37 
z=lele@ seit zl =1, arg@=9=— 


4 
ae 370 _, 3x 
z= |z| (cosg+ jsing) = | cos [+ j sin [- 


which is identical to 
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2. 4/2 
= —— + j— (see A. 6.37). 
2 2 
Therefore, in Euler’s form 
3 Lae 30 * 3 .. 30 
= cos — sin — |, = cos — — j sin — 
rae . 4 7°4 


or in polar form 


Also, product of zz* = |z|? is therefore 


» 37 » 37 . 3r\4 » 3a 
zetaei test =eVItCiD) =P =1=]1P =(z\* or 


‘ aa pe get ‘due = v2, V2 v2_ v2 
_ ie coe a aS eal ae a ges 


ce, ee ae ee ae 
eh ed gS gg 


6.49. By inspection, 


j om 5x 
cage" Se" « geal. aeSeo= = 


oe 51 _, Som 
z= |z| (cosg+ jsing) = | GOs J Si 


which is identical to 


3 1 
= = + J5 (see P. 6.38). 
Therefore, in Euler’s form 
ase os De 4 Pe ue 
Z= 6 J 6° a 6 J 6 


or in polar form 


Also, product of zz* = |z|? is therefore 


. Sa . 5 5), . Sa 
zraete st =e) =P H1H=|1[? = |Z)? or 


: OT agin OF 5x .. 5x v3, 1 V3 1 
= cos — sin — cos — — sin — = = _ — 
a i ea a 8 = eT I5 2° 43 


By OS yt Fag tai 
A ae ae ag 
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6.50. By inspection, 


z=|ge" =e" ~ | =1, ae@=o=r 


z= |z|(cosg+ jsing) = | (cosz + j sinz) 


which is identical to 


=-—1+ 0 (see A.6.32). 


Therefore, in Euler’s form 


z=cosm+jsinn .. z* =cosx — j sina 


or in polar form 


z=el™ “ Zoe”, 
Also, product of zz* = |z|? is therefore 


(j m)+(-j 2) 


zei~=ei"™e J" =e ==1= [1 =(z\* or 


= (cosz + j sinz) (cosa — jsinz) = (-1+ j0) (-1-j0)=1= r= 


6.51. By inspection, 


: ib 30 
z= |zle? = el F 2 [zl =1, Se 
— 51 _, oa 
z=|z| (cosg+jsing) = | ee eS 
which is identical to 
= “2 “fe (see A. 6.39). 
Therefore, in Euler’s form 
5 ied 5 5 5 
= cos — sin — |", = cos —— — j sin — 
. qd" J goa 


or in polar form 
j Sx = 
cae for See. 


Also, product of z z* = |z|? is therefore 


. Sa . 5x «Sey, 7: 5a 
eraei tel =I D =P =1=]1P =(z\* or 


2 
Iz|-. 


* = ( cos am egg cos a payee = v2 
—— ee aa ge gE) SB 
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i st 1 gi _ re 
a Oe ea ae 
6.52. By inspection, 


30 
2 


Z= Izje/? = ef t . (zl=1, arg)=g= 


wl a 


a 370 _. 30 
z=(z|(cosp+ sing) = | cos = tj sin 


which is identical to 


=0-j1 (see A.6.33). 
Therefore, in Euler’s form 


3 4 is cA 30 . 3n 
= COs — sin — ., = cos — — sin — 
‘ 2775 z z Js 


or in polar form 


Also, product of zz* = |z|? is therefore 


- 3x - 3x +37), 30 
gfadte IT eel ID Pa1=|l*= \zP oo 
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3 3 3 3 
ca? = (cos + jin) (cos $F - jsin 2) = 0-40 (0+ j1) 


2 


=—f1l=1=2=)z/’. 


6.53. By inspection, 


~ 


: In c14 
z= |zlel? =e |zel =, ag) == = 
— 70 _. IW 
z=(z|(cosp+jsing) = | cer Ra a aa 


which is identical to 


Soof (see A. 6.40). 


Therefore, in Euler’s form 


hia 2 4 ‘ 70 ._, It 
= cos — sin — | = cos — — j sin — 
Z te) q J ra Zz 4 J mn 


or in polar form 
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Also, product of z z* = |z|? is therefore 


“In _; In Ty 1 (_; it 
zetaei te lt =e Pt P= PH=1H=|1) = lz? or 


: TF as . 70 70 _, In /2. V2 v2. v2 
= {| COS — sin — cos — — sin — = 
qo ee A qe a g 73 2°19 


to oe ee ee 
i a a ae a ee 


6.54. By inspection, 


z= (zie? = ae & Iz) =1, arg(z)=9= iin eye 
6 6 
11 11 

z= |z| (cosg+ jsing) = | (cos _ + j sin =) 

which is identical to 
3 1 
= . -—j 5 (see A. 6.41). 
Therefore, in Euler’s form 
me ' llz : llz _, Illa 
= cos —— sin — ., = cos —— — j sin —— 

7 gg 7 6 7 6 


or in polar form 


Also, product of zz* = |z|? is therefore 


cg 


» Ia os TT » liz), » lin 
zviaelo ele =eU eC) = MP =1=/1P = lz? or 


+ = (co 8 4 j sin ™) (cos 1 — sein ™) KE v3 1 3 al 
a Lae: aaa Me 


a A wh 41 31 5 
i Page a a [z| 


6.55. Given polar form, note that all numbers are positive and that absolute value of a positive 
number is the same number; thus, by definition 


and ar. a 


6.56. Given polar form, negative number must be also counted as complex, i.e., 
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_j Sn _ | Sn i _j Sn (5 ix 
g= dest j= -1 x 2x elt =e xIx ett =e! F-7F) = Delt 


a 
|Z] =2 and arg(z) = 9 = &. 


6.57. Given polar form, negative number must be also counted as complex, i.e., 


1 A 1 ; 1 | Tn 1, a 1 un 
Z= ~;elt = -Ix5xelf = e/” x ie a =5e* 
1 ose, 32 87 1 oan 
ict) CEta) = WO = = Jy 
7° z 20 0} md 
Ie|=> and arg(e)=9 == 
=- and ar =~=—. 
nae ee a 
6.58. Given polar form, by definition 
z= (V2 elt)? = (V2) (e/3)” = 2/9? =2¢e/7 
or 
4 .. FW : : 
=2 (cos $+ jsin >) =2(0+4+ 71 =2); 
therefore, 
a 
lz} =2 and arg(z)=g= 3" 

6.59. Given polar form, 

z= (3e/f) = eff =27e!" of =27(-1) =—27; 
therefore, 

lz) =|—27|=27 and arg(z)=gp=TZ. 

6.60. Given polar form, 

» 5a 5 +» 257 » 20x 14 77 - 7 

za (4elF) a ahelt = 45 el ES — (20 x 24 = 0} = 2! e!% = 1024/8: 


therefore, 


Iz] = 2! = 1024 and arg(z)=y = =. 


6.61. Given polar form, 


jz \4 be jt x4 lin x3+ 1, 
z=(02e/7%) = —) e/4 ee ee ae x sa0) = — We 
5 625 625 


6.5 Rational Powers 


therefore, 


1 1 
[z| | 625 | 625 and arg(z)=g=27 


6.62. Given polar form, negative number must be also counted as complex, i.e., 


— (-3e4s)° = (—3)3 e483 2.97 Se = at $97 6 eo oP 7 
—27 ei (7-4) —27 elt or = 27); 
therefore, 
|z] = 27 and 


a4 
aE) =O = 5 


6.5 Rational Powers 


6.63. Radicals are converted into fractional powers, so that 


( Tee ss V2 toa V2 
= (cos — sin = ; 
co 4 J A J a? 
therefore, 
/2 J/2 S14 
Re (z) = —, Im(z)= —, |z|=1 and arg(z)=g=—. 
2 2 4 
6.64. Radicals are converted into fractional powers, so that 
ax 1 i 
a=V—j=(-ja(e?) sei 


( *) a i ( =) 
r = cos | —— sin {| —— 
° 4) *4 4 


{cos(—x) =cosx, sin(—x) = — sin x } 


nels 
=cos— — j sin—= 
4 


4 


V2 v2 
3 J? 


therefore, 


Re (z) = 2 Im (z) = = 


od 
Iz] =1 and argz)=9= 7 
Note that —j is complex conjugate of j. 
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6.65. Radicals are converted into fractional powers, so that 


fe cl on a uA V3 1 
ee i3)\3 — pik = ue a ae re ss oh, 
a=Vj (e/7) e or (cos 6 +7 sin =) ; +j 7 


therefore, 


V3 1 
Re (z) = 3” Im (z) = 3° lz} =1 and arg(z)=9g= = 


6.66. Radicals are converted into fractional powers, so that 


za = Jj = (e8)* = ei? or = (cos + j sin) 


therefore, 


XN _ 0 XN 
SS ee Im (z) = sin, lz] =1 and arg(Z) = 9 = — 


6.67. Radicals are converted into fractional powers, so that 


zs = Jj = (e/8)? =e or = (cos = + j sin=) 


; therefore, 


Re(z) =cos—, Im(z)=sin—, |z)/=1 and arg) =y=— 
© (Z) = cos m(z) = sin), z|= an arg(z) = 9 = 75: 


6.68. Radicals are converted into fractional powers, so that 


1 1 1 1 
| 1 \? : 1 in \2 1 (ein) \? 1 oan \ 2 
2= x t= (-54) =(e" x xe!) = (5 xe) =(;xe'*) 
1 
1 2 1 7 1 # 2 
= xe?) = cia Zit aS (cos(- ) + isin(-3)) 
2 J2 2 2 
{cos(—x) =cosx, sin(—x) =— sin x } 
V2 wm ,.8\ W2 {V2 J2\ 1 21 
= — [cos— — jsin = =f =I5 dy? 
2 4 4 2 2 2 2 2 
therefore, 


1 1 J/2 ie 
Re () = 5, Im (z) =—>, Ik = and arg(z) = 9 = —7. 


Note how the negative sign propagated and modified arg(z), as well as the equivalence between 
37/2 = —1/2, which is negative argument. 


6.5 Rational Powers 


6.69. First, 


l-j «. Re@=1, m@=-1 .. |l-jl=VP2+(CD2 = v2 
*. arg”. — j) = atan2 (Im (z) , Re (z)) = atan2 (—1, 1) = -_ 
;therefore, its polar form is 


1-j=v2e4% 


so that 


n= A= = (Vie Ht)’ = (WH eI)! = 2b I 


30 43m gy 
=2ie/% =/8e/* ; therefore, 


3m 


Va=7'|= 8, ae(Va=7") =- 3 


6.70. First, 


Ib .. 1 _ 1 
+f? 7¢+2j-7 2 2 


1 
1 eee 1 oa 1 ix 
bee 5 — = (5 -) a ef5%3 = == e/* = therefore 
d+ J) 2 /2 /2 


so that 


i 4 11 
“\y arn) 2 72 


6.71. As powers on complex number increase, both its modulus and its argument increase as 


n=0: (2/)°=1, «. Re(z)=1, Im(Zz)=0 
m=1: (2j)'=2), « Re) =0, Im@)=2 


n=2: (2jP =4j? =—-4, ». Re(z)=—4, Im(z) =0 
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Fig. 6.4 Example P.6.71 


n=3: (2j) =8j? =—8j, «. Re(z)=—0, Im(z) =—-8 
n=4: (2j)'=16j4=16, -. Re(z)=16, Im(z)=0 
n=5: (2j)? =32j° =32j, «. Re(z)=0, Im(z) = 32 


a9 


thus, as n —> 00, creating progressively expanding spiralling trajectory where |z| — oo and arg(z) > 
oo x 27 (see Fig. 6.4). 


6.6 Complex Equations 
Due to symmetry, solutions of complex equations are symmetrically distributed in the complex plane. 


6.72. Note that being the only two solutions of quadratic equation, z; and z2 are located 
diametrically opposite in the complex plane, i.e., in J and 7/J quadrants (Fig. 6.5): 


dl 2. af 

Z1 =cos—+ 7 sin— = — 4+ j— 

4 4 2. 2 

pee . 2 _ a. wh 

i oh AES = j? 

: . , ce ae v2 v2 
1 “a “a —— at =— = 

lel = j} =(e/8)! =e! Re go ga Ig 


6.73. Note that being the only two solutions of quadratic equation, z; and z2 are located 
diametrically opposite in the complex plane, i.e., in 7V and // quadrants, Fig. 6.6: 


Pa-j o. Ve=VRj 


1 


[z| = (-j)2 => (e/ 8)? = elt 
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Fig. 6.5 Example P.6.72 


Fig. 6.6 Example P.6.73 


a ao eee 

=cos— — 7 sin— = — — j—— 

Pe a oe es a 
be te V2 V2 
= TI: 


6.74. By separating real and complex parts of this complex equation, it follows that 


(2+ 3j)x+3+2j)y=1 
2x+3jx+3y+2jy=1 
(2x + 3y) + 3x + 2y)j =14+ 0) 


2x+3y=1 
3x +2y =0. 


This system of equation is solved, for example, by Cramer’s rule as 
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23 
A =\4_|— 99S =) 20 
13 Ax 
Ax =|92|=2-9=2 a 
21 
Ay = ee ee ee 
y 30 0-3 3 
6.75. Given 
2 : 
z=5412j 


Method 1: First, convert z? to polar form, and then calculate z, as 


5a 127 


6 Complex Algebra 


12 
[5+ 12j7| = V52+ 12? = 13, arg(5+ 12/7) = arctan z (7 quadrant) 


5 ae 12] = 13 ef aretan(12/5) 


22 = 13e/ arctan(12/5) 


2 -VB (cos Gas 


2 = - 


2 


2 


arctan(12/5) 


. arctan(12/5) 
* z=dtvi3e 2 


Js 
so 


arctan(12/5) 


arctan(12/5) 


eee 
ee 


where the last calculation may be done numerically or with trigonometric identities that are not 
presented in this book. 


Method 2: Being a complex number, algebraic form of z must be 


By the equivalence of real and complex parts, it follows that 


z=a+b)j, (a,b)EeR 


therefore, 


2? =a? + 2abj — b? = (a* — b*) + (Qab) j. 


2 = 5+ 12; = (a* — b*) + (ab) j 


The last equation is bi-quadratic, that is, 


2ab=12 .. 


ab=6>a= 


SLD 
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36 
i =5 -. 36—b* =5b° 
b+ 5b? —36=0 


b+ + 9b" — 4b* —36=0 


b’(b? +9) — 4(b* +9) = 0 
(b> — 4)(b*> +9) =0 
(b —2)(b+2)(b +9) =0. 


Note, due to b € R, that only real roots are acceptable; therefore, 


b = +2, b . =S >- = =m 
12 , bye €C oa ; +9 3 


71 =342j % =—-3-2). 
Therefore, 


IZ1,2| = V¥3?4+2? = V13 
arg(zi) = atan2 (2, 3), (in T quadrant, ~ 33.69°) 
arg(z2 ) = atan2 (—2, —3), (in III quadrant, ~ a + 33.69° 213.69) 


= V13 (cos(arctan(2/3)) +i] sin(arctan(2/3))) 
2 =Vv13 (— cos(arctan(2/3)) — j sin(arctan(2/3))) . 


6.76. One possible way to solve this equation may be as follows: 
4+84+8V3j7=0 «. ch =-8-8V3j = lzole’” 


where |Zo| = | — 8 — 8/3 j| and go = arg(—8 = 8/3 j); thus, 


-8-8V3j .. lzol = V (8)? + (-8V3)? = V4 3x = VEx = VAVE = 16 


Img) _ -8-v3 © 
~ Re(z)  =8—1 =wv3 


g = atan2 (-v3, -1) (in III quadrant) 


tan @o or 


(<0) cA 4a 20 
eee 7 3 3 3 


» 40 
- gi=l6el>. 
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Note that being fourth-order polynomial, it is necessary to correctly “unfold” the total of four 
distinct solutions for z. One possible method may be as follows | a? = |x| |: 


t= l6elF +. y= 4(I6e/F)" =44e!F 


z= 4el3 
+ Qn a . On . Qn » Sa 
wa=—4Ael t =e hel =4ei@tF) = 40/7 
and, again, 
Pe 
on\ 3 a 
Zea (4e/*) = 42e/3 


So, 
zy = 2e/3 
z3= —2el¥ = el™2e/F = 2e/F 
gp dele 
w= el? =ei™2eiF =e. 


Closer inspection of the four roots shows that their arguments are symmetrically distributed on the 
circle perimeter, that is to say, step between any two roots must be 7/2 (see Fig. 6.7). So, starting 
with z;, general form of the roots may be expressed as 


where, k = 0, 1, 2, 3. 


Fig.6.7 Example P.6.76 
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This kind of root distribution is general. For example, in the case of second-order equation, its two 
roots are separated by 27/2 = m angle. Or if third-order equation, its three roots are separated by 
27/3, etc. 

In summary, 


JA wla wla 


call 
k=1 za = 2[cos( +5) +Jsin($+5)|=-v3 +. 
k=2 23 =2|cos(L +) +j sin(S+)|=-1-jv3. 
k=3 z= 2[cos (54+) +7 sin(F4 = |] = v3- 


Proof: Each of the four solutions z;,2,3,4 should be verified, for example, 


i 4+8+48/3i =0 


(%)) 
Ll 
2e \6 +84+8V73i=-0 


(OW . An 
1 0+ — 
loe V3 3/4848/3i= 
4 4 
16 Jeos (=) +: sin (=) +84 873i =0 


-$— 8/51 +8+8/5i =0 


0=0v. 


6.77. This kind of equation may be solved, for example, by enforcing the same form on both sides 
of the equation, as 
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1 1 m 1 
x+jy 2+j -2+4+4j 
Rk 4+4j 424 j 5j 5j 1 1 


~ Q@+fNC2+4jf) —448j7—-27-4 8467 —8, GK 6 BF 


Ta a 


1 1 


xtjy 6, 8 
5°45 


Therefore, by inspection of left and right equation sides, 


8 
— d =. 
xX 5 an y 5 


Check for 
updates 


Bode Plot 


Decibel unit is used as a relative measure G between two quantities A; and A. There are two types 
of quantities: a quantity proportional either to power or to voltage. The former has multiplying factor 
”10”, while the latter has multiplying factor “20”, as 


def 


Gap = 


A2 def A2 
10 log rn or, Gap = 20log a 
1 1 


“dBm” unit is used as an absolute measure G of quantity Ay normalized to 107? (i.e., “milli” on the 
engineering scale): 


def A2 def A2 
Gapm = 10 log 103 or, Gapm = 20 log 10-3" 


Decibel scale (power) notes the relationship between number of zeros in the ratio and the calculated 
value. 


Ratio Calculation [dB] Ratio Calculation [dB] 
1/1000 10 log(1/1000) = 10 x (—3) 30 1/8 10 log(1/8) = 10 x (—0.9) —9 
1/100 10 log(1/100) = 10 x (—2) —20 1/4 10 log(1/4) = 10 x (—0.6) —6 
1/10 10 log(1/10) = 10 x (—1) —10 1/2 10 log(1/2) = 10 x (—0.3) —3 
1 10 log(1/1) = 10 x (0) 0 1 10 log(1/1) = 10 x (0) 0 
10 10 log(10) = 10 x (1) 10 2 10 log(2) = 10 x (0.3) 3 
100 10 log(100) = 10 x (2) 20 4 10 log(4) = 10 x (0.6) 6 
1000 10 log(1000) = 10 x (3) 30 8 10 log(8) = 10 x (0.9) 9 


Note that each ten times increase translates to addition of 10 dB for quantities proportional to power 
or to 20dB for quantities proportional to voltage. In addition, each division by factor 10 translates 
to addition of —10dB for quantities proportional to power or to —20dB for quantities proportional 
to voltage—thus, the common expression “ —20dB per decade’. Similarly, each 2 times increase 
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translates to addition of 3 dB for quantities proportional to power or to 6 dB for quantities proportional 
to voltage. In addition, each division by factor 2 translates to addition of —3dB for quantities 
proportional to power or to —6 dB for quantities proportional to voltage. 


Basic building blocks of transfer functions: In engineering, instead of using letter i as the complex 
number, letter j is used instead (the “i” is already used to indicate AC current). In this book, there 
is no distinction between the two. General forms of four basic, first-order building blocks H(jx) of 
complex transfer functions are 


Ay (jx) = ao (7.1) 
. . x 
Ay (jx) = j— (7.2) 
Xo 
; x 
A3h(jx) =1+j— (7.3) 
x0 
; 1 
Hy(jx) = — (7.4) 
1+j— 
Xo 
where ay, x0 = const. € Rand j? =i* = —1. As arule of a thumb, the phase Bode plot covers 


a four-decade interval centered around xo. For example, if x9 = 1 = 10°, then two decades above are 
10! and 102, and two decades below are 10~! and 1072, which makes the interval from 0.01 to 100. 


Problems 


7.1 Basic Complex Functions 


Study and sketch piecewise linear approximation Bode plots of complex functions in P.7.1 to P.7.12. 
Assume that quantity x is proportional to voltage. 


7.1. z(x) = —2 = 1 7. ; _ Reus 
7.2. z(x) = To 3. 2(4) = j 2 
7.4. x(x) =j— 7.5. 2x)=1+j— 76 ey —147= 
ne aN da WwW. ZX) = IZ 0. ZX) = S70 
x Aa 
7.7. aa)=1—j 7.8. A= tS iG 7.9. 2(x) = —— 
l+jz 
2 
1 1 1 
7.10, 2) = ——= 7.11, 20) = ——~= 7.12, 2) = x 
i70 bag ~ S50 
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7.2. Bode Plot Examples 


Sketch Bode plot of functions in P.7.13 to P.7.16. Assume that quantity x is proportional to voltage. 


: _ x 1+ jx 
7.13. ee oe ei a 
8. 2x) = (1 jx) (1+ 5) 714. 2(x) = 500 
10-43 Bag 
6. =i 7.16. z(x) = 20000 aa 


100 + jx 220 jx + 4000 — x? 
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Answers 


7.1 Basic Complex Functions 
7.1. Given z(x) = —2, Bode plot of this function may be derived as follows: 


(a) Module (gain) limits: The general form is (7.1), and a real constant is not a function of any 
variable; thus, 


z(x)| = |-2| =2 


lim z(x)| = lim 2 =2 => (|z(x)laza = 20log2 = 6dB 


lim z(x)| = lim 2 =2 => (|z(x)lazg = 20log2 = 6dB 
lim |z@)|= lim 2=2 => |{z(x)|an = 20log2 = 6dB 
x—>-+00 x—-+00 


which is to say that module graph is a constant 6 dB line (see Fig. 7.1 (left, top)). 
(b) Phase limits: The imaginary part 3(z) equal to zero, and the real part t(z) is a negative number; 
therefore, by definition (see Chap. 6), 


S(z) 
H(z) 


O(z) = arctan = atan2 (0, —2) = 180° = +2 = const. 


Therefore, its phase graph 0(z) is a constant line equal to 2 (see Fig. 7.1 (left, bottom)). 

(c) Bode plot interpretation: A real constant (a.k.a. “gain’’) is not a function of variable x. Negative 
gain, however, indicates the phase inversion, thus @(z) = 7, as in the well-known inverting 
amplifier. 


7.2. Given z(x) = 1/10, Bode plot of this function may be derived as follows: 


20 _ 0 
= aa 
FB 
= 0 Ss Os 0 OOo SS 
= w 
= 7 20 - —____ 
20 aa 
& 90 eS OT Ts 
> 3 
——— acer —90 
0.2 2 20 1 10 100 
x x 


Fig. 7.1 Example P.7.1 
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(a) Module (gain) limits: The general form is (7.1), and a real constant is not a function of any 
variable; thus, 


Fe fe ee 
XxX ed (i 
: 10; 10 


1 1 
lim Iz(x)| = iim 10 ~ 10 => |z(x)lag = 20log 107! = —20 log 10 = —20dB 
lim |z(x)| = hi es |z(x)|az = 20 log 107! = —20log 10 = —20dB 
Pee ae = 10 10 => [Z(X) la = og = og 10 = 
. 1 1 = 
dim le@l = lim 59 = Tia lz(x)lap = 20log 107! = —20 log 10 = —20dB 


which is to say that module graph is a constant —20 dB line (see Fig. 7.1 (right, top)). 
(b) Phase limits: Imaginary part 3(z) equals zero, and real part $t(z) is a positive number; therefore, 
by definition (see Chap. 6), 


O(z) = artan| 5 mal = atan2 (0, !/10) = 0° = const.. 


3(Z 
HZ) 
Therefore, its phase graph 6(z) is a constant line equal to 0° (see Fig. 7.1 (right, bottom)). 
(c) Bode plot interpretation: A real constant (a.k.a. “gain’’) is not a function of variable x; fractional 
gain, however, is equivalent to negative gain if measured in dB units. Positive gain means that 
there is no phase inversion, thus 6(z) = 0°, as in the well-known non-inverting amplifier. 


7.3. Given z(x) = j*/2, Bode plot of this function may be derived as follows: 


(a) OdB point: By comparison with the general form (7.2), x9 = 2. 
(b) Module limits: Real part %(z) equals zero; thus, 


kool = |75| 
XxX — = 
a In| 9 


lim [z(x)| = lim 5 =F = bina Wied — 
lim [z()| = lim 5 =1 > |z(x)lag = 20log1 = 0B 
Xx 
lim |z@)|= lim >=+0o => |z(x)lan = 20log(+00) = 
x—>+00 x—>+00 2 


(c) Module (gain) plot: In log-log scale, this function (in decibels) is linear. Thus, in order to 
determine linear function, it is sufficient to calculate coordinates of two points. Convenient choice 
is to calculate z(x) at x = 0.2 (ten times smaller) and x = 20 (ten times greater) than x9 = 2 as 


0.2 1 
z(x = 0.2) = 20 log (=) = 20 log (=) = —20dB 
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20 1 — - : — 20 
8 +20 4B/dec | +20 4B/dec | 
® = i . i 
J 
eo = o- 7 
S S 

~90 L—+} Lt ~90 

02 2 20 1 10 100 
x x 


Fig. 7.2. Example P.7.3 


20 
z(x = 20) = 20log (>) = 20 log (10) = +20dB 


which is to say that gain increases 20 dB for each tenfold increase of x (Fig. 7.2 (left, top)). 
(d) Phase limits: Real part t(z) equals zero, and the imaginary part 3(z) is positive number; thus, in 
the first quadrant by definition (see Chap. 6) 


3(Z) 
HZ) 


O(z) = arctan | 5 |= = atan?2 (+/2, 0) = arctan (+ - i = . = const.. 


Therefore, its phase graph @(z) is a constant line equal to 7/2 (see Fig. 7.2 (left, bottom)). 

(e) Bode plot interpretation: Gain of this function, as measured in dB, is directly proportional to the 
variable x. For any tenfold increase of x, there is “20 dB/decade” gain. Phase, however, is constant 
and fixed to 2/2 (i.e., the phase of +/). 


7.4. Given z(x) = j*/10, Bode plot of this function may be derived as follows: 


(a) 0dB point: By comparison with the general form (7.2), x9 = 10. 
(b) Module (gain) limits: Real part R(z) equals zero; thus, 


Ik] = Vip a| == 


lim |z(x)| = im 1 =0 => ({z(x)lag = 20log0 = —oo 


lim |z(x)| = lim —=1 5 |z(x)lgs = 20log 1 = 0dB 
x10 x>10 10 


Xx 
lim |z(x)|= lim —=-+00 = (z(x)lap = 20log(+00) = 
x—>-+00 x>+00 10 
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(c) Module (gain) plot: In log-log scale, this function (in decibels) is linear. Thus, in order to 
determine linear function, it is sufficient to calculate coordinates of two points. Convenient choice 
is to calculate z(x) at x = 1 (ten times smaller) and x = 100 (ten times greater) than x9 = 10 as, 


1 
Z(x ) og (;s) 
100 
z(x = 100) = 20 log To = 20 log (10) = +20dB 


which is to say that module increases 20 dB for each tenfold increase of x (Fig. 7.2 (right, top)). 
(d) Phase limits: Real part 9t(z) equals zero, and imaginary part S(z) is a positive number; by 
definition (see Chap. 6), 


x 


(2) : 3(z) tan? ( 0) : 10 W ; 
= ——}= */10,0) = —)= == . 
z) = arctan Re atan2 (*/10, arctan 7 7 = cons 


Therefore, its phase graph @(z) is a constant line equal to 7/2 (see Fig. 7.2 (right, bottom)). 


7.5. Given z(x) = | + j*/2 where both real and imaginary parts are positive, module and phase of 
a complex function (see Chap. 6) that make Bode plot may be derived as follows: 


(a) 3 dB point: By comparison with the general form (7.3), x9 = 2. 
(b) Module limits: Both real and imaginary parts are present; thus, 


ieo)| = |1 +75 | = 20108 /1 + (5) (7.5) 


2 
lim |z()| = lim, 1+(5) =1 5 [z(x)lag = 20log 1 =0 
2 
lim |z()| = lim 1+ (5) =J/2 => |c(x)lan = 20log V2 = +3dB 


x 2, 
lim |z(x)|= lim ,/1+ (5) =+00 => |z(x)laz = 20log(+00) = too. 
x—>-+00 x—>-+00 2 


(c) Module (gain) plot—Hand analysis of nonlinear function (7.5) is done by piecewise linear 
approximation as follows: 
(a) x > 0: |z(x) lag = OB. 
(b) x = 0.2 : i.e., at 1/10 of xo or less 


0.2\2 2 
\z(x) lap = 20log ,/1+ (=) = 20log,/1+ (=) 


={i>4 ee i] 
io io) ~ 


= 20 log 1 = OdB. 
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(c) x >> Xo : That is to say, at ten times of x9 or more, */m >> 1 => I+ (2/9)? ~ (X/x)? 


x\? x\ x 
|z(x) lan = 20 log 1+ (=) = 20 log (=) = 20 log | — 


Xo Xo 


Xo 
= {log © =loga— log } = 20log|x| — 20log xo 
b tg eee 
const. 


In conclusion, for x >> xo, module |z(x)|ag function asymptotically follows function x (on 
log scale) that crosses horizontal axis at x = x9. 
Therefore, piecewise linear approximation of z(x) = 1 + j+/2 is 
O<x <2 :|z(x)la ¥ 0 
x =2 : |z(x)\ag = +3dB (this is the exact value) 
x >2 :|z(x)lan * x (slope) 
which is to say as the function limits are the same for both exact and approximated functions, the 


largest error of piecewise linear approximation is 3 dB at x = 2 point (Fig. 7.3 (left, top)). 
(d) Phase limits: Both real and imaginary parts are present; thus, in the first quadrant, 


S(Z) 


x 
6(z) = arctan Es 


= atan2 (*/2, 1) = arctan (5) (7.6) 


. : x ° 
jim O(x) = tim arctan (5) = arctan(0) = 0 


; ; x 1 TU 
lim 6(x) = lim arctan (=) = arctan { — } = — = 45° 
x2 x32 2 1 4 


lim 6(x) = lim arctan (5) = arctan(oo) = = 90°. 
x—>-+00 x—>-+00 2 2 
(e) Phase plot—Hand analysis of nonlinear function (7.6) is done by piecewise linear approximation 

as follows: 
(a) x > 0:0(x) = 0°. 
(b) x = 0.2 : ie, at 1/10 of xo 

@(x = 0.2) = atan2 (0.2, 2) = arctan(0.1) = 5.7° + 0°. 
(c) x = 20: i.e., at 10 times of xo 

6(x = 20) = atan2 (20, 2) = arctan(10) = 84.3° + —90° = a 


Therefore, piecewise linear approximation of 6(x) = arctan(x/2) is 


0 <x <0.2 :A(x) 0 
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x =0.2 :0(x%) =5.7 ©0 


x=2 :0(x)=45° = “ (this is the exact value) 


x = 20 : A(x) = 84.3° © 90° 
x > 20 : A(x) © 90° 


which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 5.7° atx = xo/10 and 10 x9 points (Fig. 7.3 (left, 
bottom)). Note that 9 = 45° is found at x = xo. 


7.6. Given z(x) = 1 + j+/10, module and phase of a complex function (see Chap. 6) that make Bode 
plot may be derived as follows: 


(a) 3 dB point: By comparison with the general form (7.3), xo = 10. 
(b) Module limits: Both real and imaginary parts are present; thus, 


ica) = |1 + j~| = 2010g,/1 + (2) 77) 
BOS etl ag | nee 10 


2. 
lim [z(x)| = lim 1+(=) =1 > |z(x)lag = 20log1 = 0B 


Xx 


2 
=) =/2 = ([2(x)len = 20log/2 = 4348 


li = lim ,/1 ( 
Parsrt le(r)| Para 1 


Xx 


2 
a) =+00 = |z(x)las = 20log(+o0) = +00. 


lim |z(x)| = lim 1+( 
X—+>-+00 


x—-+00 
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(c) Module plot—Hand analysis of nonlinear function (7.7) is done by piecewise linear approxima- 
tion as follows: 
(a) x > 0: |z(x)|ag = OGB. 
(b) x = 1: 10e., at 1/10 of xo or less 


ei se te ) oe i a 
Xx = Oo — = fae oes ~ 
Zz dB g 10 > 10 => + 10 


~ 20 log 1 = OGB. 


(c) x > xo : At ten times of xo or more, that is to say, */m >> 1 => I+ (*/x0)? ~ (*/x0)? 


2 2 
|<(x)lan = 20 log ,/ 1 + (=) ~ 20log,| (=) = 20 log 
x0 X0 


= [log = = loga — log | = 20log |x| — 20log xo 
b Ree 


x 
Xo 


const. 


In conclusion, for x >> xo, module |z(x)|gg function asymptotically follows function x (on 
log scale) that crosses horizontal axis at x = xp. 
Therefore, piecewise linear approximation of z(x) = 1 + j*/10 is 
O>x<10 : |z@x)laz ¥ 0 
x = 10 : |z(x)|ag = +3dB (this is the exact value) 
x > 10 : |z(x)lan © x (slope) 
which is to say as the function limits are the same for both exact and approximated functions, the 


largest error of piecewise linear approximation is 3 dB at x = 10 point (Fig. 7.3 (right, top)). 
(d) Phase limits: Both real and imaginary parts are positive; thus, 


3(z) 
H(z) 


O(z) = artan| = atan2 (4/10, 1) = arctan (=) (7.8) 


lim 6(x) = lim arctan (=) = arctan(0) = 0° 
x0 x>0 10 


: . x 1 Tw 
lim @(x) = lim arctan (—) = arctan{ — ) = — = 45° 
x10 x10 10 1 4 


lim i= te arctan (=) — arctan(oo) = — = 90°. 
x—>+00 x—>+00 10 10 


(e) Phase plot—Hand analysis of nonlinear function (7.8) is done by piecewise linear approximation 
as follows: 
(a) x > 0:0(x) = 0°. 
(b) x =1:1e., at 1/10 of x9 
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1 
6(x = 1) = arctan { — ) =5.7° © O°. 
10 
(c) x = 100: 1e., at 10 times of xo 
100 IT 
6(x = 100) = arctan a0; = arctan(10) = 84.3° = 90° = 5 


Therefore, piecewise linear approximation of 6(x) = arctan(x/10) is 


O<x <1 :0(x) +0 
x=1 :0(x)=5.7 0 


x=10 :@(x) =45° = 7 (this is the exact value) 


x = 100 : A(x) = 84.3° © 90° 

x > 100 : A(x) © 90° 
which is to say as the function limits are the same for both exact and approximated functions, 
the largest error of piecewise linear approximation is 5.7° at x = xo/10 and 10 xo points 


(Fig. 7.3 (right, bottom)). Note that 6 = 45° is found at x = xo. 


7.7. Given z(x) = 1 — j*/2, module and phase of a complex function (see Chap. 6) that make Bode 
plot may be derived as follows: 


(a) 3 dB point: By comparison with the general form (7.3), x9 = 2. 
(b) Module limits: Real part is positive and imaginary part is negative; thus, 


Ie(a)| = |1 — 7| = 20108 1+ (3) (7.9) 


2 
lim |2(x)| = lim \/ 1+ (5) =1 > |z(x)lag = 20log1 = 0dB 
2 
lim |2(x)| = lim y/ 1+ (5) =/2 > |z(x)lag = 20log-V2 = +34B 


XxX 2 
lim |z(x)|= lim ,/1+ (5) =+400 3 |z(x)lag = 20log(+00) = +00. 
x—>-+00 x—>-+00 2 


(c) Module (gain) plot—Hand analysis of nonlinear function (7.9) is done by piecewise linear 
approximation as follows: 


(a) x > 0: |z(x) lag = OCB. 
(b) x = 0.2 : Le., at 1/10 of xo 


02\" i? 
Iz(x) an = 20 log ,/1+ es = 20log,/1+ {| — 
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={i>7 & Yate =i] 
10 a3: 
~ 20log 1 = OdB. 


(c) x >> 2: At ten times of x9 or more, that is to say, */m >> 1 => I+ (2/9)? ~ (*/x)? 


2 2 
|<(x)las = 20log ,/ 1 + (=) ~ 20 log ,| (=) = 20 log 
Xo XO 


. {log = = loga — log | = 20log|x| — 20log xo 
b ‘ig je! 


const. 


x 
a0) 


In conclusion, for x >> xo, module |z(x)|ag function asymptotically follows function x (on 
log scale) that crosses horizontal axis at x = xo: 


Therefore, piecewise linear approximation of z(x) = 1 — j*/2 is 


O<x <2 :|z(x)lan + OdB 
x =2 : |z(x)lag = +3dB (this is the exact value) 
x >>2 :|z(x)lanp ¥ x (slope) 
which is to say as the function limits are the same for both exact and approximated functions, the 


largest error of piecewise linear approximation is 3 dB at x = 2 point (Fig. 7.4 (left, top)). 
(d) Phase limits: Real part is positive and imaginary part is negative; thus, in third quadrant 


6(z) = arctan Fal = atan2 (—*/2, 1) = — arctan (5) (7.10) 


: : x 5 
lim 6) = lim (- arctan (5)) = —arctan(0) = 0 


: : x 1 4 
lim 6(x) = lim (- arctan (5)) = —arctan| — ) = —— = —45° 
x2 x2 2 1 4 
. . x TU 
lim @6(x) = lim (- arctan (5)) = — arctan(oo) = —~— = —90°. 
x—>-+00 x—>-+00 2 2 


(e) Phase plot—Hand analysis of nonlinear function (7.10) is done by piecewise linear approxima- 
tion as follows: 


(a) x > 0: A(x) = 0°. 
(b) x = 0.2 : ice., at 1/10 of xo 


2, 
6(x = 0.2) = (- arctan (=)) = —arctan(0.1) = —5.7° ~ 0. 


(c) x = 20: ie., at 10 times of xo 
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20 a 
6(x = 20) = — arctan 2 ioe arctan(10) = —84.3° + —90° = 33 


Therefore, piecewise linear approximation of 0(x) = — arctan(x/2) is 


0<x <0.2 :0(x) 0° 
x =0.2 :@(x) = —5.7° © 0° 


x=2 :0(x) = —45° = = (this is the exact value) 
x = 20 : A(x) = —84.3° & —90° 


x > 20 : A(x) © —90° 


which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 5.7° atx = xo/10 and 10 xo points (Fig. 7.4 (left, 
bottom)). Note that 9 = —45° is found at x = xo. 


7.8. Given z(x) = 1 — j*/10, module and phase of a complex function (see Chap. 6) that make Bode 
plot may be derived as follows: 


(a) 3dB point: By comparison with the general form (7.3), xo = 10. 
(b) Module limits: Both real and imaginary parts are present; thus, 


lel = | j—| = 201 fit (2) (7.11) 
BeOS | gy | ae 10 


2 
lim |2(x)| = lim 1+(=) =1 > |z(x)lag = 20log1 =0 


2 
lim |z(x)| = Jim \/1+ (=) =/2 => |z(x)lag = 20log V2 = 43 


20; 


|z(x)| [dB] 
|2(x)| [4B] 


4.20 dB/dec 


6(x) [°] 
8(x) [°] 


0.02 io 3 = 20 ~~ 200 


Fig. 7.4 Example P.7.7 
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x 2 


lim |z(x)|}= lim ,/1+ ( ) =+00 => (z(x)lazn = 20 log(+co) = +00. 
x—>+00 x—>+00 10 


(c) Module plot—Hand analysis of nonlinear function (7.11) is done by piecewise linear approxima- 
tion as follows: 


(a) x > 0: |z(x)|ap = 0. 
(b) x =1:ie., at 1/10 of xo 


|z(x) lap = 201 1+ Es = 1 = 1+ ag 1 
xX oO iw 
z dB g 10 > 10 > 10 


~ 20log1 = 0. 


(c) x > 10: At ten times of xo or more, that is to say, */o >> 1 => I+ (*/x0)? ~ (*/x0)? 


2 2 
|<(x)lan = 20 log ,/ 1+ (=) ~ 20log,| (=) = 20log 
XO XO 


= [log - loga — logb | = 20log|x| — 20log x9 
b SE ae 


x 
Xo 


const. 


In conclusion, for x >> x9, module |z(x)|gg function asymptotically follows function x (on 
log scale) that crosses horizontal axis at x = xp. 
Therefore, piecewise linear approximation of z(x) = 1 — j+/10 is 
O<x <1 :|z()lag + OdB 
1>x < 10 : |z(x)lan ~ OdB 
x = 10 : |z(x)|agg = +3dB (this is the exact value) 
x > 10 :|z(x)lag © x 
which is to say as the function limits are the same for both exact and approximated functions, the 


largest error of piecewise linear approximation is 3 dB at x = 2 point (Fig. 7.4 (right, top)). 
(d) Phase limits: Real part is positive and imaginary part is negative; thus, in the fourth quadrant, 


S(z) 
H(z) 


O(z) = arctan = atan2 (—*/10, 1) = — arctan (=) (7.12) 
lim 6(x) = li t (—))= tan(0) = 0° 
iim x) = lim ( arctan rt ae arctan(0) = 
: : x cd 
lim 6(x) = lim (- arctan (= ) = —arctan(1) = —— = —45° 
x10 x10 10 4 


: : x 4 
lim 6(x)= lim (- arctan (—)) = — arctan(oo) = ——~ = —90°. 
x—>-+00 x—>-+00 10 
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(e) Phase plot—Hand analysis of nonlinear function (7.12) is done by piecewise linear approxima- 
tion as follows: 


(a) x > 0:0(x) = 0°. 
(b) x = 1: ie., at 1/10 of xo 


1 
6(x = 1) = arct —-—)=-5.7° +0°. 
(x ) = arc an( =) 
(c) x = 100: 1e., at 10 times of x9 
100 a 
6(x = 100) = — arctan eT = — arctan(10) = —84.3° + —90° = = 


Therefore, piecewise linear approximation of 0(x) = — arctan(x/10) is 


O<x<1 :0(x%) 0° 
x=1 :0(x)=-5.7 0° 


x= 10 :0(x) = —45° = = (this is the exact value) 


x = 100 : (x) = —84.3° & —90° 
x > 100 : O0(x) © —90° 
which is to say as the function limits are the same for both exact and approximated functions, 


the largest error of piecewise linear approximation is 5.7° at x = xo/10 and 10 x9 points 
(Fig. 7.4 (right, bottom)). Note that 6 = —45° is found at x = xo. 


7.9. Given z(x) = 1/(1 + j*/2), module and phase of a complex function that make Bode plot may 
be derived as follows: 


(a) —3 dB point: By comparison with the general form (7.4), x9 = 2. 
(b) Module limits: This function is inverse complex; thus, 


1 
Iz@)| = x|= (7.13) 
1+j 


lim |z(x)| = iim ——— =1 => |{z(x)lag = 20log 1 =0 


1 2 


I 
= a izle = 20log —— = 3 


J2 


tim |z(x)| = lim SaaTG 
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1 
lim |z(x)| = lim —=0 = |z(x) lap = 20 log 0 =—-o. 
X—>+00 Xx—>+00 i x\2 

=) 


(c) Module plot—Hand analysis of nonlinear function (7.13) is done by piecewise linear 
approximation as follows: 


(a) x > 0: |z(*) ap = 0. 
(b) x € xo : Thatistosay, */m 20 3 14+@/)? © 1 


y+) 


x= —20log1=0. 


1 1 
|z(x) lap = 20 log x 20log ——— = {2=a", loga’ = bloga 


J1+0 x 


(c) x > xo : Thatis tosay, */m > 1 => I+ (2/0)? ~ (*/x0)? 


1 1 Xo 
Iz(x)lag = 20 log ———__- © 20 log —___ & 201og|~| 
=) ye) ¢ 

ee eu as 

XO Xo 


= {log S ieee = logo } = 20log xp —20log |x]. 
b ——$— 
const. 
In conclusion, for x >> xo, module |z(x)|ag function asymptotically follows function —x (on 


log scale) that crosses horizontal axis at x = xo. 
Therefore, piecewise linear approximation of |z(x)| = |1/(. + j*/2)| is 


O<x <2 :|z(x)lag + 0 
x =2 : |z(x)\azg = —3dB (this is the exact value) 
x >2 : |z(x)lag © —x (on log scale) 
which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 3 dB at x = 2 point (Fig. 7.5 (left, top)). 


(d) Phase limits: Real and imaginary parts of an inverse complex function may be explicitly separated 
as 


— 1 iajp 1 8p 
(= TE Rp pe Tee T+ ey 
ee ae 

1+ (p)" 1+ @/2)° 


Therefore, phase 9(z) limits are 


7.1 
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6(z) = arctan Ra = arctan (=") = — arctan (5) (7.14) 
Zz 2 


; , x 5 
lim @(x) = jim (- arctan (5)) = —arctan(0) = 0 

: : x a 

lim 6(x) = lim (- arctan (5)) = — arctan 1 = —— = —45° 
x2 x2 2. 4 


lim 6(x) = lim (- arctan (5)) = —arctan(oo) = = —90°. 
X—+>+00 X—>+00 2 2 


(e) Phase plot—Hand analysis of nonlinear function (7.14) is done by piecewise linear approxima- 


tion as follows: 

(a) x Kx: 6(z) © — arctan (0) = 0°. 

(b) x =0.1x9: @(z) = — arctan (0.1) = —5.7° © 0. 

(c) x = Xo: 6(z) = — arctan 1 = —45°. 

(d) x = 10xo: O(z) = — arctan 10 = —84.3° = 90°. 

(e) x > x0: 6(z) & —arctanoo = —90° 

which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 5.7° atx = xo/10 and 10 x9 points (Fig. 7.5 (left, 
bottom)). Note that 9 = —45° is found at x = xo. 


7.10. Given z(x) = 1/(1 + j+/10), module and phase of a complex function that make Bode plot 
may be derived as follows: 


(a) —3 dB point: By comparison with the general form (7.4), xo = 10. 
(b) Module limits: This function is inverse complex; thus, 


1 
seal == (7.15) 


+20 4B/dee +20) 4B/dec 


|z(x)| [dB] 
|z(x)| [4B] 


Fig. 7.5 Example P.7.9 
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Tim |z(@)| = tim ———_ =1 => (z(*)lan = 20log 1 = 0dB 
+ (75) 
lim |z(x)| = lim = v2 = ola= 20log = —3dB 
x10 x10 x\2 4/2 2 J/2 
{+ G) 
1 


lim |z(x)|= lim ——=0 => [2(x)|ap = 20log0 = —oo. 
—+>-+00 Xx—>+00 1 x \2 
+(z) 


(c) Module (gain) plot—Hand analysis of nonlinear function (7.15) is done by piecewise linear 
approximation as follows: 


x 


(a) x > 0: |z(x) lan = OCB. 
(b) x < xo : That isto say, */x% >O > 14 (*/)? © 1 


1 
\z(x) laa = 20 log ————. © 20 log 


1 
—l1 b 
————— = f- = l — bl 
(zy VT40 {; pee bioga| 
(3) 


x —20log 1 = OdB. 


(c) x > xo : Thatis to say, */m >1 => I+ (2/0)? ~ (2/0)? 


1 1 Xo 
|z(x)|ag = 20 log ————_—- ®_ 20 log —————- ® 201og|~° 
(3) 4G) 

1+({— — 

XO Xo 


= [log = = loga — log | = 20 log x) —20log |x]. 
b age 


const. 


In conclusion, for x >> xo, module |z(x)|ag function asymptotically follows function —x (on 
log scale) that crosses horizontal axis at x = xo. 


Therefore, piecewise linear approximation of |z(x)| = |1/(. + j+/10)| is 


O0<x < 10 : |z(*)|a3n ¥ 0 
x = 10 : |z(x)|ag3 = —3dB (this is the exact value) 
x > 10 : |z(x)lag © —x (on log scale) 
which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 3 dB at x = 10 point (Fig. 7.5 (right, top)). 


(d) Phase limits: Real and imaginary parts of an inverse complex function may be explicitly separated 
as 
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(x) 1 1 — jx/io 1 : */10 
Zx) = ; . = = 
1+ jrfio 1— jx/io | 1+ (*/10)? si + @/10)" 
H(z) 3@=— 
WZ) = ——— a ae Ea 
1+ (*/10)° 1+ (*/10)° 


Therefore, as the real part of this inverse complex function is positive and its imaginary part is 
negative, phase 0(z) limits in the fourth quadrant are 


_ S(z) | —*/10 1 a x 
6(z) = arctan Ea = atan2 ( aed A ) = — arctan ( =) (7.16) 


lim 6(x) = lim (- arctan (=)) = —arctan(0) = 0° 
x0 x70 10 


lim 6(x) = lim (- arctan (—)) = — arctan! = aes —45° 
x10 x10 10 4 


lim @(x)= lim (- arctan (—)) = —arctan(oo) = = —90°. 
x—>+00 x—> +00 10 2 


(e) Phase plot—Hand analysis of nonlinear function (7.16) is done by piecewise linear approxima- 
tion as follows: 
(a) x < Xo: 6(z) © — arctan (0) = 0°. 
(b) x =0.1x9: 6(z) = — arctan (0.1) = —5.7° © O°. 
(c) x = x0: 6(z) = — arctan 1 = —45°. 
(d) x = 10xo: O(z) = — arctan 10 = —84.3° = 90°. 
(e) x > x0: 6(z) © —arctanoo = —90° 
which is to say as the function limits are the same for both exact and approximated functions, 
the largest error of piecewise linear approximation is 5.7° at x = xo/10 and 10 xo points 
(Fig. 7.5 (right, bottom)). Note that 6 = —45° is found at x = xo. 


7.11. Given z(x) = 1/(1 — j*/2), module and phase of a complex function that make Bode plot may 
be derived as follows: 


(a) —3 dB point: By comparison with the general form (7.4), x9 = 2. 
(b) Module limits: This function is inverse complex; thus, 


1 1 
Iz(x)| = z|= (7.17) 
= Is T+ Gy 
‘ 2 
’ : 1 
lim [z(x)| = lim ——— = 1 => (z(x)lan = 20log 1 = 0dB 
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1 — 

ea Je 

ina |z(x)| = 2 =0 > ({z(x)lag = 20log0 = —oo 
X—>>+00 


Ty 


(c) Module plot—Hand analysis of nonlinear function (7.17) is done by piecewise linear 
approximation as follows: 


1 
=> |z(x)laz = 20log rin —3dB 


lim |z(x)| = tim 


V2 
2 


(a) x > 0: |z(x) lag = OCB. 
(b) x < xo : That is to say, */x >O > 14 (*/)? © 1 


1 


1 1 
— a al Bo 
|z(x) lan = 20 log ; ay ~ 201o STO L = , loga = bloga 


~ —20log 1 = OdB. 


(c) x > xo : Thatis to say, */m >> 1 => I+ (2/19)? & (*/x9)? 


= flog = = loga — log | = 20log xp —201og |x. 
b eee) 


Iz(x)lap = 20 log ~ 20 log rw 201og|~| 
Xx 


const. 


In conclusion, for x >> xo, module |z(x)|ag function asymptotically follows function —x (on 
log scale) that crosses horizontal axis at x = xo. 
Therefore, piecewise linear approximation of |z(x)| = |1/(. + j*/2)| is 
O<x <2 : |z(x)lan © OdB 
x =2 : |z(x)\ag = —3dB (this is the exact value) 
x >2 : |z(x)lan © —x (on log scale) 
which is to say as the function limits are the same for both exact and approximated functions, the 


largest error of piecewise linear approximation is 3 dB at x = 2 point (Fig. 7.6 (left, top)). 
(d) Phase limits: Real and imaginary parts of an inverse complex function may be explicitly separated 


as 
ee aes en ere 
x)= = 
x Le Pp 1+ D2 1+ (x/2)° J 1 + (x/2)° 
We) =——, and Ne) = —E 
TE CBP eT 
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Therefore, as both real and imaginary parts of this inverse complex function are positive, phase 
8(z) limits in the first quadrant are 


O(z) = arctan Ea = sand ( 2 : ) = arctan (5) (7.18) 
7 H(z) } L+epy L473") 2 


lim 6(x) = iim arctan (5 = = arctan(0) = 0° 


lim 6(x) = iim 1 aretan (5 i= arctan | = _ = 45° 


lim (x)= lim arctan (5) = arctan(oo) = a 90°. 
x—> +00 x>+00 2 2 


(e) Phase plot—Hand analysis of nonlinear function (7.18) is done by piecewise linear approxima- 
tion as follows: 
(a) x Kx: ~—. O(z) & arctan (0) = 0° 
(b) x =0.1x9: O(z) = arctan (0.1) = 5.7° © 0°. 
(c) x = x0: 6(z) = arctan | = 45°. 
(d) x = 10x9: 0(z) = arctan 10 = 84.3° © 90°. 
(e) x > x0: 0(z) © arctan co = 90° 
which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 5.7° atx = xo/10 and 10 x9 points (Fig. 7.6 (left, 
bottom)). Note that 9 = 45° is found at x = xo. 


7.12. Given z(x) = 1/(1 — j+/10), module and phase of a complex function that make Bode plot 
may be derived as follows: 


(a) —3dB point: By comparison with the general form (7.4), x9 = 10. 
(b) Module limits: This function is inverse complex; thus, 


1 1 
|z(x)| = = (7.19) 


xX 


i oe ae 
770 att Ga) 


TT 
= | | = 9 | 

1 7 GE TTTTTh 
5 5 —2() 4B/dee 
=e S 
N N —20 
a = 
& & 
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Fig. 7.6 Example P.7.11 
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1 
lim |z(x)| = lim t———— = 1 =>} [z(x)|ap = 20log 1 = 0dB 
x>0 x30 1 x \2 
+(a) 
li (x)| = li : eile Ne (x)lap = 201 oe 
pa eee x\2 2 2 = ela = 7 a 
i a (=) 
10 
: . 1 
lim |z(x)| = lim —————=0 =} [z(x)lap = 20log0 = —oo. 
X—>+00 X—>+00 1 x \2 
+(a) 


(c) Module plot—Hand analysis of nonlinear function (7.19) is done by piecewise linear 
approximation as follows: 


(a) x > 0: |z(x) lag = OCB. 
(b) x < xo : That isto say, */x% >O > 14 (*/)? © 1 


1 
\z(x) laa = 20 log ————. © 20 log 


1 
—l1 b 
————— = f- = l — bl 
(zy VT40 {; pee bioga| 
(3) 


x —20log 1 = OdB. 


(c) x > xo : Thatis to say, */m >1 => I+ (2/0)? ~ (2/0)? 


1 1 Xo 
|z(x)|ag = 20 log ————_—- ®_ 20 log —————- ® 201og|~° 
(3) 4G) 

1+({— — 

XO Xo 


= [log = = loga — log | = 20 log x) —20log |x]. 
b age 


const. 


In conclusion, for x >> xo, module |z(x)|ag function asymptotically follows function —x (on 
log scale) that crosses horizontal axis at x = xo. 


Therefore, piecewise linear approximation of |z(x)| = |1/(. + j+/10)| is 


O0<x < 10 : |z(x)|an © OdB 
x = 10 : |z(x)|ag3 = —3dB (this is the exact value) 
x > 10 : |z(x)lag © —x (on log scale) 
which is to say as the function limits are the same for both exact and approximated functions, the 
largest error of piecewise linear approximation is 3 dB at x = 10 point (Fig. 7.6 (right, top)). 


(d) Phase limits: Real and imaginary parts of an inverse complex function may be explicitly separated 
as 
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(x) 1 1+ j*/1o 1 oe */10 
2z(x) = z = 
1— jrfio 1+ jx/io 1+ (*/10)? “T+ (*/10)° 
H(z) S@) 7 
RZ) = ——,; ONE aa 
1+ (x/10) 1+ (*/10)° 


Therefore, as both real and imaginary parts of this inverse complex function are positive, phase 
8(z) limits in the first quadrant are 


lim @(x) = lim (arctan (—)) = arctan(0) = 0° 

x>0 x>0 10 

% ‘ x 1s 

lim 0(x) = lim (arctan (—)) = arctan | = — = 45° 
x—>10 x—>10 10 4 


lim 6(x)= lim (arctan (—)) = arctan(oo) = —_ 90°. 
x—>-+00 x—>+00 10 2 
(e) Phase plot—Hand analysis of nonlinear function (7.20) is done by piecewise linear approxima- 
tion as follows: 
(a) x < Xo: 6(z) © arctan (0) = 0°. 
(b) x =0.1x9: O(z) = arctan (0.1) = 5.7° © 0. 
(c) x = x0: 6(z) = arctan | = 45°. 
(d) x = 10x9: 0(z) = arctan 10 = 84.3° © 90°. 
(e) x > x0: 6(z) © arctan co = 90° 
which is to say, as the function limits are the same for both exact and approximated functions, 
the largest error of piecewise linear approximation is 5.7° at x = xo/10 and 10 xo points 
(Fig. 7.6 (right, bottom)). Note that 6 = 45° is found at x = xo. 


7.2. Bode Plot Examples 


7.13. This function is already factorized: 


XxX 
a(x) = (1 — jx) (1+ iz) (7.21) 


(a) Logarithmic form of factorized (7.21) is then 


1 100 L 100 


(2) Xo=1 GB) Xo=100 


20 log z(x) = 201og| (1 = i=) (1 + i= )| = +20 log (1 , -) +20 log (1 4.4 —) 


(7.22) 


so that its first zero is at x9 = 1 and its second zero at x9 = 100. Note that separation between the 
two zeros is two decades. 


194 7 Bode Plot 


120 120 pers eee ree 
= _ A() 4B/dec 
3 e 80 HM ETT A 
& = 40 | +204B/ dec 
= ae 

0 

= 7” 
& & 
S 3 


Fig. 7.7, Example P.7.13 


(b) Evidently, both summation terms in (7.22) are in the basic form (7.3) (see P.7.1 to P.7.12). A 
simple addition of linear segments in Fig.7.7 (left, top) results in complete piecewise linear 
approximation in Fig.7.7 (right, top). Note how, at x = 100, two +20dB/decade terms are 
amounted to +40 dB/decade thereafter. 


(c) Similarly, phase functions of each individual segment in (7.22) are 
x x 
6(z) = — arctan I + arctan T00 
—_—_———o een 


(2) xXp=1 GB) xo=100 


as shown in Fig.7.7 (left, bottom). A simple segment-by-segment sum produces complete 
piecewise linear approximation in Fig.7.7 (right, bottom). Due to the two-decade separation, 
negative phase shift of the first term can almost complete to —90°, and then the positive phase 
shift of the second term starts and finishes two decades after at 0°. 


7.14. This function may be factorized to explicitly show its poles and zeros as follows: 


1+ jx (1+ j>) I+ j= 

Z(t) = 500 > = 500 5 1 =5 = (7.23) 
— jx 100(1- i) 1-— j;— 
100 100 


Evidently, gain factor equals ay = 5, zero is at x9 = 1, and pole is at x9 = 100. Note the two-decade 
separation between zero and pole. 


(a) Logarithmic form of factorized (7.23) is then 


1+ j- 
20 log z(x) = 20 log | 5 ——- 
oe ae 
100 
20log 5 +20log (1+ j ~) —2010g (1 — 7 — 7.24 
=. Ree og ( +i5) og ( a (7.24) 


a 
Qus Qui Ono 
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Fig. 7.8 Example P.7.14 


(b) Evidently, each summation term in (7.24) is one of the basic forms in (7.1) to (7.4), and their 
individual piecewise linear approximations are calculated in P.7.1 to P.7.12. A simple addition 
of linear segments in Fig. 7.8 (left, top) results in complete piecewise linear approximation in 
Fig. 7.8 (right, top). 


(c) Similarly, the sum of phase functions of each individual segment in (7.24) is 
6(z) tan0 + arctan ~ — arctan — 
= arctan arctan — — arctan —— 
: 1 100 


—— ee Se 


shown in Fig. 7.8 (left, bottom). A simple segment-by-segment sum produces complete piecewise 
linear approximation in Fig. 7.8 (right, bottom). Note how each of two terms added phase shift of 
+90°: the numerator has positive imaginary term (thus +90°), while negative inverse term also 
adds +90° totalling the phase shift to +180° over four decades. 


7.15. This function may be factorized to explicitly show its poles and zeros as follows: 


x Xx 
. 10(1+j— 1+j— 
10 
z(x) = 100 00 R ae aoe = 19 10. (7.25) 
Led (1 + j ee ee 
( +i) + J 790 


where gain is dg = 10, zero is at x9 = 10, and pole at x) = 100. Note the less than two-decade (i.e., 
only one decade) separation between pole and zero positions. 


(a) Logarithmic form of factorized (7.25) is then 


+i 
20 log z(x) = 20 log | 10 ——_-— 
jag 
+ J 700 
= +20 log 10 +2010 (1+ a) ~20 Io (1+ i) (7.26) 
= g Bia, Bigs) 


ee 


Q) aj=10 Q) xo=10 GB) Xo=100 
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Fig. 7.9 Example P.7.15 


(b) Evidently, summation terms in (7.26) are in basic forms in (7.1) and (7.3) (see P.7.1 to P.7.12). 


(c 


wa 


A simple addition of linear segments in Fig. 7.9 (left, top) results in complete piecewise linear 
approximation in Fig. 7.9 (right, top). Note that for arguments inferior to zero at x9 = 10, the 
total gain is do, until pole at x» = 100 cancels the +20 dB/decade gain to settle the total gain at 
+40 dB. 

Similarly, the sum of phase functions of each individual segment in (7.26) is 


x x 

O(z) = tan 0 tan — — arctan — 
(z) arctanO + arctan 10 arctan 100 
ee 


| S 
@ ao=10 (2) xo=10 G) x9=100 


shown in Fig. 7.9 (left, bottom). A simple segment-by-segment sum produces complete piecewise 
linear approximation in Fig. 7.9 (right, bottom). Note that due to less than two-decade (i.e., only 
one decade) separation, positive phase shift of zero at x9 = 10 is taken over by negative phase 
shift of pole at x» = 100. Consequently, there is a significant difference between the piecewise 
linear approximation (solid line) and the exact function (thin line). 


7.16. This second-order function may be transformed into “standard form” that explicitly shows its 


poles and zeros as follows: 


. 2+ jx ion 2 2+ jx 
H(jo) = 2000 = = —x?1 = 2000 
(Jo) 220 jx + 4000 — x2 ieee Pex? + 220jx +4000 
2+; G44 
— 2000 - Bosal ae — 2000 - ee 
j?x? + 20jx + 200jx + 4000 jx (20+ jx) + 200 (20+ jx) 
x 
= 2000 za ba — 2900 2(1+ 45) 
— (20+ jx)(200+ jx) janes (1 i) 
26( + i575) 200 + I500 
eae 
Pas 
= 2 (137) 


(1+4 535) (1+ 309) 
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|z(x)| [4B] 


Fig. 7.10 Example P.7.16 


where a single zero is at x) = 2, first pole at x9 = 20, and the second pole at x9 = 200. Note only 
one-decade separation between zero-pole-pole locations. 


(a) Logarithmic form of factorized (7.27) is then 


Xx 
144 
20 log z(x) = 20 log 
Li Ig) 
(I4J ! 50 ( pis 
=+20log (14 75 =) —201og (1+ j >) —20og (1+ j sa) (7.28) 
pens Sn eee) eee. eee ee 1.79 


1) xo=2 (2) x9=20 G3) x9=200 


(b) Evidently, summation terms in (7.28) are in the basic forms (7.3) (see P.7.1 to P.7.12). A 
simple addition of linear segments in Fig. 7.10 (left, top) results in complete piecewise linear 
approximation in Fig. 7.10 (right, top). 

(c) Similarly, the sum of phase functions of each individual segment in (7.28) is 


x x 
A(z) = tan — — arctan — — arctan —— 
(z) = + arctan 5 arctan arctan 700 


_— ee 
(1) xXo=2 (2) xp=20 G3) x9=200 


shown in Fig. 7.10 (left, bottom). A simple segment-by-segment sum produces complete piece- 
wise linear approximation in Fig. 7.10 (right, bottom). 
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Linear Algebra 8 


Problems 


Exercises in this chapter are grouped into nine sections. Vector definitions and operations are followed 
by examples of linear transformations, determinants, and Cramer’s rule. Then, modern interpretation 
of vectors and space is given in the form of matrix transformations, eigenvalues, and eigenvectors. 
Finally, linear algebra exercises are summarized by using one of the many methods to calculate the 
inverse matrix and powers of diagonalizable matrices. 


8.1 Vector Definitions 
Problems in P.8.1 to P.8.5 are a short review of vector definitions. 


8.1. By a simple sketch, illustrate the geometrical interpretation of 3D, 2D, 1D, and OD spaces, 
where “xD” refers to the number of dimensions. 


8.2. What are the “preferred” forms of vector representations in physics, mathematics, and informat- 
ics? 


8.3. Given three basis vectors (i.e., orthogonal) i, 7 k, sketch these three vectors in a single graph. 
Comment on the space defined by these three basis vectors. 


ix 1 - 0 ky 0 
i=/i,}=/0] j=]4]}=]1] k=1& |=] 0 
iz 0 i 0 kz 1 


8.4. Given four points in 2D space: A = (—2, 2), B = (1,4), C = (5, 6), and D = (3, 1), 


._ => = 

(a) Sketch a graph showing AB and CD vectors. 
— 

(b) Write the matrix form of AB and CD vectors. 


8.5. Sketch a graph that shows the following vectors: 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 199 
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8.2. Vector Operations 

Some of the basic vector calculations are in P.8.6 to P.8.8. 

8.6. Calculate the magnitude of p, that is to say, |p| if 

(a) p= (0, 1) (b) p= (3,4) (c) p= (-3, 1) (d) p = (2,3, 6) 


8.7. Given vector 


sketch the diagram of a, b, @, if 


(a) a=2x (b) b= > X Gres— 


WIN 


8.8. Sketch a graph to illustrate the additions in 1D and 2D spaces. As an example, show the 
following vector additions: 


(a) 2+3=Sand 2-—3=-1 (b) €=a+b if i-|,] and b=|_3| 


Given data in P.8.9 to P.8.13, while using the matrix form of vectors, calculate the final vector 
coordinates. 


8.9. Given coordinates of points A and B in 2D space, calculate the coordinates of AB and BA, then 
—> — 
calculate |A B| and |BA|, and note that O = (0, 0). 


(a) A(4, 1), BC, —3) (c) A(—1, —3), B(4, 2) 
(b) A(2,3), B(—1, 4) (d) ACI, —2), B(3, 2) 


8.10. Given coordinates of points A and B in 3D space, calculate the coordinates of AB and BA, 
— — 
then calculate |A B| and |BA|, and note that O = (0, 0, 0). 


GAG, Ba) (b) OA=(,3,4, OB =G,0,-1) 


o > 


8.11. Given da = (2, —3),b = (3, —1), calculate@ =a+b, d=a—b. 


8.12. Given A(2, 3, 1), B(3, —1, 0), C = (—1, —2, 1), D = (—3, 3, —2), calculate: 
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8.13. Given a = (—1, 2), b= (3,2), ¢ = (-2, —3), calculate: 

(a) p=a+tb, (b) m = 2a —b, (c)i=34—-b-Z, (d) F=2b— 12 
8.14. Vectors a and b create angle 9 = =/s. Given that |a| = /3 and \b| = |, calculate angle a 
between vectors p=a+betq =a—b. 

8.3. _ Linear Transformations 


Two or more vectors are said to be linearly independent if none of them can be written as a linear 
combination of the others. 


Reminder: Linear combination of two vectors is written as 


es r x b 
z= ai +05 =a| "| +5|”| = coals 2 
ax + by2 


where (a, b) are coefficients, (x;, x2) are coordinates of x, and (y, y2) are coordinates of y. 


8.15. Explain briefly the similarities and differences between a function f(x) and a linear 
transformation L(v) operations. What is the relationship between linear transformations and space? 


8.16. Given, as an example, vector ¥ = =o - with a simple diagram: 
(a) Show that the numerical form of 0 = i + 7 stays the same after an arbitrary linear 

transformation L(v). 
(b) Calculate the matrix form of L(v) used in your example. 
8.17. Show the geometrical interpretation of linear transformation L(x) given that 

31 > -1 
ca \ a and al | 

8.18. With a simple 2D graph, illustrate each of the linear space transformations performed as: 
(a) Rotation 90° counterclockwise 
(b) Shear 45° clockwise 


(c) First rotation 90° counterclockwise and then shear 45° clockwise 


8.19. Given vectors @ = (2, 1) and b = (1, 0), write m = (9, 1) as a linear combination of a and b. 
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8.20. Given vectors i = (3, —1), 0} = (1, —2), and w = (—1,7), writem = 4 + 04+ Wasa linear 
combination of u and v. 


8.4 Determinants 


Given two or more vectors in a matrix form, its determinant may be interpreted as a multiplication 
factor that measures the signed (1.e., positive or negative) size of the 2D surface (or multidimensional 
volume) enclosed by these vectors. Specifically, positive/negative sign of the determinant indicates 
the order in which the vectors are taken. As an analogy, “positive” and “negative” 2D surfaces may be 
associated with the two sides of a sheet of paper. That is to say, the two surfaces have same absolute 
value, but opposite orientations. 


Reminder: From the vector graph, it can be easily shown that the second-order determinant of 
matrix A made of two vectors x and ¥ is calculated as the difference between products along 
its two diagonals, positive along blue and negative along red direction, as 


1,91 


det(4) = Ad = || =| Ge 


| = (x1 X y2) — (2 X 1) 


where det(A), or A A, or |A| reads as the “determinant of matrix A” (not “the absolute value of 
A” or “delta A”). The determinant’s value may be positive, negative, or zero. 


In general, higher-order determinants may be calculated by two principal methods: by calculating 
cross-products or by the method of cofactor expansions. 


Reminder: Method 1: by calculating cross-products. Following the same idea as for the 
second-order determinants, n-th-order determinants may be calculated by writing the extended 
determinant form, that is to say, to repeat the first (7 — 1) columns on the right side of its n x n 
determinant. By doing so, it is possible to complete positive (blue) and negative (red) diagonals 
and then to calculate all cross-products as (e.g., as in 3 x 3 determinant) 


XViD X1 V1 
=+(X1 X 2 X 23)+(V1 X Zo X X3)+(21 XX XY 
3-| x —fet 5. (x1 X yo X 23)+(1 X 22 X x3) +(Z1 X X2 X V3) 
x3 ys 3 —(x3 X yo X Z1)—(3 X Zo X X1)—(Z3 X X2 X 1) 


Reminder: Method 2: by cofactor expansions along the i-th row of the n-th-order determinant 
A. Given matrix A as 


Q\1 4\2 °** Gin 
a21 422 +: A2n 


k 
A=| . - |Al= OCD May |i, 
i=l 


Qn Gn2°** Ann 


(continued) 
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(continued) 

where the (i, j) minor that is usually denoted as A; ; is the (n—1) x (n—1) matrix obtained from 
A by deleting the i-th row and the j-th column while keeping their common term a;;. Note that, 
by systematically reducing higher-order determinants until there is only a linear combination of 
second-order determinants, it is possible to calculate the total determinant. In addition, any row 
or column may be chosen for the expansion. 


Calculate the determinants given in P.8.21 to P.8.34. 


30 1 2 42 2-1 
8.21. Fe 8.22. Pe 8.23. a 8.24. i; ; 

/3 —34/2 li sin a@ cosa 
8.25. V3 2/2 8.26. i] 8.27. eee ae 

2 34 121 122 
8.28. |5 —21 8.29. |102 8.30. |202 

1 23 120 221 

321 2 3 1 50 4 13 5 
8.31. |456 8.32. |3-1 2 8.33. |8 0 —7 8.34. | 7 911 

897 1 1-3 32 | 13 15 17 


What is the geometrical interpretation of matrices given P.8.35 to P.8.37? 
30 1 2 42 
8.35. E | 8.36. F | 8.37. k | 


8.5 Cramer’s Rule 


Solve the second-order systems of linear equations in P.8.38 to P.8.41. 


8.38. 4x,;-—3x.=0 8.39. x+2y=-—5 8.40. x+2y=-8 8.41. a+b=7 
2x, + 3x. = 18 3x -—y= 13 2x—-y=-1 2a+2b= 14 


Solve the third-order systems of linear equations in P.8.42 to P.8.47. 
8.42. 5x —5y — 15z = 40 8.43. 2x -—3y-—z=5 8.44. x+y+z2=3 


4x —2y —6z= 19 x+y+2z=7 x-y+tz=5 
3x — 6y — 17z = 41 2x-—y-z=l1 —-x+y—z=10 
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8.45. x+y+z= 36 8.46. x+y=7 8.47. 5x — 13y+ 13z=8 
2x —z=-17 y+z=8 x-—3y+z=4 
6x —5z=7 —x+2z=7 —x+2y —5z=3 


Problems of curve fitting are translated into the problem of solving system of equations, P.8.48 to 
P.8.49. 


8.48. By using the curve fitting method, derive a linear function f(x) = ax + b that best fits given 
coordinates of two points A = (—2, 20)and B = (1,5) in 2D space. Can you fit quadratic function 
g(x) = ax? + bx +c for the same two data points? Any other nonlinear function? 

8.49. By using the curve fitting method, derive a quadratic function f(x) = ax* + bx + c that 
best fits given coordinates of three data points A = (—2, 20), B=(1,5), and C = (3,25) in2D 
space. Can you fit a fourth-order polynomial function for the same three data points? Any other 


nonlinear function? 


In P.8.50 to P.8.51, given a, b, and 2, show that they are linearly independent and then write ¢ as a 
linear combination of a and b. 


8.50. @ = (3, —2), b= (2,1), €=(,-4) 8.51. 4=(1,2), b= G,4), €= (, -2) 
In P.8.52 to P.8.53, calculate parameter A so that given vectors are linearly independent: 


8.52. a = (3,A), b= (2,6) $.53.da = (6,8,4), 6 = @G,4,2), ¢@ = 
(A, 0, 1) 


8.6 Vector Space 


In P.8.54 to P.8.59, calculate the matrix—vector products, and show its geometric interpretation. 


ens (2 7[3] aun. (2 1][4+¥8] ose [2211-4] 


7 cee | ed do 


In P.8.60 to P.8.65, calculate the matrix—matrix products, and show its geometric interpretation. 


aso. [112-1] aot. f2-2][2 3] ne. [2 -3][4 1 
063. [so] fs] 86% (7 ][3 2] 868 [2] [73 
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In P.8.66 to P.8.69, calculate the products of non-square matrices. 


1 1 
8.66. [123]| 2 8.67. | 2} [123] 
3 3 
1-2 1 2 
8.68. & 7 Sed 8.69. | 5-1 & a 
0 1 0 -6 


8.7. _ Eigenvalues and Eigenvectors 
The geometrical interoperation of a matrix is that it describes the transformation of the space itself 
and by consequence all objects within. In some cases, however, there are vectors that do not change 


their direction before and after the transformation. If existing, these vectors are very useful in many 
engineering applications. 


Reminder: Eigenvectors may be described as vectors that do not change their direction after 
some space transformation. By definition, if the following equation is satisfied: 


AvV=AUD 


then A € C is a constant referred to as eigenvalue, and v is its associated eigenvector of matrix 
A. 


Furthermore, the eigenvalues and eigenvectors definition equation may be rewritten as 
AB=1AB > AB-AL¥=0 > (A-AN =O 
where J is the identity matrix (i.e., a square matrix of the same size as A with ones on the main 
diagonal and zeros elsewhere). In order to satisfy this equation, as v 4 0, it must be that the 
determinant of (A — 2 I) equals zero; thus, 


det (A) = 0 


is the formal definition of the characteristic polynomial of matrix A. 


In P.8.70 to P.8.71, derive v and its associated eigenvalue A if existing. 


3:=3 ~ 3 3-3] 5. 2 
am. s=[323], 5=[3] an. s=[3-3] v=[?] 


Given matrices in P.8.72 to P.8.76, calculate their respective eigenvalues 4 and eigenvectors v, if 
existing. 
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6-1 —63 10 —5 2—5 
am. [o!] ar. [82] ara [BS] ars. [2-5] 


8.76. cos */6 — sin a 


sin7/6 cos*/6 


In P.8.77 to P.8.78, prove that v is an eigenvector of its associated matrix A, and then determine its 
eigenvalue i. 


= | a a9 9] 4 
8.77. A=| 2-6-5|, d=] 1 8.78. A=| 2-6-5|, t=] -3 
-4-3 4 1 2423 4 7 


Given matrix in P.8.79 to P.8.82, calculate eigenvalue(s) A and eigenvector(s), if existing. 


300 200 4 6 10 
8.79. | 051 8.80. | 045 8.81. 3 10 13 
042 043 —2 —6 —8 
22-2 
8.82. 13-1 
-11 1 


Calculate eigenvalues 4 and eigenvectors v for matrices in P.8.83 to P.8.88. Note that eigenvalues of 
these matrices have “algebraic multiplicity” (geometric multiplicity is left for another time). 


10 20 23 
8.83. | 8.84. Fa 8.85. Fal 
324 102 1-2-1 
8.86. | 202 8.87. | —-113 8.88. 1 7 1 
423 002 —2-4 3 


8.8 Matrix Inversion 


Similar to “regular numbers” where a number multiplied by its inverse is equal to one, matrices may 
have their inverse, so that their product is equal to “unitary matrix”. 


Reminder: Inverse A~! of a matrix A exists if its determinant does not equal to zero, 1.e., 
AA!'=A'!A=I, if A, #0 


where / is the unitary matrix. Note that the multiplication of matrix and inverse is commutative. 
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Given matrices in P.8.89 to P.8.91, calculate their respective inverse matrices. 


12 4-2 123 
B89: E 7 630. E | 8.91. | 454 
321 


8.9 Powers of Diagonalizable Matrices 


Examples in P.8.92 to P.8.97 are not to be solved by “brute force” matrix multiplication; instead, the 
goal is to master one of the general procedures for calculating matrix powers. 


2 5 5 
8.92. | 29 8.93. | 29 8.94. | 29 
02 05 ai3 
2027° 2007* 1007" 
8.95. | 121 8.96. | 021 8.97. | 001 


014 012 010 
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8.1 Vector Definitions 


8.1. The geometrical interpretation of space is based on the definition of a point, which is visualized 
as a sphere whose radius equals zero, Fig. 8.1. Thus, assuming nothing else exists, a point would 
represent “0-order space” annotated as R®. 


(a) Line: Multiple points aligned next to each other form /ine. Therefore, it takes infinitely points to 
create a line of any finite length L. If nothing else exists, a line represents one-dimensional space, 
annotated as R!. The position of any point relative to the one that is chosen to be the origin (thus 
numbered as “0”’) is associated with a unique number showing the distance from the origin, which 
is in either positive (“+’’) or negative (“—”’) direction. 

(b) Surface: It takes infinitely lines in parallel to create a finite two-dimensional surface, annotated 
as R*. Analogy to R* space would be a sheet of paper whose thickness equals zero. In this case, 
the position of any point making the surface relative to the origin is described by two numbers, 
which are referred to as “coordinates” and written as a two-number pair (x, y), one for “negative— 
positive” and one for “south—north” distance. 

(c) Volume: A stack of surfaces creates a volume, annotated as R* space. Visual analogy would be a 
book where the position of any point is described by three numbers, (x, y, z), one for “negative— 
positive”, one for “south—north”, and one for “up-down” distance. 


Although human visualization of space is limited to three dimensions, note that in mathematics, 
however, there is no limit on the order of space. Each dimension is described by one variable 
xX, y,Z,... (thus one equation). In linear algebra, a n-dimensional matrix may be seen as a compact 
form of writing a system of n equations, thus describing n-dimensional space. Note that each lower- 
order space can be seen as one of the possible projections (“shadows”) of the higher-order space. For 
example, if looked from “straight ahead”, a line looks like a point. Looked from “a side”, a surface 
looks like a line. Looked from one direction, a cube (3D) appears as a square (2D), or a sphere (3D) 
casts a shadow like a circle (2D), etc. 


8.2. A vector signifies a variable that has two properties: magnitude and direction. That is to say, a 
simple number is not a vector because it has only magnitude (“length’’) but not direction. 

In physics, “vector” takes geometrical interpretation in graphical form of a “directed arrow” that 
indicates both magnitude (i.e., the arrow length) and direction (i.e., from its tail to the head). 

In mathematics, a vector variable is annotated in algebraic form as 


Fig. 8.1 Example P.8.1 RO space R1 space 
point line | 
_@_ 0000 . 08 
ao | L imi 
R2 space R8 space 
surface 
kL — mL ak D 
a ai T y 
eee 


9999 w w 
m ++ + 4 


8.1 Vector Definitions 209 


> 


= d,i 


dS 
a 


N 
dS 
a 


> 7 2 
= axl + dy 


a= yi + ayj + ak 


WW 
IS 
Q 


etc. 


where (a,, dy, az) are vector magnitudes as measured along the three directions (i, j, b), respectively 
(also referred to as the “unity vectors’’). 

In informatics, the preferred way of representing a vector is in one-column matrix form, as, for 
example, 


where the column list may be interpreted as a list of orthonormal (i.e., orthogonal and normalized) 
coordinates in each direction relative to the origin (0, 0, 0), in this case 3D space. 


8.3. As defined, the three unity vectors are used to define 3D space and are written in a form of 3 x 3 
matrix as 


where the first column is for i, the second column is for fr and the third column is for k unity vector, 
Fig. 8.2. The rows are then coordinates in each of the three normal directions, here (x, y, z). This 
resulting matrix where all elements along the main diagonal equal one and all other matrix elements 
equal zero is known as “unity matrix” with properties similar to the number one. 


8.4. By convention, vectors are oriented in direction from the first to the second coordinate. 


(a) Given four points in 2D space, A = (—2, 2), B = (1,4), C = (5, 6), and D = (3, 1), vectors 
AB and CD are as shown in Fig. 8.3 (left). 

(b) By writing the matrix form, it is assumed that all vectors originate at (0, 0) point, 1.e., that stating 
only the end coordinates is sufficient. Geometrically, that means vectors are translated so that 


Fig. 8.2 Example P.8.3 meveveces 


= 


ll 
So 


Sy 
ll 


cam 
ll 
o 
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i R 


i ‘ 0 H : 
the origin 0 z 


Fig. 8.3 Example P.8.4 


Fig. 8.4 Example P.8.5 


their origin is at (0, 0) point, for example, as the final position of RO: see Fig. 8.3 (center). 


—> 3 
ro= (| 
—> = 
Similarly, after being translated to the origin (see Fig. 8.3 (right)), vectors AB and CD are 
written as 
— 3 Para =2 
AB= | and CD= | 5 | 


where “3” is the horizontal projection of AB, “2” is the vertical projection of AB , and they 
are both positive as oriented relative to the vector origin at (—2, 2). And, “—2” is the horizontal 
projection of CD, “_5” is the vertical projection of AB, and they are both negative as oriented 
relative to the vector origin at (5, 6). By definition, translated vectors are still identical: they have 
the same magnitude and direction. 


[4] [2 


By convention, the vector matrix form lists coordinates (x, y) in the vertical order and relative to 
the origin (0, 0); therefore, the three vectors are as in Fig. 8.4. 


8.5. Given 
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8.2. Vector Operations 


8.6. By Pythagoras’ theorem, given p,, py, and p, vector projections, it follows that 


(a) p=(0,1) -. [pl=VO+P=1 () p=(-3,1) «. [Bl=V32+ 2 =V10 
() p=G,4) -. [pla V224+2=5 d) p=(2,3,6) «. |pl=V2+240=7 


8.7. Multiplying the vector by a constant does not change the vector’s direction, only its magnitude; 
see Fig. 8.5. The constant multiplies all vector components, in 2D case both x, and xy. 


i es % | _5[3]. [2*3]_ [6 
@ a=27=2|*|=2[3|=[3%0]=[4] 
. patra? [*] =? 

Pea a S| 5 


2)-[222)- [4] 
ie 


8.8. Geometrically, vector addition is done by a simple chaining of the vectors. The vector 
representing the total sum starts at the tail of the first and ends at the head of the last vector in 
this chain. 


(a) Note that all vectors in 1D space are collinear (i.e., parallel, because there is only one direction 
possible); therefore, their direction is already known. As a consequence, their magnitudes are 
sufficient. In the more general sense, real and complex numbers are also seen as vectors relative 
in the origin. As illustrated in Fig. 8.6 (left), the sum of two numbers equals to the simple sum of 
their respective magnitudes. 


2+3=5 and 2+(-3)=-1 
(b) In 2D space, not all vectors are collinear, which is to say that in general, the sum of two vectors 
is not equal to the simple sum of their magnitudes. Instead, the rules of triangles must be applied; 


see Fig. 8.6 (right). Note that in the matrix notification, it is the modules of vector projections that 
add in the same manner as “regular” numbers. For example, given that 


Fig. 8.5 Example P.8.7 
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Fig. 8.6 Example P.8.8 


8.9. Given AB and BA = —AB, their geometrical and matrix representations in 2D are as 
follows. 


(a) Coordinates of AB are calculated as the end point minus the starting point, i-e., 
ae ty) ee d—4)}_ | -3 
=| 5)-L]-[S25]-[] 

me 1] _ (4—1)}_ 43 

mp -3}/° |d-(3))] 14 


By inspection of graph in Fig. 8.7, both |AB| and |BA| are hypotenuses of the same right-angled 
triangle, thus calculated by Pythagoras’ theorem as 


> 


—_ > 
|AB| = |BA| = V/lxg — xal? + lye — var? =V2P +4 =5 


(b) Similarly, 
7g en se de ee le 
m-[%)-[3]-[a-5]-11] 
i ee (ee ed ee oe 
ma [3)-[a]-[° eo ]- [5 


Thus, 
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Fig. 8.7. Example P.8.9 R2 space 


(c) Likewise, 
spa ate GH) | 5 
eae I3]-[o-co]-(5] 
Bee, NS eee | 
Fa-(73]-[2]- [G3 ]-[55] 


Thus, 
—> — 
|AB| = |BA| = [xp — xal? + lys — yal? = V5? +59? = 5V2 
(d) And, 
=>. ||\-3 1] _ (3-1)}|_ | 2 
= [3]-[a]-[efca]-l 
ae 1 3) _ (1—3)]_ | -2 
Pa=| |-[2]-[-a}-[54] 
so that 
— > 
|AB| = |BA| = V/Ixg — xal? + ly — ya? = V2? +2? =2 
8.10. Given AB and BA = —AB, their geometrical and matrix representations in 3D are as 
follows. 


— 
(a) Coordinates of AB are calculated as the end point minus the starting point, 


2 4 (2 —4) 2 
AB=| 4]-|1/=]| @-)D]=] 3 
—2 6 (—2 — 6) —8 
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Fig. 8.8 Example P.8.10 R3 space 


4 2 (4 — 2) ") 

— 

BA=|1|/-| 4]= (1—4) | =] -3 
6 =) (= 2) 8 


By inspection of graph in Fig. 8.8, both |AB| and [BA are hypotenuses of the same right-angled 
triangle that is placed in the diagonal of a cuboid; thus, by Pythagoras’ theorem, 


—= — 
|AB| = |BA| = V/lxe — xal? + lye — yal? + lz — zal? = V2? +32 4+ 82 = V7 


(b) Relative to the point of origin, 


3 2 (3 — 2) 1 
— 
AB= O;-|3]/= (O—3) | =| -3 
-1 4 (-1—4) —5 
2 3 (2 — 3) -1 
— 
BAS | S|. 0) = (3-0)|/=] 3 
4 =| (4-(-D) 5 


—> — 
By inspection of graph in Fig. 8.8, AB coincides with the diagonal of a cuboid, thus |AB| and 
=> 

|BA| as 


— —> 
|AB| = |BA| = V/Ixg — xa? + ya — ya? + [ze — zal? = V2 +32 +5? = V35 


8.11. Given that a = (2, —3) and b= (3, —1) are already placed at the origin, 


e=i+5=| 3]+[_7] -[.4] 
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z-4-6=[ 3]-[_t]-[5] 


8.12. Given A(2, 3,1), B(3,—1,0), C = (—1, —2, 1), andD = (-—3, 3, —2), first, all vectors are 


translated to the origin as 
2 (3 — 2) 1 
3|=] (-1-3) |=] -4 
1 (O— 1) -1 


_, [3 1 (-3 - (-1) -2 
CD=| 3|-|-2]/= (3-—(-2))|=] 5 
9 1 (—2-—1) —3 


— 
AB 


II 
a | 
| 
or WwW 
a | 
| 
rs | 


Then, 


3] _[-2]_[@xCnp-3-(C2)]_[-4 
2 =e 4 8x2=2—-(3) (|. 7 


~ 5. 7 _,[-l1]_[3]_[@x(@)-3)]_[-s 
@ a= m-b=2[ 7 |-D]=[Pesooal=[ 
-2] [@x3-'2x(-2)]_[T 7 
~2/-3]° | (2x«x2-12x (-3))}~ | tp 


Fig. 8.9 Example P.8.14 
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where the horizontal and vertical projections are calculated as 


s 5 a /3 3 
ay = lalcos = = V3 es 
RE: gt 88 
ay =|¢|s a) 
l= 
by| = 0 


Method 1: matrix forms of the two vectors are therefore 


= 3/2 > 1 
felon] FL 


op 3 1 5 
a ee: 3/2 1 V2 
a-a-5=| 9. 1-[o]=[ 5] 


which leads to p and g as in Fig. 8.9 (center). By inspection of two right-angled triangles where p 
and q form their respective hypotenuses, angle 6 between p and q is then 


Then, 


d6=a-—B 
2; 

pe ae o = arctan-/3 =~ = 60° 
i 3 
3/2 3 3 

ieee 3 pom toa 

5/2 5 

6 = 40.89° 


Method 2: alternatively, 


WI 


= | ae |  ipl= (6/22 + (13/2)? = V7 


1 
i= | aa | ©. l= V 0/2" + 3/2)? = 1 
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Then by the law of cosines for triangle formed by p and gq (see Fig. 8.9 (right)), it follows that the 
third side of that triangle is a = 2. Now, by Pythagoras’ theorem, 


@=b?+c?—2becosd », 2 = (V7)? + 12-277 cosd ». 2/70 =4 


2 2 
cos@ = — .. @=arctan — = 40.89° 


V7 v7 


8.3 Linear Transformations 


8.15. In its basic form, a function is equivalent to a machine that for any given number input x 
performs an operation f(x) and produces the corresponding output y. Similarly, for any given vector 
input v, linear operation L(v) performs an operation and produces the corresponding vector output 
w, as illustrated in Fig. 8.10 (left). 

Another way to visualize linear transformation is to visualize the input vector being displaced in 
space until it overlaps with the output vector; see Fig. 8.10 (center). By doing so, however, linear 
operation L(v) displaces all vectors in R vector space, that is to say, it displaces all the points on the 
surface. 

For example (see Fig. 8.10 (right)), while linear transformation L(v) displaces basis vector 
i= = (1, 0) into its transformed version L@ = = (1,3), at the same time, basis vector j= = (0, 1) is 
transformed into L( j= = (2, —1). Since all points on the surface are also simultaneously displaced, 
it may be imagined that the surface is “elastic” and that L(v) “stretched” the whole surface. By that 
reasoning, now L(i) and L(j) represent basis vectors in the transformed space. 

In summary, for a transformation to be linear, it must obey the following rules: 


(a) After the transformation, all grid lines must stay straight. 

(b) All the grid lines must stay parallel and equidistant because the distance between them must 
always be one basis vector. 

(c) The origin point must not move. 


As the consequence of the linearity, the numerical form of an arbitrary vector x = f G, j ) does not 
change in the transformed space, i.e., L(x) = habe @), LG a): 


8.16. By means of L(x) transformation, R2 space as defined by (i, j) (Fig. 8.11 (left)) may be 
transformed, for example, into R2 space as in Fig. 8.11 (right). The question is then: what is the form 
of linear transformation matrix L that causes that transformation? 


R2 space 


function linear transformatio 


» 2 carer 
HE ies D rca fietach 
. a aloe | weeny 
pera . EOE oe 
; TOOT 7 (0,0) LG) 


input output ctor input vector output ieee rot Pitot eS 


Fig. 8.10 Example P.8.15 
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Observe the relationship between the original and transformed greed lines. In order to better 
visualize it, the original grid is kept in the background of the transformed space. By definition, each 
square of the original grid represents unit size as defined by basis vectors (i, J). Next, by following 
the basis vectors Gi, j i), it can be deduced how the original R” space is rotated, flipped, and stretched 
so that basis vectors ‘a J j) are transformed into their new forms Li ), LG J). 

By inspection of the transformed space grid, the expression for transformed L(v) may be compared 
with the original vector v. In order to be truly linear transformation, the numerical forms of these two 
equations must stay the same, i.e., 


~ 


if in the original space, v = ay j 


then in the transformed space, L(v) = —2L (i) + L(j) 


At the same time, coordinates of basis vectors L(i) and L(j) in the transformed 2D space, if 
expressed in the units of transformed space, are 


Ld =|] and La=(9] 


that is to say, by definition, they are orthonormal. However, if measured in the units of original 
non-transformed space where i = (1,0) and j = (0, 1), ie., by using the background grid in 
Fig. 8.11 (right) to read the coordinates of L(i), L(j ), and L(¥), it follows that 

L@)=(,3), LG)=@,-D, and LG) =,-7) 


Therefore, the transformation matrix L in this particular example is 


soa [] ome[ 3] ef 


and it can be verified the numerical form of v did not change, because 


L(é) = -2L@) + LG) = -2 H +7] ~ I= +[ i] ~ [7 7 


Thus, in compact matrix form, transformation of an arbitrary x is 


Fig. 8.11 Example P.8.16 R2 space 
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= x = > Fe bre > 1 2 se 
a[ | & EO=L2=[0G) EG) | eee lle 


In this interpretation, space transformations may be formalized with the help of the matrix—vector 
product. 


8.17. Given data, and following the discussion in A.8.16, it follows that 


L@=|7| La=(3| and #=["j]=cpi+27 


The linear transformation form is unchanged as 


L@)=Li= F | BB = (-1)L@) + 2LG) 


or, if measured in the units of original space: 


_ 3 1) |} (@-1l)x34+2xI1]_{-l 
= ¢ oft] +2(3 | = ee ol -| | 
The relation between the original and transformed space is illustrated in Fig. 8.12. 


8.18. Movement of basis vectors (i, j) is followed on graphs (see A.8.16) as: 


(a) Rotation 90° counterclockwise: see Fig. 8.13 (left). Transformed basis vector coordinates as 
measured in non-transformed units are 


La=| 1 and La=(5| Ze bls 4 


which is a transformation matrix that performs 90° rotation counterclockwise of all points in R2 
space, therefore including basis vectors i and fi 

(b) Shear 45° clockwise: this operation of shear bends the space so that horizontal vectors are 
unchanged, while vertical vectors lean “—45°” (see Fig. 8.13 (center)); thus, 


> 1 > 1 11 
Ld =|] and La=(4] ih ated 


Fig. 8.12 Example P.8.17 
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90° rotation then shea 


Fig. 8.13 Example P.8.18 


(c 


wm 


which is a transformation matrix that performs shear of all points in R? space. 

First rotation 90° counterclockwise and then shear 45° clockwise: linear transformations may be 
performed one after another, where the order of transformations is not interchangeable. The first 
step is rotation L; and then sheer Ly; see Fig. 8.13 (right). The final position is then 


0-1 11 11/;;0-1 1-1 
i=(( ol ta=[01] z= t24:=[9;][{ eli 0| 
which is a matrix that performs this rotation plus shear of all points in R2 space. Multiple 
transformations are formalized as being equivalent to the product of subsequent transformation 


matrices where transformation that is done first is written on the right side. Note that in this 
interpretation, L is a matrix that does both transformations simultaneously. 


8.19. Given vectors a = (2, 1), b= (1, 0), and m = (9, 1), this type of problems may be solved by 
either geometric or numerical methods. 


Method 1: create a triangle defined by a and m vectors; see Fig. 8.14. By inspection of vector addition 
graph, it is evident that 


m=a+7b 


Method 2: the general form of linear combination is 


m—=na+kb 


where n and k are coefficients to be calculated; therefore, 


l= Li}+*[o) 


which is the matrix form of the following system of equations: 


9=2n+1k (8.1) 


1=1n+0k (8.2) 


This system of linear equations may be solved by the elimination of variables method as 
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Fig. 8.14 Example P.8.19 R2 espace 


0 
B: (1,0) 


from (8.2):n=1 .. from(8.1):9=2+k>k=7 


In conclusion, m = a + 7b. 


8.20. Given vectors 7 = (3, —1), ¥ = (1, —2), and w = (—1, 7), then, similar to A.8.19, 


a=a+s+e=[ t]+[_5]+[G]=[4] 


which is the matrix form of the following system of equations: 


3=3n+1k (8.3) 


4 = —1n —2k (8.4) 
This system of linear equations may be solved by using multiple methods. For example, 
Method 1: the elimination method 


from (8.3):k =3—3n .. from (8.4): 4 = —n —2(3 —3n) > n=2 
from (8.4): 4 = —2 -—-2k > k= —3 


Therefore, m = 2u — 3. 


Method 2: Cramer’s rule (see Sect. 8.5) gives 
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3 1 
A = =-540 

ao) A, —10 

oe 

A, =|) |=-19 

= A 15 

33 a a ale 
Ae =|_34/=15 


Therefore, m = 2u — 3. 


8.4 Determinants 


8.21. Given the second-order matrix A, its determinant is calculated as 


\A| =| > | =(3x2)—(0x0)=6 40 
The geometrical interpretation is that this transformation A increases the surface of 2D space six 


times. 
8.22. Given the second-order matrix A, its determinant is calculated as 


= (1x (-1))-—(1x2) =-3 40 


RD 
l= | 1 é | 


The geometrical interpretation is that this transformation A increases the surface of 2D space three 


times and at the same time it is flipped over. 


8.23. Given the second-order matrix A, its determinant is calculated as 
4| = | | = (4x1)—(2x2) =0 


Geometrically, this linear transformation A forces 2D space (i.e., a surface) to collapse onto 1D space 
(i.e., a line), i.e., one of the two coordinates is “flattened”. 


2-1 


8.24. F 0 


[=2x0-1xC-D=1 


V3 -3/2 
8.25. We ae = J/3 x 2/2 — V3 x (-3V2) = 2V6 4 36 = 56 
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8.26. ee =1-(-i)xi=1-1=0 
8.27. | sea lnc = sina sina — (— cosa) cosa = sin?a + cos? a = | 
—cosa sina 


8.28. Given the third-order matrix A, its determinant may be calculated by 


Method 1: cross-products as 


2>3 D2 3 
A,-| 5 ea? = +(2 x (—2) x 3)+(3 x 1x 1)+(4x5 x 2) 
1 2a ~2 —(1 x (-2) x 4)-(2x 1 x 2)—(3 x 5 x 3) 


= —12+3+40+8-—4-—45=-—10 


Method 2: expansion along the first row as 


SIGE RES 


= > =2 
yi 142 yi 
iy) 2 3 [FD Je 3 414 | 
=2x(-2x3-—2x1)—-3x(5x3-1x1)+4x (5x2-—1x (—2)) =—10 


The geometrical interpretation is that this matrix transforms 3D space so that its volume is increased 
ten times and at the same time the space is “inverted inside-out” (as indicated by the negative sign of 
its determinant). 


8.29. Given the third-order matrix A, its determinant may be calculated as 


Method 1: cross-products as 


eo <> =+(1x0x0)4(2x2x 1)+(1 x 1x2) 
1 2p —~(1x0x 1)—(2x2x 1)—(0x 1x2) 
=6-4=2 


Method 2: expansion, for example, along the first column is 
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A3 = 
1 
2 
8.30. Given the third-order matrix A, its determinant may be calculated as 
Method 1: cross-products as 
1» 2B 1 = 2 
a> <> =+(1x0x1)+(2x2x2)+(2 x2 x2) 
2 2™“@" 2.2 —(2x0x2)—(2x2~x 1)—(1 x2 x2) 
=16-8=8 
Method 2: expansion, for example, along the second row is 
Dee, | 2 |2 
A3 = + (0) + 
22 I 2| 2 1 
724 2 2 _4y242 8 _ 4504s 1 2 
=t2|3 T]ecureo|) o]+eneea| 3 
=440+4=8 
8.31. Given the third-order matrix A, its determinant may be calculated as 
Method 1: cross-product 
3 2 b? 2 
A3=| 4 @ Grae 5 =+(3x5x7)+(2x6x8)4+(1x 4x9) 
aa | >") 


—(8x5x 1)-(9 x 6x 3)—(7 x 4 x 2) 
= (105+ 96 + 36) — (40+ 162+ 56) 
=—21 


Method 2: the cofactor expansion 
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lI 
== 
ion 
A 
oof 


A3 6/+]} 4 5 : 
7 ee) 
_/_y)lt12] 5 6 _4)1427])4 6 _4\143,] 4 5 
=(—1) 3) 5 5 [een 2) 5 9 [+C0 Lie 
=3x(5x7—-9x6)—2x (4x 7—8x6)+1x (4x9—8 x5) 


= -57+40-4=-21 


The volume of this 3D space is increased 21 times and “inverted inside-out’. 
8.32. Given the third-order matrix A, its determinant may be calculated as 


Method 1: cross-product 


2) ie 2 
Ba=|3 a=] 1 = +(2 x (-1) x (-3))+(3 «2x 1)+(1 x3 x 1) 
roar ~(1x (-1) x 1)-(1 x 2x 2)—((—3) x3 x 3) 
(64609)= (21442297) 
39 
Method 2: the cofactor expansion 
A3 = Kl 2) +) 13) —f j2)4+)/3 -1 
: 3 1) fp 43 (ae! 
_¢_4yl41 -l1 2 _4qyl42g]} 3 2 _avi43,|3 1 
Sy 2g a PR a a og [el 1 
=2x ((-1) x (-3)—1 x2) —3 x (3x (-3)-1x2)+1x (3x 1-1x(-1)) 
=2+33+4=39 


The geometrical interpretation is that this matrix transforms 3D space so that its volume is increased 
39 times. 


8.33. Given the third-order matrix A, its determinant may be calculated as 


Method 1: cross-product 


5S» 0 eB 5 0 
A3=| 8 <pa<s, 0 =+(5x0x 1)+(0x (—7) x 3)+(4x 8 x 2) 
3. 2°44 3 yy” 


—(3x0x4)—(2 x (—7) x 5)—(1 x 8 x 0) 
= (0+0+64) —(0—70—0) 
= 134 
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Method 2: any column or row could be chosen for cofactor expansion. It is beneficial, however, to 
choose one that contains zeros, so that the amount of work is reduced. In this example, the second 
column has two zeros, so the expansion is minimized as 


(0) 5 0 4 5 4 
A3=| 8 0 —7]+]-8—(0) +| |8 -7 
3 1 3) 2 |i 
_/_y)142 =7 HA | 2 4 3425/9 4 
=(-1) 0| i [+ 1) of 3 [+ 1) ae 


—~ W Oo 


=—0+0-2~x (5x (- 
= 134 


The geometrical interpretation is that this matrix transforms 3D space so that its volume is increased 
134 times. 


8.34. Given the third-order matrix A, its determinant may be calculated as 


Method 1: cross-product 


A3=| 7 Sent ee 9 =+(1x9x17)+(3 x 11 x 13)+(5 x 7 x 15) 
—(13x9x5)—(15 x 11 x 1)—(17 x7 x 3) 
= (153 +429 + 525) — (585 + 165 +357) 
=1107—1107=0 


Method 2: the cofactor expansion 


(Pa Tae 


yin _4yl42 ys d> <9 
Nad 7 [+ =) he 7 [tC Vag 15 


=1x ea 3x (7x 17—13 x 11)+5 x (7x 15—13x 9) 
= 1 (—12) —3 (-24) +5 (-12) =0 


The geometrical interpretation is that this matrix transforms 3D space so that at least one or more 
dimensions are lost (as indicated by zero determinant). That is to say, 3D space collapsed into 2D, 
1D, or even point space. 


8.35. Transformation of basis vectors (i, i) shows how the whole space is transformed. Given 
transformation 
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Fig. 8.15 Example P.8.35 


note that this transformation simply multiplies the space by factor three in i direction (first column 
vector) and by factor two in j direction (second column vector) (see Fig. 8.15 (top)), because 


30 > 3 > 0 
o=\5 | eh La=(|5| and La=(3] 


It should be observed that: 


(1) Relative position between basis vectors did not change, i.e., j is still on the left relative to i. In 
other words, this transformation did not “flip” the space like a page in a book. 

(2) The unit square area is increased by 3 x 2 = 6 positive factor. This (positive, zero, or negative) 
area multiplication factor is a geometrical interpretation of the determinant. 


Therefore, this matrix’s determinant is 


30 


[=3x2-0x0=6 


8.36. Given transformation 


1 2 
[1-1] 
performs multiple operations simultaneously. By following basis vectors, it could be deduced that 2D 
surface is rotated and flipped over; see Fig. 8.15 (center). 
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Ll. 2 > 1 > 2 
be |7 | = L@=| 1 and La=[_4] 


and its determinant is 


; 2 
ni=|{_p|=1xcp-1x2=-3 


The geometrical interpretation is that the unity area is increased by a factor of “—3”, that is to say, 2D 
surface is also “flipped over’, which is understood by the negative determinant. 


8.37. Given transformation 
ee 42 ; 7, |4 2, [2 ; crn > 
La@=|57 ve La=|5| and La=[1] v LG)=2LG) 
and its determinant is 


42 
i= [oi [24x t-2x2=0 


Note that L(i) and L(j) are collinear because one is a simple multiple of the other, which is easily 


shown by factoring “2” as 
es 4 2 rs 
LG)= | 2) fl =2L(j) 


After the transformation L, 2D surface collapsed into 1D line; see Fig. 8.15 (bottom). In the paper 
page analogy, imagine that 2D surface is sidewise rotated so that only its side is visible, i.e., line. This 
reduction of space is a geometrical interpretation of the case when the determinant equals zero. An 
alternative interpretation is that at least one of the equations within the system of equations in L is 
not independent. 


8.5 Cramer's Rule 


Reminder: The extended matrix that corresponds to the given system of equations is trans- 
formed into an extended unit matrix, so that the solution vector [a, b, c] is found by inspection, 
for example, as 


100ja 1lx+0y+0z=a 10) 
O10j\b) «. Ox+1lyt+O0z=b .. y=b 
00 1\c Ox+ 0yt+1z=c aC 


(continued) 
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(continued) 

Systematically, one by one, each constant on the diagonal is transformed into “1” and all others 
into “0”. Note the order of transformations for each constant on the diagonal, the lower triangle 
below the diagonal, and the upper triangle above the diagonal. 


8.38. Given system of linear equations 


4x, = 3x2 = 0 
2x, + 3x. = 18 


there are multiple methods to calculate its set of solutions. Each method has its advantages and 
disadvantages depending on the system’s size and its coefficients. For the moment, note the column 
vector on the right side of equations that is colored. 


Method 1: Cramer’s rule is a formula to solve a system of linear equations with as many equations 
as unknowns. Therefore, for the second-order system of equations, there are three determinants to 
calculate: one “principal” (A) and one “sub-determinant” for each of the two variables (A,, and A,.,) 
created by replacing its respective column with the column vector on the right side of the equations 
(colored). 


4—3| 0 4-3 
a=|> 1 | s a=|) 3) =4%3-2x Cd = 1840 


(non-zero determinant implies the existence of a unique set of solutions) 


4 0 
dn =|3 yg) 4% 18-2 x © =4x 18 
Then, by Cramer’s rule, 
Bey, SB RME Ay 4x 
y= = =3; x2 = = —4 
A 18 A 1 


Method 2: the extended matrix rows’ transformations (i.e., the right-side column vector is included). 
Note that rows are numbered as “(1)” and “(2)”, while the associated arithmetic operations are 
simply “+, —, +, x”. For example, “< (1) + 4” reads as “divide each coefficient in the first row on 
the left by four, including the colored vector column’, or “ <— (2) — 2 x (1)” reads as “multiply each 
coefficient of the first row on the left by negative two and add to the second row on the left”. The 
objective is to transform the systems’ matrix into the unit matrix (i.e., where all diagonal coefficients 
equal one and all other coefficients equal zero). It is done by systematically converting each coefficient 
term, starting with the (a),,) coefficient, then the lower triangle coefficients, and finally the upper 
triangle coefficients. 
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0 
Ba} «(2)-2x (1) 


<— (1) + 4/4 x (2) 


ics 4-3] 0 ijed [14 
~ [2 318 “|B 3 
0 1-3/4 


a 0 
18) Hem ~ 10 1 


_ fis 
=| : 


OR 


_ 71 0/3 
~ 10 1/4 


The last extended matrix form is an efficient way to write the following trivial system of equations: 


lxx,-Oxm%=3 Sx, =3 


Oxx+1xm=4 Sx =4 


Method 3: the variable substitution; it is an efficient hand method for small-size systems 


4x; — 3x. =0 (8.5) 
2x, + 3x2 = 18 (8.6) 
(8.7) 


3 
from (8.5) x; = ia 


3 2 2 
2x2, 


then by substitution of x; in (8.6): 3 pp” +$3x2=18 3. X= g 


3 
and, by substitution of x2 in (8.7): x; = y 4=3 


8.39. Given second-order system, 
x+2y=-—-5 
3x -—y=13 


Method 1: Cramer’s rule; the system of equations is written as a vector—matrix product, i.e., 


ii 
he = A, ~21 
1 2|[x 5 B® 2 ha 
Ez | ~ | | dex Balt . A, 28 
; y==—=-4 
| | 
a =|393|-28 


Method 2: or, for example, by the variable elimination, 


x4+2y =—5 


5 


3x -—y=13 x2 
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x+4+2y=—-5 (8.8) 


6x — 2y = 26 (8.9) 
((8.8) + (8.9)) 


x+2y =—5 
Ix=21 ©. x=3 .. (backto (8.8)) 
3+2y=-5 .. y=—4 


8.40. Given second-order system, 


x+2y=-8 
2x—-y=-1 


Method 1: Cramer’s rule; the system of equations is written as a vector—matrix product, i.e., 


A= =—5 
2-1 A, _ 10 
— —_ 4 = ae 
AE) «|= 
Ay = 1-8 =15 . = 
7 |? i) 
Method 2: or, for example, by the elimination method, 
x+2y=—-8 
2x-y=-l x2 
x+2y=—-8 
4x —2y = -2 
5x = —10 “x= 2 
—2+4+2y=-8 ve y=-3 


Method 3: or, by the extended matrix transformations, 


auli 28] <@ v _[1 2-8 
= mm) < (2)-2x (1) OR 15| —@)+(-5 


232 Linear Algebra 


16M) -—a)-2x@ _f1oj-2 
0 1|-3 =101=3 


The last extended matrix form is an efficient way to write the following trivial system of equations: 
Ixx-Oxy=-2 >x=-2 
Oxx+t1lxy=-3 S>y=-3 

8.41. Given second-order system, 


a+b=7 
2a+2b= 14 


Method 1: Cramer’s rule; the system of equations is written as a vector—matrix product, i.e., 


IE]-(8) = 2-[I- 


Therefore, the conclusion is that this system of equations does not have a unique set of solutions. It 
should be noted that the two equations are not independent; the second equation is simply two times 
the first equation, by consequence not independent. 


8.42. Given third-order system, 


@~) © &) 

5x — Sy — 15z = 40 (1) 
4x — 2y-— 6z=19 (2) 
3x — 6y — 17z=41 (3) 


Method 1: the extended matrix transformations, 
5x —5y — 15z = 40 5 —5 —15|40 


4x —2y 62 = 19 > | 4-2 -6[19 
3x —6y —17z = 41 4-6 17/41 


Therefore, 
5-5 -15/40] <—() +15] ii =3| 8 
4—2 —6/19 => | 4-2 -6/19] —@Q)-4x() = 
3-6 -17/41 3-6 -17|41 | < (3)—3x (1) 
[ai =3| 8 f=i—3) 8 
0 2 6-13] —@+2] > |0 1 3/-3, > 
3 8) 17 0-3-8] 17] —@G)+3x (2) 
1-3) 8) +a4+oQ 100| 3 
0 1 3|-B/ => 1013/-32} —@2)-3x@)> 
0 0 1| -%/ 001] —5/2 


8.5 Cramer's Rule 
10 0) 3 
oo) i] .. 


00 1\—5/2 


Method 2: or, by Cramer’s rule, 


5 SOs 5 
A=| 4 <2 =b>\@> — 
3 6& aan 


x = 


40» <5 
< 
19 


lx + 0y+ 0z = 3/2 
Ox+ly+0z= 1 
Ox + Oy + lz = —5/2 


3 5 
ne 2 Jo = ~ 1 == 
“. {4,y, 2} {5 I 


=+(5 x (—2) x (-17)) =(3%(=2) x(—15)) 
+((—5) x —(6) x 3) —((—6) x (—6) x 5) 
+((—15) x 4 x (-6)) —((—17) x4 x (-5)) 


= (620) — (610) = 10 40 


+(40 x (—2) x (-17)) 
—5) x (—6) x 41) 
—15) x 19 x (—6)) 


— (41 x (—2) x (-15)) 
— ((-6) x (-6) x 40) 
—((-17) x 19 x (-5)) 


= (4300) — (4285) = 15 


=+(5 x 19 x (-17)) 
+(40 x (—6) x 3) 
+((-15) x 4x 41) 


—(3 x 19 x (—15)) 
—(41 x (—6) x 5) 
—((-17) x 4 x 40)) 


= (-4795) — (—4805) = 10 


5 5 Bis —5 =+(5 x (—2) x 41) —(3 x (—2) x 40) 
_ Sat P 
Az : < ; ~ +((—5) x 19 x 3) —((-6) x 19 x 5) 
+(40 x 4 x (—6)) — (41 x4 x (—5))) 
= (—1655) — (—1630) = —25 
Therefore, 
Ag 15 3 Ay _10_,, A, — —25 5 
ok i 8 A © ° “A 3 
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Method 3: the cofactor expansion to calculate the determinants and then apply Cramer’s rule. Note 
that numbers in the third column are rather large, so 


B Li =m 
oF g =e 
7 5 <5 
ey yt t iy 
2 es cin] 4 3 | 
sas %( ls 15) 17x 10 = 10 
40 —5 —1 ai 
Age =e s- ie 
an 41 —6+1 
=f 40 —5 
= ‘as | _4)2+3 ier 
~ a bean : ate: = 17) | 49 i: 
==15 x (—32)+6 x (—35)— 17x 15 = 15 
= 40 1 
A,=| Aang] = 19 
3. 41-1 
40 5 40 
_ 143 _4)343 (_ 
(1) (15) | sa eeu cin] 3 is | 
= -15 x 107 +6 x 85 — 17 x ( 
40) Sie 54 40 5 5 
A,=||4 -2) Ib |4+| = q)}+} 4 2 1 
3-6 4 3 —6| 4 
4 2 5 5 5 5 
= (1840) a ee +1 19| 4 6 +( nar | 5 | 
= 40 x (18) — 19 x (—15) +41 x (10) = —25 
Again, 
A, 15 3 Ay _ 10, A, -25 5 
A 10 2 A O° *" a he 


Often, it is a simply a matter of preference which method is used. 
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8.43. Given third-order system of equations, 


2x —3y—z=5 
xX+y+2z=7 
2x—y-z=1 


Method 1: for example, by Cramer’s rule, 


>> & D3 =+(2x 1x (-1))+(-3 x2 x 2)+((-1) x 1 x (-1)) 
A=|1_ oe 1 =Q*1%(1))=(G1jpe222)—(—1) x1 x3) 

2 1% 2-1 =(-13)—(-3) =-1040 

553 a3) =+(5x 1x (-1))+((-3) 2x I) +((-1) (-1)) 
Ag =| 7 Dp 1 —(1x 1x (=1))—((-1) x 2x 5)—((-1) x 7 x (-3)) 

1 1% D™D =(-4)-(10) =-14 


2 5 @, 9 4 =+(2x 7x (-1))+(5x2x2)+((-1) x 1x1) 
aa >< > a —(2x 7x (-1))—(1x 2x 2)—((-1) x 1x5) 
2 1 


a =(5)— (—15) =20 


—(2x 1x5) 1) x 7x 2)—(1 x 1x (-3)) 
~~ =(—45) =(=7) = =38 


4 y =+(2x 1x 1)+((-3) x7 x2)+(5 x 1x (-1) 
2 ae ( oy )+( ) 


A 
es 


Then, 


A, > >t47 7 Ay 20-2 A, 33819 19 
x= = = : y= T= = —) L => — — 


a. a ; hit 25. 5 


8.44. Given third-order system of equations, 


xty+z=3 
x-y+tz=5 
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—-x+y—-—z=10 
Method 1: by Cramer’s rule, 


1 1 1 1 1 
A=] 1-1 1 1-1=1-—-14+1-1-1+4+1=0 
-1 1-1;-1 1 


which is to say that this system does not have a unique set of solutions. It should be noted that the 


second and third equations’ coefficients are not independent; there is a negative one factor between 
the two. 


Method 2: it may be more obvious that the second and third equations are contradictory if the system 
is solved by substitution as 
X+yt+z2=3 Sx=3-y-z 
x-—y+tz=5 
—-x+y—-—z=10 


3-y-z-ytz=5 >-2y4+3=5 .. y=-l 


—G=y=29 ye] 10 S32) =3=10 


2(-1)-—3=10 =>-5=10 X 
which, obviously, is false. Therefore, there is no unique set of solutions to this system. 


8.45. Given third-order system of equations, note the positions of “0” coefficients that keep places 
of the “missing” variables 


x+ y+ z= 36 
2x + Oy - z=-17 
6x + Oy -—5z= 7 


Method 1: for example, by the matrix transformations, 


11 1/36] —(@ v 11 1 

20-1|-17 | —(2)-2x(1) =| 0-2 -3)/-89 | < (2) = (-2) 
60-5] 7 6 0-5} 7] <—()-6~x (1) 
1 1 1| 36 11 1) 36 

0 1 3/2} 82 =>]01 32 "| 

0 —6 —11/—209 |} < (3) +6 x (2) 0 0-2] 58 | < (3) +[-2] 


8.5 Cramer’s Rule 237 


1 if | «-d)-@) 1 0-1/2|-17/2 | — ) +1208) 


01 3/2] 89/2 +101 3/2] % | < 2)—32@) 
00 1|-29 00 1/-29 

10 0|—23 

010] 88] .. {x, y, z} = {—23, 88, —29} 

00 1|-29 


8.46. Given third-order system of equations, 


x+y=7 
y+z=8 
—x+2z=7 


Method 1: for example, by the matrix transformations, 


110\7] <—d) v 110|7 

O11f| —@) v >] 011/8 
=j028| —<@+a) off2ii4 | —G)-@ 
ifom] <@M-@ 1 OBM-1] —+m+@) 
01 1/8 >]01 1 8 
00 1/6 00 1] 6 

10 0|5 10 0|5 
01g) —<@-«e =>] 01 0/2 
00 16 00 16 


{x, y, z} = {5, 2, 6} 


Method 2: by Cramer’s rule, 


110] 11 
A=| 011| 01 =24¢)+0-0-0-0+126 
=102)=10 
710/71 
A, =|811|81=14+7+0-0-0-16=5 
702|70 
170| 17 
A,=| 081] 08 =16+(-7)+0-0-7-0=2 
Fs) 17 
fia) 44 
A,=| 018] 01=7+(-8)+0-(-7)-0-0=6 
=107|=10 
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A, 5 A, 2 A, 6 
=—=-=5 =F = 7-2 =—=-=6 
a= KA A | = hf 
5 
that is to say, v = | 2 or (x,y,z) = (5, 2,6) 
6 


8.47. Given third-order system of equations, 


5x — 13y + 13z = 8 
x—3y+z=4 
—x+2y—5z=3 


Method 1: by Cramer’s rule, 


5-13 13 
A=| 1-3 1 
-1 2-5 
3 1 11 1-3 
_ ¢_4y141 _4y142 7. 4143 
=(-1) s| 3 s(t 1) 19) |p _5| + 1) Ee | 


=5~x 13+13 x (-4)+ 13x (-1l) =0 
which is to say that this system does not have a unique set of solutions. 


8.48. Two points A, B must be found on the linear equation f(x) simultaneously; there is one 
equation corresponding to each point (x, y); therefore, 


* ax+b= f(x) 
(x, y) = (-2,20) .. a(—2)+b= 20 


(x,y) =(,5) «. ad)+b=5 


Therefore, the matrix form of the problem is 


ab f(x) 
—2a+tb= 20 
atb= 5 


Method 1: for example, by substitution, 


—2a+b= 20 
a+b=5 >a=5-b 
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+06 =b)+b=20 3 3b=10=20 » b=10 * a==5 
“. {a,b} = {—5, 10} 


which is to say that f(x) = —5x + 10. 
Verification: 


f(—2) = —5(-—2) + 10 = 20 Vv 
fd) =-5d0)+10=5 v 
Note that, given two points, there is only one unique linear function that crosses both points. However, 
there are infinitely many higher-order nonlinear functions that cross these two points. It may be 
shown, for example, by deriving quadratic fitting function as 
- ax?+bxt+ec= ff) 
(x,y) =(—2,20) .. a(—2)?+ b(—2) +c = 20 


(x,y) =(1,5) ». a(l)?+b0) +e=5 


Therefore, the matrix form of the problem is 


a Bee Fo) 
4a —2b+c= 20 
a +tb+c= 5 


that is to say, there are there unknown variables and only two equations; consequently, the system 
does not have a unique set of solutions. That being the case, one variable is always dependent on the 
other two, as 


4a —2b+c=20 
atb+c=5 >s=a=5-—b—-c 


4(5 —b—c) —2b+c=20 >b=-5 


a=5—(—Z)-ce J. a=5-- 


{a,b,c} = [5- ee 


which is to say, by consequence of c being a parameter, that there are infinitely many quadratic 
functions of the form f(x) = ax” + bx +c that cross the two given points. A couple of examples 
(see Fig. 8.16) are as follows: 
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Fig. 8.16 Example P.8.48 


11 1 
c=—l1: Ai@) sax’ +brte= > +5x-1 


2 
c=0: fo(x) = ax? + bx +c = 5x? 


c=4: f3(x) = ax? + bx +e = 3x? —2x +4 


etc. 


In conclusion, there are infinitely many curves that cross given two points, but linear function is the 
only unique fitting “curve”. 


8.49. All three points A, B, C must be found on the quadratic equation f(x) simultaneously; there 
is one equation for each point (x, y); therefore, 


ax? +bx+c= f(x) 
(x, y) =(—2,20) .«. a(—2)? + b(-2) +¢ = 20 


(x,y) =(1,5) ». aly’ +b) +¢=5 
(x, y) = (3,25) «. a3)? +b(3) +c = 25 


Therefore, the matrix form of the problem is 


a bic 
4a —2b +c = 20 
a +tb+c= 5 


9a +3b +c = 25 


that is to say, 


> 
ec 
ll 
ions 


where 
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Fig. 8.17 Example P.8.49 


OF < x | 
—2 0 1 3 
4-21 a 20 
A=);1 11 v=|]b]| and b= 5 
9 31 c 25 


Method 1: for example, by matrix transformations. Note that the order of equations (i.e., rows) may 
be changed (e.g., (1) < (2)) because the order of equations in the original system is arbitrary, 


4—21|20] (1) < (2) 1 11/5 
1 11/5 = |—-21/20) <—(@)-4~x (1) 
9 3125 9 31/25 
i. as 11 1/5 
0=6-3,/0) <—@2+(6 >/0114/) 0 
9 3 1/25 93 1/25| <—()—9x (1) 
1 1 1] 5 ‘i oe es 
0 1 tp] O >101 12} 0 
OMsi—8|-20 | «+ 3)+6x (2) 0 OMB-20 | + G)+(—5) 
iff 15] —@-@) 1 0 12/5 
01 12/0 >/0112/0 | < (2) - 12/3) 
00 1\4 00 14 
101] 5] <— (1) —'(3) 10 0| 3 
01 O|-2 =>] OMo0/-2| .. {a,b,c} = (3, —2, 4} 
00 1) 4 001] 4 


which is to say that f(x) = 3x” — 2x + 4; see Fig.8.17. Following the discussion in A.8.48, 
there are infinitely many higher-order parametric curves that cross these three points; however, being 
parametrized does not represent a unique set of solutions. 


8.50. To say that two or more vectors are linearly independent is to say that they are not parallel, or 
to say that their first derivatives are not the same (see chapters on calculus) , or to say that the system’s 


242 


determinant is A 4 0. Given 


(a) The linear combination is 


which is the matrix form of the following system of equations: 
7 =3k—2n 
—4=-2k+n 
Therefore, the determinant is calculated as 


3=2 


a=| 5 1] = x1) = (2 « 2) 


-140 
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which is to say that equations (i.e., vectors) are indeed independent. More precisely, Cramer’s 


tule gives 
7-2 A, -l 
= S = k= — = — 
oe fae | : A =i 
An = 3 i =2 Pes ee 
2-4 A _] 


which is to say, € = @ — 2b. 
(b) Given 


The linear combination is 


é=ka+nb ee | 3 |=«[2]+*| 


which is the matrix form of the following system of equations: 


O0=k+3n 
—2=2k+4n 
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Therefore, the determinant is calculated as 


03 Ax 
AF a ° A” =2 
—2 A 2 


which is to say, é = —3a + b. 
8.51. To say that two or more vectors are linearly independent is to say that they are not parallel, or 


to say that their first derivatives are not the same, or to say that the system’s determinant is A ¥ 0. 
Given 


(a) The linear combination is 


which is the matrix form of the following system of equations: 


7 = 3k —2n 
ey ee 


Therefore, the determinant is calculated as 


3-2 
a=|_5 i] =@x1)-(-2x (2) =-140 


which is to say that equations (i.e., vectors) are indeed independent. More precisely, Cramer’s 
tule gives 


7-2 A,  -1 
At _ 1 : A -1 
5°49 Ry 2 
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which is to say, é = @ — 2b. 
(b) Given 


The linear combination is 


3 3 > O} _ 1 3 
c=ka+nb .. | o]=«[2]+* [2] 


which is the matrix form of the following system of equations: 


0=k+3n 
—2=2k+4n 


Therefore, the determinant is calculated as 


03 Ax 
Ar le : A =2 
1 0 A, 2 
= =|39|= al ae ae 


which is to say, é = —34 + b. 


8.52. Parallel vectors are said to be “collinear” (i.e., angle between them is either zero or 7), as 
oppose to “orthogonal” (i.e., angle between them is +7: /2) or any other arbitrary angle between them. 
Recalling that the slope of a linear function is calculated as its first derivative, then another method to 
establish spatial relationship (i.e., parallel, orthogonal, etc.) between two vectors is to calculate and 
compare their respective first derivatives; see chapters on calculus. 


Reminder: One or more vectors are linearly independent if they are not collinear. One possible 
way to formalize that statement is to write 


if x =k) = G, jy)" are collinear 


where k is the multiplying constant. Alternatively, the determinant of matrix that includes 
collinear vectors equals zero. 
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Given 


Method 1: saying that vectors a and b are collinear is to say that, for example, 


saab [J [ 


where k is the multiplying parameter not equal to zero. Then, this system of equations is 


3. =2k 


o k=32 andif, A=6k -. A=*B 
a a : 


resulting in 


s[} 


ie., if A = 9, they are dependent. 


b]=3 [6 


Method 2: given 


determinant is then calculated as 


A=|a b 


fev 


og] =3x6-m= 18-2 =0  A=9 


In conclusion, for any 4 # 9 these two vectors are independent (i.e. not parallel). Otherwise for 
i = 9 they are dependent (i.e. parallel), which is the consequence of a simple 3/2 multiplication factor 
between the two vectors. 


8.53. Method 1: given vectors 


it is evident that a may be factored as 


a 
II 
ROD 
II 
N 
NBR Ww 
Ill 
~) 

or 
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which is to say that (a, b) are collinear (i.e., dependent) regardless of 2. 
Method 2: the determinant of matrix of these three vectors is 


=+6x4x1l+3x0x4+.’Ax8x2 


663A] 63 —-4x4xir~A-2x0x6-1x8&x3 
al [ies se = 24+ T6a,— T6A— 24= 0 
421| 42 


that is to say, the determinant equals zero regardless of 4; consequently, these three vectors are 
independent for any value of 2. 


8.6 Vector Space 


The modern interpretation of matrices is illustrated by multidimensional space, where column vectors 
are assembled together into a matrix, which then depicts various transformations of the given space. 
In order to visualize these transformations, it is sufficient to follow the base vector transformations. 
Note that base vectors define the “unit volume of their respective space”. That is to say, in the case of 
1D space, it is “unit” line length; in the case of 2D space, it is “unit” square surface; and in the case 
of 3D or higher-order space, it is “unit volume”’. It is assumed that the space is perfectly “stretchable” 
in any direction and to any distance and direction. A banal example of a 2D space (epitomized as a 
plain sheet of paper) transformation may be a simple rotation by 90° clockwise relative to one of its 
corner points; see Sect. 8.3. 


8.54. Given matrix—vector product 


>-lo] 


it may be calculated as a linear combination. 


(2 a)fel-L:) of] Ee 


The geometric interpretation of this operation may be illustrated by vector 0 = 3i + Oj that is 
transformed to L(¥) = 3 L(i) +0 L(j) =3i + 6j by means of space transformation L; see Fig. 8.18. 
Note that coordinates of transformed LG ) and eet ) are set by the columns of ZL transformation 
matrix. 

Therefore, the result of matrix—vector product L(v ) = (3, 6) is shown in the units of the original 
(i.e., non-transformed basis vectors i and j), as illustrated in Fig. 8.18. 


8.55. Given matrix—vector product 
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Fig. 8.18 Example P.8.54 


7 
v= 31+ 07 9 2 


Pe a Sees 


re | 3 


Ellen) 


it may be calculated as a linear combination. 
«ft -1)fi+443]. 1 1] [3+v3 
ti=[2 a] %2]=4+[2]+2[ a]-P oe 
Note however that 


4 Vin v8( tt) =vi(% +1) =v9(2F a) 


= v3 (1+ v3) 


that is to say, 


oft -gal 


In other words, after the space transformation L, this particular vector 0 stayed collinear; it was 
simply multiplied by a constant “4/3”; see Fig. 8.19. Compare with the vector 0 in P.8.54 subjected 


to the same space transformation L. 


Reminder: If matrix L does not affect the direction of a certain vector v, as 
LU=A0 


then it is said that this particular vector v is an eigenvector of its associated transformation 
matrix L and constant A is referred to as an eigenvalue of this matrix L. Existence of 
eigenvalues and eigenvectors for a given matrix is a very important property. Not all matrices 
have eigenvalues and subsequently do not have eigenvectors. 
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Fig. 8.19 Example P.8.55 


Fig. 8.20 Example P.8.56 


8.56. Given matrix—vector product 


ball] 


it may be calculated as a linear combination. 


7 lle -a- [3] +2[_1]=[ay5 


Note however that 


V3 
= -V3(1- v3) 


2-Vi=-vi(-3 41) =-va(- 


that is to say, 


of IE] 0 


In other words, after the space transformation L, this particular vector v stayed collinear; it was 
simply multiplied by a constant “—./3”; see Fig. 8.20 (compare with P.8.54). In conclusion, this 
particular constant A = —/3 happens to be an eigenvalue, and therefore, this particular vector ¥ is 


its associated eigenvector of the given transformation matrix L. 
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R2 space 


~ L(t)= 3L(7) —2L(7) 


Fig. 8.21 Example P.8.57, P.8.58 


8.57. Given matrix—vector product 


B21] 


it may be calculated as a linear combination. 


4 2—-1]] -5 2 -l —13 
ed FSP) |) eee ld 
That is, vector ¥ = =; + 3ji is transformed to L(v) = —5 L(i) +3 L(j) = ~13i _ 97 by: means of 
space transformation L; see Fig. 8.21. Note that coordinates of transformed LG ) and L( 7 ) are set 
by the columns of L transformation matrix. 


Therefore, the result of matrix—vector product L(v ) = (—13, —9) is shown in the units of the 
original (i.e., non-transformed basis vectors i and /), as illustrated in Fig. 8.21 (left). 


8.58. Given matrix—vector product 


[ra] [-3] 


it may be calculated as a linear combination. 


= 2-3 3 2 —3 12 
ee [TalLa]-3[} +P ]-[4] 
That is, vector ¥ = 31 = 2j is transformed to L(v) = 3 L@ _ 2L(j) = = 12] - 7 by means of space 
transformation L; see Fig. 8.21 (right). Note that coordinates of transformed L(i ) and L( j ) are set 
by the columns of L transformation matrix. 


Therefore, the result of matrix-vector product L(v ) = (12, —1) is shown in the units of the 
original (i.e., non-transformed basis vectors i and /), as illustrated in Fig. 8.21 (right). 


8.59. Given matrix—vector product 
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Fig. 8.22 Example P.8.59, P.8.60 


palit] 


it may be calculated as a linear combination. 


6G WEE Eero 


It is to be noted that the two rows of transformation matrix are not independent, that is to say, one can 
be derived as the multiple of the other. 

Consequently, Li ) and Lj ) are collinear, and furthermore, the transformed vector L(v) is 
aligned with both of them at the same time. Another hint is that determinant |L| = 0. The geometrical 
interpretation of this case is that the original 2D space collapsed into 1D space; see Fig. 8.22 (left). 
This is the general consequence of transformations whose determinant equals zero. 


8.60. Given matrix—matrix product 


1 1};2-1 
2-1]|3 2 
geometrically, it may be interpreted as “linear transformation of linear transformation’, i.e., two 


transformations happening at the same time. That is to say, in practical sense, matrix—matrix product 
may be decomposed into two matrix—vector products. Then, the two resulting vectors are simply 


combined in the final matrix as 
-- J 2-1) | ix Je 
2-1 3 2/ by Jy 
That is to say, 


© REE} 
& LAG ot} es 
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1 1;);2-1] = ]5 #1 

2-1//3 2] | 1-4 
The overall transformation is illustrated in Fig. 8.22 (right) where narrow line arrows represent the 
first transformations of i and j at (1, 2) and (1, —1) (e., left-side matrix), as measured by the units 


of the original space. Then, wide line arrows represent the final destination of i and j after the second 
transformations (i.e., right-side matrix). 


so that the final result is 


8.61. Given matrix—matrix product 


then, it follows 


o PYDE ey 
AS oll slRCO sr olen lal 


8.62. Given matrix—matrix product 


it follows that 


where 
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Therefore, 


it follows that 


where 


Nn 


» PILI Eb oP T8300 
Iba! 


By comparison with P.8.60, note that matrix—matrix multiplication is not a commutative operation. 


2] 3] 


Therefore, 


8.64. Given matrix—matrix product 


it follows that 


where 


éd 
i 
io 

| 
NON Ww 
| 
| 
Wn 
——s) 
ll 
i) 
—— 
me N 
| 
+ 
es) 
| 
| 
NN Ww 
U4 
ll 
| 
= PN 
N 
ae il 
HD oO 
— 
as 
ll 
| 
| 
com 
(aes 
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Therefore, 


a] [s2]=[ 73 


By comparison with P.8.61, note that matrix—matrix multiplication is not a commutative operation. 


>-i][1 2] 


8.65. Given matrix—matrix product 


it follows that 


os EARLE 2 )f2 
i Lp alla}-eb)}eLa-[e25]-[5] 


1 1])}2-3] | 3-1 

2-1]}1 2] ° | 3-8 
By comparison with P.8.65, note that matrix—matrix multiplication is not a commutative operation. 
8.66. Two non-square matrices are multiplied as same as two square matrices while keeping in mind 


that 


Reminder: product C of two non-square matrices A, B is possible if the number of columns 
n in the left-side matrix is equal to the number or rows k in the matrix on the right side. The 
resulting matrix has the number of rows m of the left-side matrix and the number of columns / 
of the right-side matrix, as 


Ans Bu = (Cran 


which is not necessarily a square matrix. 


Given matrix—product of two vectors 
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1 
[ 12 3] 2 
3 


note that the left-side matrix is in “1, 3” format and the right-side matrix is in “3, 1” format; thus, the 
resulting product must be a matrix sized as “1, 1”, because the number of rows on the left is “1” and 
the number of columns on the right-side vector is also “1”. Therefore, 


1 
[123]] 2] =[1-1+2-24+3-3]=[14] 
3 
8.67. Given matrix—product of two vectors 
1 
2.| [123] 
3 


note that the left-side matrix is in “3, 1” format and the right-side matrix is in “1, 3” format; thus, the 
resulting product must be a matrix sized as “3, 3”, because the number of rows on the left is “3” and 
the number of columns on the right-side vector is also “3”. Therefore, 


1 Is1 1x2 143 123 
[123]] 2] =| 2-12-22-3 | =| 246 
3 3-13+2343 269 


8.68. Given matrix—product of two vectors 


3 of oe 
-2-14]| 45 


note that the left-side matrix is in “2, 3” format and the right-side matrix is in “3, 2” format; thus, the 
resulting product must be a matrix sized as “2, 2”, because the number of rows on the left is “2” and 
the number of columns on the right-side vector is also “2”. Therefore, 


3 Ol as ix fx 
S-l}=] 2° 
—2-14 0 1 ly Jy 


where 
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Therefore, 
30 ] : 
—2-14 0 
8.69. Given matrix—product of two vectors 
a 3 0 4 
04 —2-14 


note that the left-side matrix is in “3, 2” format and the right-side matrix is in “2, 3” format; thus, the 
resulting product must be a matrix sized as “3, 3”, because the number of rows on the left is “3” and 
the number of columns on the right-side vector is also “3”. Therefore, 


1 2 3 01 bx Jx ky 
5-1 apa |= ee ky 
0 1 ly je Ke 
where 
1, 2 3 1 2 —1 
i 5-1 | 3 | =3/5)/+(-2)} -1]= 17 
0 1 0 1 —2 
. 1 2 0 1 2 —2 
j 5-1 | 3 | =0/5/+(C1)}] -1]= 1 
0 1 1 —1 
i 2 1 1 2 9 
k 5-1 FH =}]5;+4; -l1]/=] 1 
0 1 0 1 4 
Therefore, 
1 2 —1 —29 
5-1 Eee 7 1d 
0 1 —2-14 


8.7. _ Eigenvalues and Eigenvectors 


8.70. Simple calculation of a matrix—vector product is 


. [3-37[3]_[@x3-1x3)]_f6]_ ,[3]_, - 
Keo allele ele eat |e 


Therefore, v is an eigenvector of matrix A, and its associated eigenvalue is 1 = 2. 
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8.71. Simple calculation of a matrix—vector product is 


=> {3—-3}]} 2] | @x3-1x3)]_ ]3 2 
eels pea eeHe | dl 
Therefore, v is not an eigenvector of matrix A because there is no eigenvalue A for which the definition 
equation is possible. 
8.72. Given 
6-1 
2 3 
one possible procedure to calculate its eigenvalues and eigenvectors (if existing) may be: 


1. Eigenvalues x: the roots of characteristic polynomial are eigenvalues, as 


det (A —A I) =0 


-1 1 -1 
saa—a= [2 3]-afoifl=[aa}-Loall 


Se -1 


a a — = = = 2_ 
=e NO=)=—26) SH = 91420 


=) = 5). =— 40.420 =10 = 5) $40 = 5) = 0 = 5) = 4 = 0 
dA, =4, dy =5 


Therefore, two distinct eigenvalues of matrix A areA,; = 4, anda, = 5. 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 2,2 so that 


(A—1 1) % =0 €=1,2) 


Case r.; = 4: 


- 6-1 10 x 6-4 -l x 
aan m=(23]-<[or) Ie [% 23h] 
_{2-l}|}x}_ {0 
~}2-1]/}y]~ [0 
Therefore, the objective is to calculate (x, y) coordinates of v. Evidently, rows of this simple 2D 


matrix are not independent, which implies that this system of equations must have a parametrized 
set of solutions. It may be resolved in the extended matrix form as 


iy—1)0) «+ ()+2_ | 1-1/0 
2-1/0 ~{2 -1 


i = 3) 
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{| 1l—'p 
he 


That is to say, as the consequence of two equations being dependent, the second equation collapses 
into its trivial case. Thus, because it is multiplied by zero, coordinate y may take an arbitrary 
value (except the infinity), and the second equation is still correct. That being the case, it may be 
parametrized as y = f , where ¢ is an arbitrary parameter. By substitution of y in < (1), it follows 
that 


0; <() 
Oo; => Ox+0y=0 I! 


1 : 0 1 ) o> 7. 
x-- = cig x-- = eS S 
a 2 2 


which is to say, the first equation is correct for any value of y as long as y is two times the value 
of x. It means that the parametrized form of v, is 


= x t/2 V2 1 
U"U= = / =f / — 
y t 1 2 
after the arbitrary value of parameter ¢ is set to t = 2 as a convenient way to derive integer 
coordinates. 


Case X44 = 5: repeated procedure results in 


a-apmee[fs}-sfor]E)-[% 23-s]L 


Therefore, 


1-10 2 1-10 
B-2\0| —@-2) ~ 0 0|0} =>0x+0y=0 .. y=t 


and 
Ix-ly=0 .. x-1t=0 Sx=t 
which is to say that y must be equal to x and therefore the parametrized form of v2 is 
==LJ=LJ= [i] 
t 1 1 
after the arbitrary value of parameter f¢ is set to t = 1 as a convenient way to derive integer 


coordinates. 
3. Verification: 


- [6-1]f1]_ [a-6+2-C) 4 1 7 
av=[oos|fo]= [Sarre |= [e]=4[2)=4% 
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« |oet | [1] Pae4+ioey 5 1 r 
a= [oo s|lif= [fazer |= [3]=5[1]=%4 


8.73. Given 


—63 
45 
1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


det (A —A 1) =0 


waca—2= 105] oifl= [4s ]-[oa 


= a 3 


— (Fh == =. =. ‘ — 32 — 
is—a|= 8 NG=+1)=4-9=27 44 = 40 


27 =O+ 042 S10 =6) 470 =6 =O—0047=—0 
hy =6, oS 9 


Therefore, two distinct eigenvalues of matrix A are A; = 6, and Az = —7. 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 2,2 so that 


(A—A, 1D 3; =0 G@ =1,2) 


Case d, = 6: 


ss —63 10 x —6-—6 3) |x 
aman vel stools] [° sso bs] 
| -12 3])x}_ [0 
~ 4-1}|y]~ [0 
Therefore, the objective is to calculate (x, y) coordinates of v. Evidently, rows of this simple 2D 


matrix are not independent, which implies that this system of equations must have a parametrized 
set of solutions. It may be resolved in the extended matrix form as 


0 


mm 30) —<@+(-12])_f1-% 
= 0) 400 


4-110 6B 


_fi-ys 
“10 0 


That is to say, as the consequence of two equations being dependent, the second equation collapses 
into its trivial case. Thus (see A.8.72), y = t , where f is an arbitrary parameter. By substitution of 


0 
| => Ox+0y=0 '!! 
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y in the first row, it follows that 


1 : 0 1 - o> re 
eS — ants X=. — = — 
4> 4 a7 


which is to say that the first equation is correct for any value of y as long as it is four times the 
value of x. It means that the parametrized form of v; is 


4 x t/4 Ya} | 1 
ied Foal etd db 
after the arbitrary value of parameter ft is set to t = 4 as a convenient way to derive integer 


coordinates. 
Case 4. = —7: repeated procedure results in 


anneal] of] G]-[ JIE 
-[alb]=[0] 


Therefore, 


1 3/0 = 1 3\0 
Mi2zi0| —(2)-4(1) 000] >0x+0y=0 .. y=t 


and 


Ix+3y=0 .. x4+3t=0 Sx=-—3t 


which is to say, in plain words, that x must be equal to “—3y”. Therefore, v2 is 


ne —3t] j —3}_ | -3 
a | Se 1j~ [| 1 
after the arbitrary value of parameter ¢ is set to t = 1 as a convenient way to derive integer 


coordinates. 
3. Verification: 


<  [=63 1/11 [aee-ey44e3) 6 1 zy 
ai =| cellal= | (1-445-4) |=[]=9[4|=44 
ee | 
((—3)-4+ 1-5) 


Ly 
ll 
ll 
1 
low 
sore 
Ly 
ll 
| 
~l 
[1 
| 
Re WwW 
L— ] 
| 
> 
vp 
ist 


8.74. Given 
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10 —5 
5 2 
1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


det (A —A I) =0 


vaca a= [52 ]-2Lorll=[['s 2] - Los] 


_—|l0-a -5]_ Seer ee 
-| =O A)(2 — A) — 5+ (—5) = A? — 1244.45 
=0 

Ay =6—-3j, Ap =6437 (7 =-1) 


Therefore, two distinct eigenvalues of matrix A are A; = 6 —3/, andA, = 6+ 3). 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 2,2 so that 


(A—Ai 1) 3; =0 G = 1,2) 


Case kh, = 6 — 3): 


(A— A, 1) ee | 


a8 ii 


Complex matrices may be solved as same as matrices with real coefficients, as 


443] —5/0] <—()-[4-3j] _ [25 —204 15j|0] <— (1) +25 
5-44 3j/0 “| 5 4437/0 
_f 1-45 +3/s 7/0 _ f 1-4/5 + 3/s j|0 
“15 -44+3j/0}] <—(2)-5d)” [0 0|0 


=> 0x+0y=0 .. y=t 
and 


Ix4+ (-454+3/5jyy=0 27. x4+ (45435 )t=0 Sx=(4/5-¥/sj)t 


so that 


_ fx] _[s—spr]_, [¥s—ysi]_ [43s 
y= y = t =" 1 a 5 
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after the arbitrary value of parameter ft is set to t = 5 as a convenient way to derive integer 


coordinates. 


Case hy = 64+ 3): 


_ [10-6 +3/) hele. a eS 
(A— Az 1) =[ eae 3a] [>] Lo] 


4-37 —5/0] <—()-[44+3j] _ [25 -20- 15j/0] <— (1) +25 
5 —4— 37/0 ~ | 5 4-3/0 
_f 1-45 — 3/5 7/0 _ f 1-45 — 3/5 j|0 
~ {5 -4-37/0] —(@)-sd) [0 0|0 


=> 0x+0y=0 .. y=t 


and 
Ix4+ (45-35 j)y=0 «2. x+ (45-35 f)t=0 Sx=4s54+%5/)t 

so that 

= * | or [+92] 

v2 = = =f = 

y t 1 5 
after the arbitrary value of parameter ¢ is set to tf = 5 as a convenient way to derive integer 
coordinates. 
8.75. Given 


2-5 
4 6 
1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 
det(A —AJ) =0 


det(a 2.1) =|? 5 |= = 296-2)— 4: (5) = 9 = 8A 32=0 


M=4-4j, w=44+4j7 Gi? =) 


Therefore, two distinct eigenvalues of matrix A areA; = 4—4j, andAz =4+4j. 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 2,2 so that 
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(A—A;1) vj) =0 (@ =1,2) 
Case 4, = 4-4): 


y 0 


-  |2—(4—-4)) —S}/ x] | -2+4) —S}/x] | 0 
ee) =| Parmele 4244; ~ 
Complex matrices may be solved as same as matrices with real coefficients, as 

_— aol < (1)-[-2-4j] 


20 10+ 20j|0] < (1) +20 
42+4j|0 = 


a ae 
_flip2+ Jo _| 12+ 7/0 
~ | 42+4j/0} —(2)-40) LO 0|0 


=> 0x+0y=0 - 


is: 
and 
Ixt+Cptyjy=0 .. x¢+C2t+y)jr=0 Ssx=('2- jt 
so that 
. _[z]_[C-adt]_,[-”-7] _[-1-2 
ae i a i) = 2 
after the arbitrary value of parameter f¢ is set to t = 2 as a convenient way to derive integer 
coordinates. 


Case hy = 4+ 4): 


= 2—(44+4)) —S || x —2-—4j =) 1} ix 0 
(A= dat) U2 46-(444)) || y 42—4j||y]~ L0 
Complex matrices may be solved as same as matrices with real coefficients, as 


eee 325/90] « G)-(-2+4)] _ [B10 -20;/0 
42—4j|0 7 


4 2-4j|0 
_f lip jo _ fl ip— jlo 
~|2-4j0] —(@-4qa) “Lo 0/0 


< (1) +20 


=> 0Ox+0y=0 .. y=t 


and 


Ix+Qp-—f)y=0 2 xt Cp-ft=0 sxeChptft 
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so that 
sal al Rn ld Dd 
v2 = = =f = 
y t 1 2 
after the arbitrary value of parameter ¢ is set to t = 2 as a convenient way to derive integer 
coordinates. 
8.76. Given 
cos*/6 —sin™/6] _ | ¥3/2 —1/2 
sint/6 cost/o| | '/2 v3/2 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 
det(A —AJ) =0 


V3/2- 1/2 


in V32— 2 = (V3/2 — A432 — A) + Ya = WV - V3041=0 


det(A—ar)= 


A =V82-12j, w= Bptieg G?=-D 


Therefore, two distinct eigenvalues of matrix A are 4) = V3/2 — 1/2 j, and Ay = V3/2+ !/2j. 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 2,2 so that 


Ae =O. GS 13) 


Case Ay = V¥3/2 — 1/2 j: 


aan a[ POOR male 


tp Vala (Wl = 127) | ¥ 


| lpagj-Y2}}x]_ | 0 
~L ag Le be 


Complex matrices may be solved as same as matrices with real coefficients, as 


0] <G)-[-2f1_f 1 jo 
0 ~ L422 j]0] —@- 120) 


_f 1 so 
~ | 0 0/0 => 0x+0y=0 .. y=t 


Yj -Y2 
Ya Yj 


Ixt+jyy=0 1. x4+jt=0 Sx=-jt 
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> {|x} f-st} 7} -s}] | -s 
i lec ol 
after the value of parameter ¢ is conveniently set to t = 1. 


Case Aq = V3/2 + 1/2 j: 


[32-324 '2j) mal 
(A— Jel) =| Oe eel 


[py -Ip|}x]_ [0 
7 Verity) oO 


Complex matrices may be solved as same as matrices with real coefficients, as 


0) =Ueyl -) i. = 
0 =| 1/2 1/2 f/0| <— (2) — 12(1) 


_[1-j|o 
~{0 Oj0 => 0Ox+0y=0 .. y=t 


=Ipj —Yp 
Ya —Yp j 


and 


lx-jy=0 .. x-jt=0 S>x=jt 


EPI 


after the value of parameter f is conveniently set to ¢ = 1. 


so that 


8.77. Given 
—2-9 -1 2 
A= 2-6-5], v=] 1 
-4-3 4 1 
The matrix vector products is 
=2 —9 =] 2 ((—2)-:24+ (-9)-1+(C)-) —14 
AUv= 2-6 —5 1}= (2-2+ (—6)-14+(—5)-1l) |=] —7 
—-4-3 4 1 ((—4)-2+ (—3)-1+4-1 -7 
2 
=-7/1]=aob 
1 


Therefore, v is an eigenvector and A = —7 is an eigenvalue of A. 
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8.78. Given 
—2—-9 -1 4 
A= 2-6-5], v=] -3 
-4-3 4 7 
The matrix vector products is 
—2-9-1 4 ((—2) -4+ (—9)- (—3) + (-1)-7) 12 
Av= 2-6 —5 —3/)= (2-4+ (—6)-(—3) + (-5)-7) | =} —-9 
-4-3 4 7 ((—4)-4+ (—3)-(—3) + 4-7) 21 
4 
=3]|-3 | =Av 
7 


Therefore, v is an eigenvector and A = 3 is an eigenvalue of A. 


8.79. Given 


300 
051 
042 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


3-1 0 0 
1 


det (A —AJ) = O5-A (take advantage of zeros to calculate A) 
0 42-2 
5—2 1 oe ea 
sa Me ac Pelee 


= (3 —A)((5—A)(2—A) — 4) 
= —A3 + 1047 — 272 + 18 =0 


Three roots of this characteristic polynomial are 4; = 1,A2 = 3, anda; = 6. 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 4,2,3 so that 


(A=) e =0 GH1,2;5) 


Case r, = 1: 
200 x 0 
(A—A, I) ¥ =| 041 y}|=]|0 
041 Zz 0 


By writing the extended matrix form, 
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200)/0 + (I) +[2] 10 Oj0 
04 1/0 < (2)+[4] =] 0 1 1/4)0 
04 1/0 04 1/0 < (3) — 4(2) 


10 O|0 
0 1 1/4)0 
00 0j|0} => Ox+0y+0z=0 .. z=t 


and, by substituting z in rows (1) and (2), 


Ix+0y+0z=0 >x=0 
Ox+lytifz=0 Sy=-—lfat 


so that 
x 0 0 0 
v=| yl] =| —Yat | =r] —Y4} =] -1 
Zz t 1 4 
after the arbitrary value of parameter f¢ is set to tf = 4 as a convenient way to derive integer 
coordinates. 
Case d7 = 3: 
00 0 x 0 
(A = ho T) v2 =|]02 1 y =| 0 
04-1 Zz 0 


By writing the extended matrix form, 


00 Oj0 => Ox+0y+0z=0 .. x=t 
02 10) <(2)=+[2] 
04-10] <« 3)+f4] 


00 OO] x=tr 
01 1/0 
0 1 —1/4|0 
that is to say, x = t; then from rows (2) and (3), it follows that 


Ox+lyti2z=0 Sy=!pz 
Ox+ly-'4z=0 Ssy=-—lf4z 


which is possible only if z = 0 followed by y = 0. Consequently, 
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x t 1 1 
=| yy) =) pH7 1 O | =— 10 
Zz 0 0 0 
after the value of parameter ft is conveniently set to t = 1. 
Case 043 = 6: 
—3 0 0 x 
(A —A31) 03 = 0-1 1 yj= 
0 4-4 Z 
By writing the extended matrix form, 
—3 0 OO] <« (1)+[-3] 10 0/0 
OF) 110) «<@Q=+[ 1 =] 01-1)0 
0 4 -4)0 0 4 —4)/0 
10 0/0 
0 1 —1)0 
00 Oj0 => 0Ox+0y+0z=0 .. z=t 


that is to say, z = t; then from rows (1) and (2), it follows that 


Ix+0y+0z=0 >x=0 


Ox+ly-1lz=0 >y=z=t 


+— 3) — 4@) 7 
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In other words, as long as y = z, any arbitrary value (except infinity) of f is valid. Consequently, 


after the value of parameter ft is conveniently set to t = 1. 


3. Verification: 


300 
051 
042 


300 
051 
042 


300 
051 
042 


— 1 TT 


ee © oO F 


04-0. 
055. 
view e 


L405 
Leas 
ee 


O40: 
OL; 
Od: 


(-1)+0-4 
(-1)+1-4 
(-1)+2-4 


0+0- 
O+1- 
0+2- 


0 
0 
0 


1+0-1 
1+1-1 
1+2-1 


NWO CoOwW 
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8.80. Given 
200 
045 
043 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


of © © 
det (A —A I) = 04-aA 5 
o 43-3 


4% 45 7 
=e-n/'2 5 3]-0]!] +9]. 


(take advantage of zeros to calculate A) 


= (2—A)((4—A)@B —A) — 20) 
==)" 49)? — 61 = 16=0 


Three roots (see chapters on algebra) of this characteristic polynomial are 4; = —1,A2 = 


2, and A3 = 8. 
2. Eigenvectors 0 = (x, y) are calculated for each eigenvalue 4.2.3 so that 


(A= Dt =0 G =1,2:3) 


Case kh, = —1: 
300 x 0 
(A-A, Dv =]055 y|=]0 
044 Zz 0 
By writing the extended matrix form, 
Booo] «d+ 1 000 
055/00} —(@)+[5] =} 011)0 
04 4/0 0 44/0 < (3) —4(2) 
1000/5 x=0 
01 1/0 
0000] => O0x+0y+ 0z=0 .. z=t 


and, by substituting z = ¢ in row (2), 


Ox+ly+1z=0 Ssy=-t 


so that 
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x 0 0 0 
v=|y l=] —-t+}=r1]-1]=]-1 
Zz t 1 
after the arbitrary value of parameter f is set to tf = 1 as a convenient way to derive integer 
coordinates. 
Case »42 = 2: 
000 x 0 
(A —A2T) to = 025 y =1|0 
041 Zz 0 
By writing the extended matrix form, 
O0000|]> x=t 00 O00 


025/0| < @2)+[21 =| 0 15,0 
041/0} —@)+[4] LO 11,/0 


which is to say that x = t, and from rows (2) and (3), 


Ox+tly+s2z2=05 y=—-5f2z 
Ox+lyt+'4z=0>5> y=—!/4z 


which is possible only if z = 0 ; then it follows that y = 0 . That being the case, 


x t 1 1 
v2=]|y]/=]O0};=r}/0]/=] 0 
z 0 0 0 
after the arbitrary value of parameter ¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case 043 = 8: 
-—6 0 0 x 0 
0 4-5 Zz 0 


By writing the extended matrix form, 


-6 0 0j0] <()+[-6} [10 ojo 
0-4 5j0| « @)+[-4] =| 0154/0 = 
0 4-5]0 04 —5]0} < (3)—4() 


10 OO] > x=0 
0 1 —5/4/0 
00 OO]; > 0Ox+0y+0z=0 .. z=t 
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which is to say that z = f, and from row (2), 


Ox+ly—S4z=OS y=S/4t 


That being the case, 


x 0 0 0 
v3=]y | =| 54t | =r | 54] =] 5 
Zz t 1 4 
after the arbitrary value of parameter ¢ is set to + = 4 as a convenient way to derive integer 


coordinates. 


3. Verification: 


200 0 2-0+0-(-1)+0-1 0 
OAS | ats | COA hel eset es et! eal Ja 
043 1 0-0+4-(-1)+3-1 -1 1 
200 1 2-1+0-0+0-0 2 1 
045 O}=]0-1+4-04+5-0}=]0]=2]0] =Arw 
043 0 0-14+4-04+3-0 0 0 
200 0 2-0+0-54+0-4 0 0 
045 5|/=]0-0+4-545-4] =] 40] =8]5 |] =A3v% 
043 4 0-0+4-543-4 32 4 
8.81. Given 

4 6 10 

3 10 13 

—2 -—6 —8 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


4-—2x 6 10 


det(A-AN=| 310-2 13 
ee 

1-2 613 3 2B 310% 

=4-1) ale eer Oe 4 


= (4—A)((10 — A)(—8 — A) — (-6) x 13) 
— 6(3(—8 — A) — (2) x 13) 
+ 10(3 x (—6) — (—2)(10 — a) 
= (—A3 + 647 — 6A — 8) + (—12 + 18A) + (20 — 20A) 
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= 134+ 617-82 =0 


Roots of this characteristic polynomial may be found as 
-3 + 64° — 84 =0 
=10" = 61+ 8) =0 
—(A? — 4. — 20 +8) =0 


—(A(A — 4) — 2(4 — 4)) = 0 
—A(A — 2)(A — 4) = 0 


Ay =0, Ag =2, A, =4 
2. Eigenvectors 0 = (x, y) are calculated for each eigenvalue 4,,>.3 so that 


(4=37 2 =0 GH123) 


Case r4.; = 0: 


4 6 10 x 0 
—2 —6 —8 Zz 0 
By writing the extended matrix form, 
4 6 10/0] <—(d)=+[4) 1 3/2 3/2}0 
3 10 13/0 a 3 10 13/0} < (2)—3-x (1) 
—2 —6 —8)/0 —2 -—6 —8]0 | < (3) =[-2] 

1 3/2 5/2/0 1 3/2 5/2|0 
=] 0O'ANA0) —(@Q)x%1=]0 1 1/0 


OR °72/0| -—G)x% Om 10) «< @)-@® 
1 3/2 5/2|0 => Ix4+ 3rayt 32z7=0 

=|]0 1 1/0 => 0x+ly+1z=0 
0 0 0/0 => z=t 


That is to say, from rows (2) and (1), it follows that 


y+tz=0 .. y=-z .. y=-t 


so that 
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x —t -1 -1 
mn=}y}=|—e1}=r}—-l}] =] -1 
Zz t 1 1 
after the arbitrary value of parameter f is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case »42 = 2: 
2 6 10 x 0 
(A = h2 T) v2 = 3 8 13 y =1|0 
—2 —6 —10 Zz 0 
By writing the extended matrix form, 
2 6 100) < (1)+[2] 1 3 5/0 
3 8 13/0 =} 3 8 13)/0] < (2)—3(1) 
—2 —6 —10/0 E—6 —10)0 |} < (3)+2() 
1 3 5)0 13 5)0 => Ilx+3y+5z=0 
=] 0-1 —2)0 < (2) +[-1] =] 01 2/0 => 0x+ ly+2z=0 
0 0 O00 00 0j0 >z=t 


That is to say, from (2) and (1) rows, 


y+2z=0 .. y= -2z ». y=-—2t 


x+3y+5z=0 1». x-6t+5t=0 2. x-t=0 .. x=t 


and 
x t 1 1 
m=] y} =] -2r | =r} -2] =] -2 
Zz t 1 1 
after the arbitrary value of parameter f is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case 043 = 4: 
0 6 10 x 0 
(A = 13 T) 03 = 3 6 13 y =1|0 
—2 -6 —12 Zz 0 
By writing the extended matrix form, 
0 6 100} —(d)<-) 3 6 130) <—d)=+13) 
3 6 13/0 = 0 6 10/0 


—2 —6 —12)0 —2—-6—-12/0 | < (3)+[-2] 
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12 13/3/0 1 2.13/3|0 
06 10/0} <(2)+[6] =| 01 53/0 
13 60/ —@)-Q) [01 53/0} —@)-@ 


1 2 13/3)0 > 1lx4+2y4+ 33z=0 
01 5/3}0 => 0x4+ ly+ 53z=0 
00 0/0 >z=t 


That is to say, from rows (2) and (1), it follows that 


+ — On. y= oe. A. gr oF 
y 32 = y= 32 IE 3 
Peers i A re 7 —_ 
x y 3 z=0 7. x 3 gc x =O 1. x= 
so that 
x —t —3 
3=]y}=] 9%] =] -5 
Zz t 3 
after the arbitrary value of parameter ft is set to t = 3 as a convenient way to derive integer 
coordinates. 
3. Verification: 
4 6 10 -1 4-(-1)+ 6-(-1)+ 10-1 0 
Av, = 3 10 13 -lj= 3-(-1)+ 10-(-1) + 13-1 =| 0 
—2 -6 -8 1 —2-(-1)+ (-6)-(-1)+ (-8)- 1 0 
-1 
= —1 | =A, v0, (e., zero times any vector, including v;) 
1 
4 6 10 1 4-1+6-(—2)+4 10-1 2 
A= 3 10 13 —2)= 3-14 10-(—2)4 13-1 =| —-4 
—2 -6 -8 1 —2-1+ (—6)-(—2)+ (—8)-1 2 
1 
=2] —2 | =Arvw 
1 
4 6 10 —3 4-(—3) + 6-(—5) + 10-3 —12 
Av3 = 3 10 13 5S |}= 3-(—3) + 10-(—5) + 13-3 =| —20 
—2 -6 -8 3 —2-(—3) + (—6)- (—5) + (—8) -3 12 
=3 


=4| -5]=i3% 
3 
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8.82. Given 
22-2 
13-1 
-11 1 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


2-k 2 —2 


det(A —AI) = 13-Aa -1l 
-1 11-4 
3-A —-1 1 -l 13-A 
=0-0) 1 12a|- le 12, )-2|-1 | 
= (2—4)(3 —a). — A) - (-1) 
- 2(1(1 -A)- 1) 
—2(1- (-1)B-A)) 
= (ad 6 1 8 Oe ( 
= —-\ +617 —- 84 =0 
Roots of this characteristic polynomial may be found as (see A.8.81) 
Ai =0, Ag=2, A3=4 
2. Eigenvectors v = (x, y) are calculated for each eigenvalue 4,2,3 so that 
(A=: 1% =0 G=1,2,3) 
Case 4; = 0: 
22-2 x 0 
-11 1 Zz 0 
By writing the extended matrix form, 
22—-2)0 | (1) <= (2) 13 -1)0 
13 -1|0 =| 22-2)0} < @)—-2() 
-11 10] —(@)+(Q) 04 0/0 
1 3 -1)0 1 3-1)0 
=| 0-4 0/0 =|0-4 0/0 
0 4 OO} «+ (G3)4+) 0 0 00 
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=> Ix+3y-—z=0 
=> 0x-4y+0z=0 
> zg=t 


That is to say, from rows (2) and (1), it follows that 


—4y=0 .. y=0 
x+3(0)-t=0 .. x=t 


so that 
x t 1 1 
vy =|y}=]0;=r]/ 0] =] 0 
Zz t 1 1 
after the arbitrary value of parameter f¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case r42 = 2: 
02-2 x 0 
(A —AgT) ty = 11-1 y|=]0 
—-11-1 z 0 


By writing the extended matrix form, 


02-20] ()< (2) 1 1-1/0 
11-10 =| 02 —2)0 
gai -1)0| —@)+@ 02-2/0 | < (3)—(Q) 


1 1-1/0 => 1x+ly—1z=0 
=} 02 —-2)0 => 0x+ 2y-—2z=0 
00 O;0 >z=t 
That is to say, from (2) and (1) rows, 


2y—2z=0 .. y=t 


x+y-—-z=0 .. x+t-t=0 .. x=0 


and 
x 0 0 
h=|y|=|t]}=t]1/= 
Zz t 1 
after the arbitrary value of parameter f¢ is set to t = 1 as a convenient way to derive integer 


coordinates. 
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Case 043 = 4: 


=2. 2. =2 x 0 
-1 1-3 Zz 0 
By writing the extended matrix form, 
—2 2-210] <()<() 1 —1 —-1)0 
'1-1-1)0 =|{-2 2-2/0} < @)+[-2] 
-1 1-3/0} <—@G)+@Q) 0 O0-2)0| < (3) =+[-2] 


1 —1 -1)0 => I1x-—ly-—1z=0 
=|/1-1 1/0 > Ix-—ly+1z=0 
0 O 1/0 =>z=0 
That is to say, from rows (1) and (2), it follows that 
x-y-0O=0 .. x=y=t 


x-y+0=0 .. x=y=t 


so that 
x t 
v3= yl=]rtysrt} 1}=]1 
z 0 0 
after the arbitrary value of parameter f¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
3. Verification: 
22-2 1 2-1+2-0+4+ (-2)-1 0 1 
Av, = 13-1 0) =] 1-14+3-0+(-1)-1]=]0]=0/ 0] =A, 
-11 1 1 (-—1)-14+1-0+1-1 0 1 
(i.e., zero times any vector, including v) 
22-2 0 2-0+2-1+(-2)-1 0 
Av? = 13-1 1} =] 1-043-14+(-1-1}=]2]=2] 1} =anm 
-11 1 1 (—1)-04+1-141-1 2 1 
22-2 1 2-1+2-1+(—2)-0 4 1 
Av3= 13-1 1) =] 1-1+3-1+(-1)-0] =] 4] =4] 1 |] =4303 
-11 1 0 (-1)-14+1-14+1-0 0 
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[>] 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


8.83. Given 


it follows that 


det (A —A I) =0 


det(a-an=|'~5,_2)=a-m0-2)-2.0=0 
ie A, = 1, Ag = 1 


That is to say, there is duplicity of eigenvalues 4; = A2 = 1. 
2. Eigenvectors v = (x, y) may be calculated as 


(A—A; 1) 0; =0 @ =1,2) 


Case hd; = i2. = 1: 


(A—A1 1) n= [oo (1) + Q) Sia > x+0-y=0 -. x=0 


20|10| < 2)+[2] 00j)0| >y=t 
that is to say, all vectors are of the form 
=U le[eeetd= La] 
y t 1 1 
after the arbitrary value of parameter ft is set to t = 1 as a convenient way to derive integer 


coordinates. Since all eigenvectors are generated by a single eigenvector (by changing 1), it is said 
that the eigenspace has dimension “1”. 


3. Verification: 
+ 10]/0 1-0+0-1 0 3 
a= eal | = paee ~ | oe 


8.84. Given 
20 
02 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


it follows that 
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det (A —A I) =0 


dt(a-an=|?~h,_)=@-n@-2)-0.0=0 
"Ay =2,2,=2 


That is to say, there is duplicity of eigenvalues 4; = A2 = 2. 
2. Eigenvectors v = (x, y) may be calculated as 


(A—A;1) 0; =0 @ =1,2) 


Case dh, = h2 = 2: 


(A-MD =| Solo => 0x + 0y =0 


00/0 | > 0x + 0y =0 


Consequently, both coordinates (x, y) may be arbitrary, that is to say, two possible eigenvectors 


6 ests afl 
pereree cel] [LT -L 


after the arbitrary value of parameter ¢ is set to f = 1. Since there are two distinct eigenvectors, it 
is said that the eigenspace has dimension “2”. 
3. Verification: 


8.85. Given 


it follows that 
1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


det (A —A I) =0 
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2-i 3 


32-4|=@-2-2-0-3=0 


det(A =.) =| 
Ay =2, A. =2 


That is to say, there is duplicity of eigenvalues 4; = A2 = 2. 
2. Eigenvectors v = (x, y) may be calculated as 


(A—A; 1) 0; =0 @ =1,2) 


Case 4; = hp = 2: 


0 


0 


0 3/0 
~ | 03 


(1) (2) [00 
0 0|0 


>x=t 
=>3y=0 .. y=0 


(A—A, 1) =| 


that is to say, all vectors are of the form 


+ =[}]=[o]=*[o]=[0] 


after the arbitrary value of parameter ft is set to t = 1 as a convenient way to derive integer 


coordinates. Since all eigenvectors are generated by a single eigenvector (by changing f), it is said 


that the eigenspace has dimension “1”. 


3. Verification: 
=. T2aiTt Shao y) 1 . 
a= 5a a = aod = 3 =2( 4] =4iM 


8.86. Given 


324 
202 
423 


1. Eigenvalues x: the roots of characteristic polynomial are eigenvalues, as 


det (A —21) = 
3-2 2 4 
—, 2 2 2 2-1 
=| 2-A 2] = 3-2) |-2] +4] 
oe 23-A A3—A 4 2 


= (3 — A)(—A(B — A) — 4) — 2(2(3 — A) — 8) +. 4(44 4a) 
= (3—A)(A” — 34 — 4) — 2(—20 — 2) + 16+ 164 
Sj 46) +1548 = =O = ie tly =O 
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Three roots of this characteristic polynomial are A; = 8,A2 = —1, and A3 = —1, ie., there is 
second-order multiplicity of 42,3 eigenvalue. 


2. Eigenvectors v = (x, y) are calculated for each eigenvalue 4,2.3 so that 
(A-A: 1) i =0 @=1,2,3) 


Case »4; = 8: 
2 4 x 0 
—8 2 y}|=]|0 
2-5 Zz 0 


It can be verified that determinant | A —8/| = 0 indicating that at least two equations are correlated, 
i.e., not independent. Consequently, Cramer’s rule cannot deliver the complete solution of this 
system of equations. By writing the extended matrix form and doing row transformations, 


-5 2 4[0] <—()+I-5] [1-¥s—¥4s\0 


2-8 210} <(2)+[2] =] 1-4 10] <—(@)-(d) 
4 2-5)0 4 2 -5)0} « @G)-4(2) 
1 —2/5 —4/5|0 1 —2/5 —4/5/0 

=] 0-185 %5\0) << —s/o(2) =}|0 2 —-1)/0 
O 18 —9)/0}| <(3)+[9] 0 2 -10] <—(@)-() 
1 —2/5 —4/5|0 

=/0 2 -1)/0 


0 O OO}; > z=t 


and, by substituting z = ¢ in rows (1) and (2), 


Bony eg oa 
x 5> = aaa cd a 


Ox+2y-—z=0 > z7z=2y 


2 4 
. x=Ssyt+s2y=2yapxn=7z=1 


2 5 
so thatx = ft, y=1t/2,andz =f, 
x t 1 2 
v=] y l=] t/2}sr]1/2])=] 1 
Zz t 1 
after the arbitrary value of parameter ¢ is set to t = 2 as a convenient way to derive integer 


coordinates. 


Case h2,3 = —1: (double eigenvalue) 
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424 x 0 
(A — A231) 023 = 212 y = 0 
424 Zz 0 
By writing the extended matrix form, 
4240} <(d)=+[2] 2 12/0 2 12/0 
2 12)0 =|212/0] <« (2)—(d) =| 000)0 


424/0} < (3)=+[2] 212)0} <(3)-(d) 000)/0 


which is to say that, aside from the trivial solution x = y = z = 0, any other linear combinations 
that satisfy row (1) are valid solutions, for example, 


—-y-2 
2x+y+2z=0 => xa 
t 1 1 
ify=0: x=-z -. x =t,z=-t D> H= O|=t O;= 0 
—t -1 -1 
t 1 1 
if z=0: x=-3 Sa Ge) a a | | 
0 0 0 
after the arbitrary value of parameter ¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
3. Verification: 
324 2 3-2+4+2-1+4-2 16 
202 1) =] 2-2+0-14+2-2}=] 8]/=8]/1]=A 0, 
423 2 4-24+2-143.-2 16 
324 1 3-14+2-0+4-(-1) -1 1 
202 0; =] 2-14+0-042-(-1) ]= 0;=-1 O | =Aov2 
423 -1 4-14+2-043-(-]) 1 -1 
324 1 3-142-(—2)+4-0 -1 1 
202 —2) =] 2-14+0-(-2)4+2-0]= 2) =-1] -—2 | =A3,u;3 
423 0 4-14+2-(—2)+3-0 0 0 


8.87. Given 


102 
-113 
002 


1. Eigenvalues x: the roots of characteristic polynomial are eigenvalues, as 
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det (A —21) = 


i=% of. 9 fo 
=| 210% 3] =a) 
0. 08=9 


Xr 3 


4 = ee 
o2-al-9|.-42]70" | 


0 0 
= (1—a)(l —a2—d) —04-2(-1-0-—0(01—a)) = G-a)A -ANQ—A) 


Three roots of this characteristic polynomial are A; = 2,4. = 1, and A3 = 1, 1.e., there is 
second-order multiplicity of Az.3 eigenvalue. 


2. Eigenvectors v = (x, y) are calculated for each eigenvalue A1,2.3 so that 


(A—Ai 1) i =0 G =1,2,3) 


Case 04; = 2: 
—-1 02 x 0 
0 00 Z 0 


By writing the extended matrix form and doing row transformations, 


—-1 020) —d)=+[-1] 1 0-2/0] > lx+0y-— 2z=0 
—-1-1 3/0} <—@Q)-d) =]0-1 10) > 0x-1ly+1z=0 
0 000|> z=t 0 0 O}0| >z=t 


and, by substituting z = ¢ in rows (1) and (2), 


x-2t=0 > x=2t 
-y+t=0 => 


so that 

x 2t 2 

d=l|yl=| ¢]=rtl[1}= 

Zz t 1 
after the arbitrary value of parameter ¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case X42 = 1: (double eigenvalue) 

002 


x 
(A —A,T) 023 = —-103 y = 
001 Zz 


ooo 
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By writing the extended matrix form, 


0002/0] ()<() 10-—3)0 | < (1) +3(3) 
—-103)0} <(2)+[-l] =|]00 2/0} < (2) —2(3) 
00 1)0 00 1/0 


100j0}] > 1x+0y+0z=0 .. x=0 
=|000)0|>y=t 
0010|>0x+0y4+1z=0 .. z=0 


x 0 
vo=|y]=}]r}=rt}1}=)1 
Z 0 0 


after the value of parameter ¢ is conveniently set to t = 1. Since the third eigenvector may be 
generated only by changing the value of f, it is said that this eigenspace has dimension “2”. 


3. Verification: 


102 2 1-2+0-1+42:-1 4 2 
—-113 1} =] (-1)-24+1-14+3-1}=]2]=2]1]=aA,u, 
002 1 0-2+0-1+2-1 2 1 
102 0 1-0+0-1+2-0 0 0 
-113 1} =] (-1-041-14+3-0}=]1]=1]1]=aw 
002 0 0-0+0-1+2-0 0 0 
8.88. Given 
1-2-1 
1 7 
= 


1. Eigenvalues i: the roots of characteristic polynomial are eigenvalues, as 


a | 
det(A—AD = (7h 
2). 2493 


725. 1 1 4 ee 
=(-9)| ese a[- |g 5-3]4O|_3 4 


= =a(0 = =1) =(-9) £216 =4) = C2) = (4= C27 =2) 
= —\? 4 11d? — 3544+ 25 = —(A—5)(A—5)(A— 1) 
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Three roots of this characteristic polynomial are A; = 1,A2 = 5, and A3 = 5, Le., there is 
second-order multiplicity of 42,3 eigenvalue. 


2. Eigenvectors v = (x, y) are calculated for each eigenvalue 4,2.3 so that 
(A-A: 1) i =0 @=1,2,3) 


Case »4; = 1: 


(A-—A, 1) y= 


By writing the extended matrix form and doing row transformations, 


0-2-1]0] (1) = (2) 1 6 10 
1 6 1/0 =| 0-2 -1)0 
—2=4 3/0) (3)420) 0 8 40] « @)+4(@) 


1 6 10) > 1x+6y+ 1z=0 
=]|0-2-10}) > 0x-2y—-1z=0 
0 0 OO] >z=t 
and, by substituting z = ¢ in row (2) and then in row (1), 
—2y-t=0 .. y=—-(/2)t 


x+6(—I2)t+t=0 «. x=28 


so that 
x 2t 2 4 
y=] y}=] -Cayt}=t} -C2) |=] -1 
Zz t 1 2 
after the arbitrary value of parameter f¢ is set to ft = 2 as a convenient way to derive integer 
coordinates. 
Case X42 = 5: (double eigenvalue) 
—4-2-1 x 0 
(A —dA2T) 023 = 1 2 1 y = 0) 
—2 —4—-2 Zz 0 
By writing the extended matrix form, 
=4=2-1/0] th <2) 1 2 10 
1 2 10 =| —-4-2-1/0 | <«(@)+4(d) 


9 24-910 || 2.45) 0 0 Ol0| sz=t 
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12 1/0 12 1/0] > 1x+2y4+1z=0 
=|0630}] <(2)+[3] =|] 02 10) > 0x+2y4+ 1z=0 
0000} >z=t 0000} >z=t 


and, by substituting z = ¢ in row (2) and then in row (1), 


2y+t=0 - y=—(Ip)t 
x+2(-Ip)t+t=0 .. x=0 


so that 
x 0 0 0 
v=]yl=|] Cl2t}=r}]-—'2]} =] -1 
Zz t 1 2 
after the arbitrary value of parameter ¢ is set to tf = 2 as a convenient way to derive integer 


coordinates. Since the third eigenvector may be generated only by changing the value of f, it is 
said that this eigenspace has dimension “2”. 


3. Verification: 


foto 4 (itt. (29) (1) 4 1)2 

17 1/|-1/= (447+ (= 41-2 |= | <i | =1) 1 | = 2,9, 
—J=d 3 (22)44. G4). 143-2 

| ies tree ee) ea eo mea ee 0 0 

17 1/|-1/= 1-04+7-(-1I)+1-2} =| —5 | =5| -1 | =arte 
=tad 3 (2.04 Cas (1) 4322 10 2 


8.8 Matrix Inversion 


8.89. Given 


1. det(A): 


12 


a, 


=1-4-2.3=-240 -. Av! exists 


2. One possible method of matrix inversion is by Gaussian elimination, i.e., by writing the extended 
matrix form and doing row transformations. Starting with the “A | 7” extended form, the objective 
is to derive “7 | A~!” form, as 
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12) 10 1 2| 10 
m4\o1}) —(@)-30) 7” Ofa-—31| <« 2)+[-2] = 
na 


lot 


1 | = (1) = 2@) _, Re 


—2 1 
3/2 —1/2 0 1) 3/2 -1/2 
Se 


Therefore, 


3. Verification: 


a= [32132 | Ee (2) 49-6 12S eae Ra 
~134 


3/2 —W/2 3-(—2) +4- 3/2) 3-14+4-(—1/2) 01 
8.90. Given 
49 
ae E | 
1. det(A): 
a=|373|=43-2-C2= 1640 -. Av! exists 


2. One possible method of matrix inversion is by Gaussian elimination, 1.e., by writing the extended 
matrix form and doing row transformations. Starting with the “A | 7” extended form, the objective 
is to derive “T | A~!” form, as 


10; —()+f/4) 1 -!/2}1/4 0 
ae | * FE 5 a =O) =a) 7 
at aes oa 
1-1/2) 1/40 12%) 4 07 <1) +1202) 
0 4/-Ih1] —@=f4)7 Jo il-yy 
3/16 1/8 
oe V4 


Therefore, 


-1_ | s/o I/s 
we | 
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3. Verification: 


aac? [47-2] [ 716 V8] _ [4-6 + (-2)- Cs) 4-8 + (-2)- Ya] _ [10 
~12 3] ) -1Ws Ya} 2-3/6 +3-(—Y/s) 2-Ws 43-44] | 01 


or, by linear combination, 
4-2 3/16 4 _ —2] | C%/ie+ 1/4) ] fd 
oan) =ve[2]+-[3]= [Geet |= [0] 
4-2] | 1/s 4 —2 (4/8 — 1/2) 0 
slime" La]+[3]=Len ao |= [1] 


8.91. Given 
123 
A=|454 
321 
1. det(A): 
123 
A=|454/=—-3—2(-8)+3(-7) =-840 .. A’! exists 
321 


2. One possible method of matrix inversion is by Gaussian elimination, 1.e., by writing the extended 
matrix form and doing row transformations. Starting with the “ A | 7” extended form, the objective 
is to derive “I | A~'” form, as 


123/100 
M54,010| <@)-4) > 
921/001] <()—3(1) 


12 3)1 0 O 
0 1 8/3/43-1/3 0 > 
OM 234 0-4 | —@3)-—@ 


12 3/ 1 0 0 
01 83] 43-15 0 = 
0022/12 13 —Ya | <— (3)[—3/2] 


12 3) 1 0 0 
0 1 8/3/4/3 -/3 O}| < (2)-833) => 
00 1)7/s —1/2 3/8 
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123} 1 O O] <—(d)-—2(2) 
O01 0;/-1 1-1 => 
00 1} 7/s —1/2 3/s 


1 Oy 3 —2 2) +@)-3@) 
010/-1 41-1 


=> 
00 1} 7/8 —1/2 3/s 
10 0} 3/8 —1/2 7/8 
010); -1 I-t 
00 1) 7/3 —!/2 3/8 
—_—=_—=— > 
I Ao! 
Therefore, 
3/8 —l/2 7/8 
Alt=|{-1 1-1 
7/8 —1/2 3/8 
3. Verification: 
123 3/8 —1/2 7/8 100 
AA'=|]454]]-1 1-1]=---=|010 
321 7/3 —1/2 3/8 001 


8.9 Powers of Diagonalizable Matrices 


Reminder: Calculation of a matrix power is a very time-consuming process. However, one 


special type of matrices may be raised to powers by the process of “diagonalization”. By 
definition, 


1. A square matrix A is diagonalizable if it is similar to a diagonal matrix. This is conditioned 


by the existence of two extra matrices: an invertible matrix P and a diagonal matrix D. If 
existent, then it is possible to write the products 


D = P~'AP or, equivalently, 
es (EBD 


where: 


(a) P is a matrix that has its inverse, i.e., P P~'! = J exists 
(b) D is a diagonal matrix 
2. In this form, for example, 


(continued) 


8.9 Powers of Diagonalizable Matrices 289 


(continued) 


A> = AAAAA = (P DP) (PD P*)(P DP) (PD P*)(P D P“!) 


= PDDDDDP !=PD°P"! 


That is to say, the problem of calculating A> is replaced with the problem of calculating D> and 
calculation of P~! matrix, which may be easier to calculate. 


8.92. Given 


[3] 


note that this matrix is already in diagonal form; therefore, 
7 2 
20); = |2° O} |40 
02} | 027) [04 
207 
05 
note that this matrix is already diagonal; therefore, 


207 [25 0] [32 0 
05] ~{| 055} ~ | 03125 
20 
‘=| 45] 


note that this matrix is not diagonal; however, it may be possible to diagonalize it. 


8.93. Given 


8.94. Given 


1. Eigenvalues of A are roots of characteristic polynomial as 


ata an =| T3]-a[ 99 ]=[7 35-9 |=@-ve-v=0 


Therefore, two eigenvalues are A; = 2 and Ay = 3. 
2. Eigenvectors are 
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*= [= [e Li 


after the arbitrary t = | as convenient value, and 


Il 
o 


An =3: A-AgT=0 «. b ale —-x+0y=0 eee 4 


100} >-x+0y=0 .. y 


ee Ue [ele L] 


after the arbitrary t = 1 as convenient value. Note that two eigenvectors are linearly independent; 
in other words, matrix A is diagonalizable. 
3. Diagonal matrix D consists of eigenvalues as 


= ois | 7 aa 


4. Matrix P and its P~!, by definition, are 


II 
= 


where det P is 


10 
det P=|{{]=140 


Therefore, its inverse matrix exists, and consequently, A is diagonalizable. Inverse of P may be 
derived by transformation “P| — I|P~!” as 


10}10 _{1o) 10) | pis 10 
1101} —(-d) [O1j-11] " ~{—-11 
5. Now, the fifth power of diagonalizable matrix A is 
5 5 p-1__|10][2° 0 10;  |10/) 32 O 10 
Gee = O3>}}/-11} [11 0 243 || -11 
_ 132 0 10] _ 32 0 
~ | 32243 |} -11]~ | —211 243 


which may be verified by repetitive matrix multiplications. However, note that for higher-order 
matrices, the above method may be more efficient than the “brute force” multiplications. 
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8.95. Given 
202 
A=|-121 
014 
then, 


1. Eigenvalues of A are roots of characteristic polynomial as 


gk O: 2 
Aapgie| =Ieea 1 
0 14-a 

ye a | es ue 

=2-2] 7 ilo]: +2] ae 


= (2—a)((2—2)4 — A) — 1) +2(-10)) = —23 + 8a? — 192.412 
=20=106-30--4)=0 


Three distinct eigenvalues are 4; = 1, Az = 3, and A3 = 4; thus, matrix A is diagonalizable. 
2. Eigenvectors are therefore 


Case h, = 1: 
102 x 0 
(A-A, I v=] -111 y|=]0 
013 Zz 0 
By writing the extended matrix form, 
102)0 10 2)0 
filo) <@)+() =] 0130 
0 1 3/0 0 13/0 <= (3) — Q) 
10 2/0 
01 3/0 


0000; > z=t 
and, by substituting z in rows (1) and (2), 


Ix+0y+2z=0 S>x=-2t 
Ox+ly+3z=0 >y=-3t 


so that 
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x —2t —2 —2 
v=| yl =| -3t} =r] —-3 | =| -3 
Zz t 1 1 
after the arbitrary value of parameter f¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case »42 = 3: 
—-1 02 x 0 
(A-A, 1) vj) =} -1-11 y|=]0 
0 11 Zz 0 


By writing the extended matrix form, 


me 0210] «+ (=+=[-1] 1 0-2]0 
-1-11]/0] —(@)-(d) =] 0-1 -1)/0 

0 11/0 OM 10) —~@)+Q 
1 0-2)0 

0-1 -1]0 

0 0 O0|> z=? 


and, by substituting z in rows (1) and (2), 


Ix+0y-—2z=0 S>x=2t 
Ox-ly-lz=0 >y=-t 


so that 
x 2t 2 
vo=|y]=]—r+}=r]—-1]=]-1 
Zz t 1 
after the arbitrary value of parameter ft is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case 043 = 4: 
—2 02 x 0 
(A-A, 1) vy) =} -1-21 y|=]0 
0 10 Zz 0 


By writing the extended matrix form, 
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—2 020] > —-2x4+0y+2z=0 .. x=z=t 
—-1-21)/0|} => -1lx+-2y+1z=0 .. y=0 (because x = z) 
0 100) > Ox+tly+0z=0 .. y=0 


so that 
x t 1 1 
vi. =|y}]=}]0}=r}0}]=]0 
Zz t 1 1 


after the arbitrary value of parameter ¢ is set to tf = 1 as a convenient way to derive integer 
coordinates. These three eigenvectors are easily verified by definition. 


3. Diagonal matrix D consists of eigenvalues as 


4, 0 0 100 
D= 0A. 0} =} 030 
0 0A; 004 
4. Matrix P and its P~!, by definition, are 
—2 21 
P=[v, v2 13] =] —3 -10 
1 11 
where det P is 
—2 21 
det(P) = | —3 -10 | = —2(—1) — 2(—3) + (-3 + 1) = 640 
1 11 


Therefore, its inverse matrix exists, and consequently, A is diagonalizable. Inverse of P may be 
derived by transformation “P|J — I|P~'” (note: if multiple transformations are listed at the same 
time, then “() < ()” is the last) as 


—2 21100} <()+2(3) 111/001 
—3-10010) <—(@)+3(3) =] 023/013] < (2)+[2] 
1 11001] @<od 043)102 | < (3)—2() 


11 1/0 0 1 

=] 01 3/0 !/2 3 
00 —3|/1 —2—-4]} < (3)=+[-3] 
11 1} 001 


013) O'/232) <— (2) —3/2(3) 
00 1/—!/3 2/3 4/3 
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111) 0 O 1] «—@-@) 
=/]010| !f2-!/2 —!/2 
001-2 23 4/3 


110] 1 -%3 13] <—(1)—-(2) 100/—1/6 —1/6 1/6 


=/010) 2-1! -I/f =|]010) t2-!2 -I/f 
001-8 23 4/3 001/13 2/3 4/3 
—lf6—'o 1Yo 
Pl= Y/2 —V2 —1/2 
—!/3 2/3 4/3 


5. The third power of this diagonalizable matrix A is 


29 ST FLOOT [See 
A? = PD? P-!' =| -3-10| | 030 V2 —1f2 —1/2 
1 11]|004 —'/3 2/3 4/3 
—2 21 100 —'!/6—l/6 ‘6 
=| -3-10|| 027 0 Ifo —1fo —1/2 
1 11} [0 064]|-12 % 4, 
—2 5464] [-Ye-Ye i/o 
=| —-3-27 0 V/2 —l/2 —1/2 
1 2764]|-I2 % 4 
6 16 58 
=| —13 1413 
—8 29 72 


which may be verified by repetitive matrix multiplications of A. 


8.96. Given 
200 
A=|021 
012 
then, 


1. Eigenvalues of A are roots of characteristic polynomial as 


Veer as 


ll 
oO 
i) 
| 
a 


Bah 4 
=0-)| | 


= (2—A)((2-A)2—-A)- 1) =-A-—DA-2A-3)=0 
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Therefore, there are three distinct eigenvalues which are 4; = 1, Az = 2, and A3 = 3. 
Consequently, matrix A is diagonalizable. 
2. Eigenvectors are therefore 


Case »4; = 1: 
100 x 0 
(A-A, 1) 0, =] 011 y|=]0 
O11 Zz 0 
By writing the extended matrix form, 
100)0 1000} > x=0 
011)0 =/0110) > y=-z=-t 
0110) —@)-@Q) 0000} > z=t 
so that 
x 0 0 0 
v=|y]=]—-t+}=r]—-1]=]-1 
Zz t 1 
after the arbitrary value of parameter ¢ is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case »42 = 2: 
000 x 0 
010 Zz 0 
By writing the extended matrix form, 
0000) > x=t 
001/00) > z=0 
0100} > y=0 
so that 
t 1 1 
vo=]|y]/=]O0};=r}0]/=] 0 
z 0 0 0 


after the value of parameter f is conveniently set tot = 1. 


Case d3 = 3: 
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-1 0 0 x 0 
(A—A, 1) = O-1 1 y|=]|0 
0 1-1 Zz 0 


By writing the extended matrix form, 


-1 0 00/> x=0 
O-1 1/0 Z= 
0 1-1/0) > y=z=t 


mM 
I 


so that 
0 
vp = yl=]r}ar]1];=)1 
4 t 
after the arbitrary value of parameter ft is set to t = 1 as a convenient way to derive integer 


coordinates. These three eigenvectors are easily verified by definition. 


3. Diagonal matrix D consists of eigenvalues as 


4, 0 0 100 
D= OA. O} =| 020 
0 0A; 003 
4. Matrix P and its P~!, by definition, are 
010 
P=[v, 2 ¥3]=] -101 
101 
where det P is 
010 
det(P) = | -101 | =-(-1d) -1=20 
101 


Therefore, its inverse matrix exists, and consequently, A is diagonalizable. Inverse of P may be 
derived by transformation “P| — I|P~!” as 


010/100 101/001 
~101|010 =! 910/100 

101/001] @) >a) =1011010 | =—@40) 
101/001 101/0 0 1] —()-@) 
=] 010/100 =|010|/1 0 0 


002/011} —@)=[.2] [001/0'2 12 
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100|0 —!/2 1/2 
=]010}1 OO 
0011/0 1/2 1/2 


Therefore, 


0-1/2 I/2 
Pts |i. 0-0 
0 1/2 1/2 


5. Thus, the fourth power of this diagonalizable matrix A is 


010][100]* [0-1/2 ip 
A‘ = PD*P-!' =| -101 || 020 1 00 
101 ][003 0 If 1/2 
010]f1 0 0] fo—'p Ip 
=|-101]/016 o}]]1 00 
101]/[0 O81} [0 tp'p 
016 0 aa 
=|-1 081 
1 081 i 
16 0 0 
=| 04140 
0 40 41 


which may be verified by repetitive matrix multiplications of A. 


8.97. Given 
100 
A=|001 
010 
then, 
Method 1: 


1. Eigenvalues of A are roots of characteristic polynomial as 


ee, i % 4 
|A=AI) = Gk 1 ==) Zz 
QO f=% 


=(l= 207 =H=-6=)6= O21) 0 


297 
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Therefore, there are three eigenvalues which are A}. = 1 (double value), and 43 = —1. It is 
necessary to verify if there are three independent eigenvectors or not. 

2. Eigenvectors are therefore 
Case 43 = —-1: 


x 0 
(A—A, 1) v=] 011 y |=] 0 
Zz 0 


By writing the extended matrix form, 


2000] <()=+[2] 1000] > x=0 
01 1/0 =/011/0)}>5> y=-z=-t 
011)/0 0110} > y=- —t 
so that 
x 0 
v33=|/y]=]—+}=r]—-1]=]-1 
Zz t 1 1 
after the arbitrary value of parameter ft is set to t = 1 as a convenient way to derive integer 
coordinates. 
Case d1.. = 1: 
0 0 0 x 0 
0 1-tl Zz 0 


By writing the extended matrix form, 


0 0 OO} > x=t 
O-1 10)>5 y=z 
0 1-10} >5 y=z 


Thus, there are two possible non-trivial (i.e., x = y = z = 0) normalized solutions, 


t=1:> y=z=0 
t=0: > 


y=z=l1 


so that 
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There are three distinct eigenvectors; therefore, A is diagonalizable (may be verified by 
multiplication). 


3. Diagonal matrix D consists of eigenvalues as 


ie. 0-0 10 0 
D=| 035 0/=|01 0 
0 0A; 00-1 


4. Matrix P and its P~!, by definition, are 


10 O 
P=[v, 12 ¥3]=] 01-1 
O1 1 
where det P is 
10 0O 
det(P) =] 01-1} =()0d+4+1)=20 
O1 1 


Therefore, its inverse matrix exists, and consequently, A is diagonalizable. Inverse of P may be 
derived by transformation “P| — I|P~!” as 


10 O00 10 Ol OO 
01-1/010 =]01-1/0 10 
01 1/001] @3)-(Q) 00 2)0-11] <()=[2] 
10 OF OO 100/1 0 0 
=/]01-1/0 1 0] <—(@2)+() =] 010/0 I! 1/ 
00 1/0 —!/2 !/2 00 1/0 —!/2 1/2 
Therefore, 
1 00 
P= | 0. Unis 
0-1/2 I/2 


5. Thus, the tenth power of diagonalizable matrix A is 


10 


10 0]f10 0 1 00 
AX — PD” p-'—=|01-1]/]01 0 0 IfI/ 
01 1}][00-1 0 —1/2 1/2 


10 O]f100]f1 00 
O01-1}}010/|0 Lip 
01 1}}001]| 0-212 
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10 O|]f1 00 
=]01-1]]0 tpip 
01 1} ]} 0-12 Ip 


100 
=|010 
001 


Method 2:: Instead of diagonalization, it can be noted that 


5 
1007"° 100]° 100] [100 
001] =/loo01 2 ool’ =|o00 
010 010 001 001 


Method 3:: or, a simple exchange of the last two rows, 
1007" 100] [100 
001 < (2) 3) =| 010 =|010 
010 001 001 
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